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BesepneHue

O npenogaBaHun cTepeomeTpun B 10 kKnacce
G yrnybrieHHbIM 1 NPOMUNbHLIM N3Y4EHUEM
MaTEMaTUKU

YuebHO-MeTOAUYCCKMH KOMILIeKT, COCTOAIUNA U3 VaeOHUKA, 34-
JaYHHMKA U KHHUTH IJIA YYUTead, OpeJHasHaded gas ofydeHus reo-
MeTpUH (CTepeoOMeTPpUH) YUAILMXCA JeCATHIX KJIACCOB ¢ yriayOaeH-
HBEIM HJIM OPOQHUALHLIM H3ydeHHeM MaTeMaTHMRu. Pedb muaer o6
yUYaITUXCA TeX JecAThIX KJACCOB, B KOTOPHIX yrayGiaeHUe HAYMHA-
J0CH ¢ 8 Kjacca, B pe3yJbTare 4ero 3Tu ydammwmecsa K 10 xaxacey
yoKe AOCTaTOYHO CUJBHO MPOJABHHYTHI B M3YVUYE€HUHM MATEeMATHKH,
B YACTHOCTH HJaHHUMeTpHH. KpoMe Toro, K aToH e KaTeropuu
MOXXHO OTHECTHM W YYAIIHXCA TeX JeCsaThIX KJaCCOB, B KOTOPBIX
npodursrHoe 00yUeHHE HAUUHANOCE B 9 mam gake B 10 Kiaceax,

ITOT KOMILIEKT MOKeT GbITh MCIOJIL30BAH Tak¥e AJd 00ydeHusa
yaamuxcsa B o011eo6pasoBaTebHBIX Kaaccax (C CHIBHLIM COCTABOM
Y4aIuxcs) IPH HAIUYHH BO3MOXKHOCTEH HCHONBL30BAHUSA JOTONHY-
TeJILHOIO Y4eDHOTro BpeMeHM 3a CYeT (PaKyJAbTATHUBHLIX 3aHATHH
WMJIH CIEL[KYPCOB,

I1pu n3ydyeHuu reoMerpun B 8—9 Kaaccax cTrepeoMeTpHUYeCcKue
BOIIPOCH] CHEOUANLHO He paccMaTpuBalT, X0TdA, pPasyMeercd,
MKOXLHUKK B abCONIOTHOM OONBLUIMHCTEE YiKe IPeICTaBAAI0T ce-
Be, 4TO TaKoe TPOCTPAHCTBO M ILIOCKOCTh., OHM ViKe 3HAKOMEI ¢ Ta-
KUMH reOMeTPHYeCKMMHU QUIrypaMu, Kak mapaisiesxenure] (B da-
CTHOCTH, KY0), DupamMuga (B 4aCTHOCTH, TeTpasgp), IpuU3Ma, LH-
AUHAP, KOHYC, UIap, a TAKMKe ¢ HeKOTOPLIMY MX CBOHCTBAMMU,

IIpu yraybaeHHOM H3VUYeHHUH IJIAHUMETPHM VHAllHecd JocTa-
TOYHO XOPOLIC OBAAAeBAKT BeKTOopaMu. OHM YMeT HPUMEHATE
UX K PEeUIeHUK) MHOTHX IMJIaHMMETPHUYECKUX 3aJa49 M CPABHUTENL-
HO JIETKO CMOT'YT HEPEeHTH K H3VUCHHIO BeKTOPOB B IIPOCTPAHCTBE.
Ecnm e maydyeHHMe HIAHUMETPHH MIPOXOAMAO Ha o0mieobpasosa-
TeJBHOM YPOBHE, TO YVIHUTENI0 JAubo ImoTpedyeTcs J0HOIHUTeILHOES
BpeMs Ha M3y4YeHUe TeMBI « BeKTopbei», aAmub0 2Ty TeMy OIpuaercs
H3Y4YATh B YMeHbIIeHHOM 00beMe, a HPU pelleHHHM 3a7a4 YMeHb-
UIUTHL MCIONB30BAHHE BEKTOPHOTO MET0Ja, YTO XOTHA H HeXXena-
TeJLHO, HO BOBMOMXKHO. T0 Ke caMoe MOXKHO CKa3aTh OTHOCUTEILHO
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B3aMMOCBSAZH U3y4YeHUI KOOPANMHATHLIX METOA0B Ha IIJIOCKOCTH H B
NPOCTPaHCTBE.

B nponecce nayueHus DNaHUMeTPUHU ObLIH PACCMOTPEHBI I'e0-
MeTpHYecKHe Npeodpa3soBaHuA Ha NJAOCKOCTH — ABHIKEHWA H To-
MoTeTus. 1 XO0Tda aHaJOTHUHOE M3YVUYeHHEe BOIPOCOB Hpeodpaso-
BaHHH B NPOCTPAHCTBE NpeaycMaTpueaeTca B Kypce 11 Kixacea,
HeKOTOPEIE Baeu Npeolfpa3oBaHHN MOTYT OBITH BIOJIHE HCIIOJb30-
BaHLI npu pabore B 10 Kuaacce. Hanpumep, npuMeHeHUe LEHT-
pPafbHOM CHMMETPHH IPH 3HAKOMCTBe ¢ HapAldJeNeInne oM 1 Io-
MOTeTHUH IIPU U3YUYeHUH NapajJeAbHBIX CeYeHUH NHPaMHIbI.

CregyeT uMeTE B BUAY, YTC HA YPOKH MeOMETPHH B KJACCAX C
yrayOJXeHHBIM U3YYeHUEM MATEeMATUKY OTBOAUTCA 3 Yaca B Heje-
10, 4TO, C ONHOM CTOPOHEI, B HOJTOPA pasa Goanille, ueM B 0OIIe-
00pa3oBaTeNbHEIX KJaccaX, a ¢ APYroil CTOPOHEI, JaeT AOTOJNHU-
TeJIbHO Beel'd OJUH Yac B Hegean ¥ 33—a34 daca B oz, 4T0o, KOHeY-
HO, O4eHL Majo. B cBA3K ¢ TUM, IO HalleMy MHeHHIO, [VIaBHLIM
OTANYMEM Ha 3aHATHAX N0 FeOMeTPHU B KJAcCaX ¢ YyrayOJeHHBIM
H3YyUeHUEeM MaTeMaTHKHM HABAAETCA HE TOJABKO yraybjgeHHe ©
paclIMpeHHe TEOPETHULCKOTO MATePHasia, HO U MeTOAHYECKH Bep-
Hasa NOAOOPKA pPelllaeMEIX 3a/a4, KaK B KOXHYECTBEHHOM, TAK U B
KadeCcTBeHHOM OTHOIIICHUH.

IIpexxae Bcero, He0OX04HMO PEUIHTE BCe NIPOCTeHUINE ONIOPHLIE
3aJavl Kypca. ITMMH 3aJadaMH HH B KOEM CJydYae He CHeIyeT
nperebperaTh, KaKUMU OBl IPOCTLIMM OHH HM Ka3aduch, Kpome
TOTO, CASAYET YUIUTLIBATH, UTO METOAHMKAa pellleHus TaKuX 3azgad
B KJiaccaX C YIIIyONeHHLIM ¥ NPOGMUAbHBIM H3yUYeHHEM MaTeMaTu-
K¥, BOOOIE TOROPS, OTJNYAETCS OT METOAUKH UX pelleHus B 00-
1rec0pas3oBaTenbLHBIX KJAcCCaX M KJjaccax YMaHUTAPHONU HAIIPAB-
JEeHHOCTH. TOJbKO IIOCJIe PellleHusA BCeX OIOPHBIX 3aJa4 CTOUT Te-
pexoauTh K 0oJiee CJOMKHEIM 3agauaM. Pasymeerca, caM orbop
TUX 3444 He TOJLKO HM IPOCT, HO U HeOAHO3HauYeH. B HaureMm 3a-
JauyHHKe MBI BBIASJUIN 3HAUKOM «©» Te 3aauyu, KOTOPLIE CYUTA-
€M OCHOBHLIMHM {(CPeay HHX, B YaCTHOCTH, HAXOJATCA M BCE OIIOP-
unie). EcTecTrBenHo, UTO Taxkol BEIOOD B ONPEIEIEHHOM CMEICIe
ABJIACTCHA YCJOBHLIM M, BOBMOXKHO, OyaeT HM3MeHeH yuureneM B
aponecce paboTsl 110 9TUM VIeOHUKY ¥ 3a0aYHHKY .

BHaYuTeNLHOH npobaeMol IpU NPENOJaBAHWH FeOMEeTPHH HB-
JAETCH Majoe KOJWUYeCTBO 3aJad, KOTOPOe YYUTENs YenepaeT pac-
cMOTpeTSh 3a BpeMa ypoka. Ho Bce e, pellad 3agaum Ha Ypoxe
¥ I0oMa, ydamuica 3a OTBeJeHHOe YueDHOe BpeMsi MoeT npu
YMEHUH U JKeJaHHH «HapellaTk» oxoio 700 sagau, uro He Tak yix
u Mano. B Hautem 3agaubnuke Gonee ueM 1000 3anau, po MHOruX u3
KOTOPBIX €CTE eIl[e ¥ «I0A3aaa9H» .
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B cBoelr pafoTe B KJaccax ¢ yrayGiaeHHBIM H3YUeHHEeM MaTeMa-
THKH MBI yKe Bosee 30 neT MCOOJL3YEM ONLIT JeTHUX 3aJaHUH 110
MaTeMaTHKe. 3aJaHua 3TH IpeaxaramTea ydaruMca Ha 1o06po-
BOJMBLHOM ocHOBe. OHU COCTOAT U3 UIecTU «Nopuuil» no 20—30 3a-
Jad, MOJOBMHE M3 KOTOPLIX IO 'eOMETPUH, 4 NOJOBUHA — IO al-
rebpe u MaTeMarnuyecKoMy aHanusy. Kapgas «nopnusas paccuu-
taHa Ha gexaabl 20—30 urons, 1 —10 uiong u 7. x., Tax 10 10—
20 aBrycTta. BRIIONHUB 3aaHBe RAMI0H gexannl, yuaniueca Io-
MEeNmawT pellleHHs 3aKa4 B KOHBEPT M IO IIOYTE NIPHUCHIJIAIOT CBOE-
My TpenogaBaTeNio; TakuM obpaszoM, NMojaydaeTcda UIeCTh ITHCEM.
Kax bl MROJABHEK, IPUCAABIIAT pPeileHus 6onee yem 80% 3a-
Jad KaMKI0W JeKaAbi, NOJYYaeT B IePBOM NOJYTOANH HOBOTO yuel-
HOT'O I'oja «NJaBalNIyI0o NATePKY», KOTOPYK) OH MOMKeT INOIIpPOo-
CUTH BRICTABUTE B CBOH CTPOKRY MMYPHaa Ha JI0OG0M ypoke (pasy-
MeeTcHd, TONBKO eguHOXK Iel). Kax nmoxkaseiBaeT onwlT, BoJiee 1BYX
TpeTell YYaIuXCHd BLINOJHAIOT JeTHee AoMalllHee 3aZaHHe H TeM
CAMBIM COXPAHAKT <«CIHOPTHUBHYI) MAaTEeMATHYECKVIO (opMy».
Haur gagauHuK, Ge3ycoBHO, JACT BO3ZMOMKHOCTE oTCopa 60 3agau
AJI TAKHUX JeTHUX 3aJaHuH.

B Haured KHUTe ANA VIHTEJH €CTh TeKCTHI KOHTPOJLHBIX pa-
00T, HO HeT TeKCTOB caMocTOATeNnsHEIX paGor. Ha sTo ecTh pajg
npuauH. C 0QHON CTOPOHLI, HAM KayKeTCs, YTO YPOUHOTO BPEeMeHH He
TaK Y H MHOTO, 4YTOOBLI yUNTENb «Ge3eHCTBOBAJI» BO BPeMsA YPOoKa,
a J0boe goMaUlHee 3aJaHUe ABJAAETCHA CAMOCTOATEeNLHOM padoToll.
C apyroii cTOpOHSBI, YYIUTENb, OGJATOCKJIOHHHEIN K CAMOCTOATENE-
HbIM pa®oTaM, HaligeT B HallleM 3agjadyHHKe OCUIMPHLIA u Haaro-
JATHBEIN MaTepHaJ I8 UX cOCTaBJIeHuA.

Koredno, xoTenoch 6b] MMeHHO HA YPOKAX PacCMOTPETL CO
UIKONBHHKAMHE OONBUIMHCTBO U3 NPEAJOKEeHHEIX B 3aJa4HUKe VII-
paxeEeHu. na aroro cTouT nogpobiee paccMOTPETh CRLOCOOLL WH-
MeHCUPUKAYUL npouecca peweHus 3aday Ha yPoKe U NPUUYUHEI,
MellalonIie 9T0H UHTeHCUPHUKAITHHN.

* Ha BemocTaTOUHO NpPOAYMAHHLIX 3aHATHAX ydyaljuecs dac-
TO BOCIPHUHUMAIOT YCJIOBHME 3aJa4¥ HA CJHYX BBHJAY OTCYTCTBHSA V
HUX U ycaoBuda. JlenaTennHo, YTOOL HA KaKA0H napre Jeyxas 3a-
JAUYHUK C YCJHOBHEM IpearaeMoi K peilleHHI) 3a7a4H, 4 UIKOJb-
HUKHW BJaJeju HaBBIKAMHY OBICTPOTO NPOUTEHUA U YACHEHUSA TeKe-
TOB 3a4a4. B 9T0H CBA3H NOJE3HO HMETh B KabMHETEe B KadecTBe
pPas3gaToOYHOro MaTepuaya KoMIeKT u3 20 —25 3agauHuKoB.

KpoMe Toro, yumTesnb MOMKeT JaTh YCJOBHME 3amadd, BepPHee,
NPegCcTABHTE ATO YCJIOBME B KOHCTPYKTHBHOM BHIe, YTO 3HAYM-
TeJILHO YCKOPHET X0 ypoKa.

IlpuBegem npumep.



YuureneM sauuThiBaeTca ycnoBue sagauu: «Ilpamas MD nep-
IeHAUKYAAPHA njaockocTH KBaapaTta ABCD. Haitgure yronx mesx-
ay npambeiMu M B u AC, ecsnu CTOPOHA KBajpara B ABa pasza 00Jib-
me oTtpeska MD». Ho MOKHO DOCTYOUTL HHAYE. YYUTENXE
BHIBLIBAET YUEHUKA K JOCKe U, He 3aUNTHIBAA YCJIOBHE 3a7aYM, ro-
Bopurt: «Hapucyiite nzobpamxenne kBaapata ABCD. K ero mnoc-
KOCTH NpOBeIUTEe NepneHAuKynaAp MD. CoeguHUTE TIPAMBIMH
Touku A u C, M u B. Teneps HauguTe Yyroj MexXay IpaMeiMu M B
H AC, ecnu AD = 2MD»,

Pasymeercsa, TakuM crnocobOM coo0LIaATh YCAOBHE KAXKIOH 3a-
Jady He cJieayer, HO B ONPeJeieHHBIX CUTYAllMAX TaAKad MEeTOIu-
Ka pelleHusd 3aJaY cNoco0CTBYeT YCKOPEHHIO X0/1a YPOKA B 3HAYH-
TeJXbHOH Mepe.

¢ YdHamuecsa 3aTPyIHAIOTCHA ¢ usobparienuwem (uryp no ye-
JIOBUIO 3aja4¥, MeJJEeHHO M He BCerjga ¢ IePBOro pasa BEPHO BEI-
IONHAT PUCYHOK, B 5TO ¢BA3H [1esieco0dpasHo YHIUTENIO Ha ITep-
BBIX YPOKAaX MBYUYEHUS CTEPEOMETPHUH YePTeHu K HEKOTODBIM 3a-
JadAM BBIONHATE CAMOMY HJAH HEIOCPEICTBEHHO PYKOBOAUTDH
yHanmuMuACH.

¢ Moryr HcIoab30BaThECA M rOTOBBIE HepTeXu. B Haulux yi1eb-
HUKe 1 3ajzauHHke oxkojgo 800 ueprered M PHUCYHKOB, KOTOPLIE
MOYKHO MCIIONBL30BATE B KauecTBe 00pasma Npu peuleHuy H APYIHX
sagad. Hanpumep, 15 ONMCAHHON BhIUIE 3aJaYH MOXXKHO PACCMOT-
peTh pucyHOK 51 Ha ¢. 63 sagauHuKa, XO0TH OH AaH K 3ajade ¢ Apy-
I'IM YCJIOBHEM.

* Hepearo «crepeomMerpudecKuli» UepTesk BOOOIIE MOMHO He
aenars. OcobeHHO 3TO OTHOCHUTCS K oOydueHHio B 11 Kraacce. Ha-
npuMep, Takymw szazady, xax «Haligure BhIcOTY NpaBuJIBHOH 4e-
TBIPEXYIONBHOH NHpaMUILI, Bece pebpa KOTOpPOH paBHLL @», BIOJ-
He MOMHO pelIdnTh 0e3 deprema. 3agada: «Ilnomags NOJXHOH
noeepxHocTu Kyba pasHa 13. Haligure fuaroHans xyba», pasyme-
eTcd, He TpebyeT deprexa. He rpebyer ero u peuleHne 3agauu Ta-
KOro THIa: «¥ nupamMugael 252 pebpa. CKoXbKO V Hee rpaHel
u BepuinH?» He Tpebyror uepresxka pellleHUusa MHOIHX «KAaYeCcTBeH-
HEIX» M cogeprkaTenbHBIX 3a7a4 B 10 Kxacce. Hanpumep: «Omnpe-
JeNuTe BCe BOSMOMKHEIE CJAYYaW B3AMMHOTO PACIOJOMEHWS Nps-
MOH ¥ ILIOCKOCTH KBajpaTa, eCJH:

a) npAaMada NepIeHAUKYAAPHA JABYM IIPAMBIM, COZEPIKATIIHM
CTODPOHEBI KBaAPaTa;

0) npaMaa NePHeHAUKYIAPHA ABYM IIPAMBIM, COZEPKAINHMM
CTOPOHBI KBaApaTa, HO He NapajjieibHa HUKAKOU IIPAMOH, COJep-
Wanied CTOPOHY AaHHOrO KBagpata;
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B) IpAMAS HePHeHAUKYJIAPHA ABYM HPSAMBIM, OJHa U3 KOTO-
PEIX COAEPKUT CTOPOHY KBaJparTa, a Ipyras — ero AuaroHanib,

* X0/ ypoKa MoxeT ObITh 3HAYUTENBHO YCKOPeH IPpUMeHeHueM
HMEIIHXCA B Kjgacce HaBECHLIX JOCOK C 3apaHee HaHeCEeHHLIMH
Ha HuX (HecTHpaeMbIMH) u300pamkeHuaME Kyba, Terpasapa u T. II.
IOTH e n3obparKeHus MOMHO «IOJAaBaThL HA AOCKY» IIPH MOMOIIH
KOJOCKOIA HJIKM KOMIBLIOTEPa CO CHeMUaJLHOH IIPHCTABKON TaK,
yToBEI yYaneMycs TOJBKO U 0CTaBaJOCh, YTO 00BECTH HX MEJIOM,
IlonesHo mMeTh Ha cTeHAX KaOMHETa XOPOIIO BEIMOJHEHHBIE Yep-
TEXKH (IMEeHHO YePTeXKH, a He IBETHLIE PUCYHKH C TEeHAMH) MHO-
I'HX TeoMeTPHYECKHX TeJ. ITC JaeT BO3MOKHOCTE Y4aIeMyca J0-
cTaTOYHO BEICTPO IEepepHuCcOBATL UX HA JAOCKY.

IiosBosiuM cebe cMenoCcTh CKas3aTh, UTO HPONECcC YPOKa 4acTo
3aMeIISAeTCA U3-3a HeyMeJioro NPpuMeHeHusA reOMeTPHYECKUX HMH-
CTPYMEHTOB HJIM 3aBLIUIeHHLIX TPpebGOBaHMI 0 MX HCIOJXb30BAa-
Huio. Hensoxo, ecxm yuamuecs Haydarcs HPOBOAUTE IPAMBIE
JUHUHE 6e3 guHeHKU. OCOGEeHHO 3TO IIPOCTO CAEJATH B TeTpagAax
¢B KJIETKY».

* Bo BpeMa OpakTHKYMa IO pelleHHWIO 3agay paboTa MOMer
OBITh OPraHM30BAHA TaK, 4YTO OONBHIMHCTBO YUYAITUMXCHA PeUlarT
3agady, paccMarpHBaeMyI0 HaA JOCKe, 2 HEeCKOJIBKHMM VYaliuMcs
NpegjaraxOTca 4JA pelleHUA Apyrue 3aaady ¢ IIOCHeAVIOHIHM
paztopoM uX pellleHud Hepen yuyamuMmMuca Kiacca. Hampuwmep,
yuuTesib rosoputT: «HBaHOB moiizer peillath 3agady Ne 73 Ha
gocke, IleTpoB Ha MecTe I'oToBUT peilleHue 3agaun Ne 76, a Cujo-
poB — Ha MecTe peilenHue 3agaud Ne 80». Iipu sTom zagagya Ne 73
BLIDUpAaeTCess JOCTATOUHO JeTKoH, 4ToBbI ee MOKHO GLIJIC peUluTh
0e3 HoATrOTOBKH.

* Bo Bpems pelleHHSA 33849 HA JOCKE MOMKHO TAK OPraHU30BATEH
paboTy KJIacca, 4T0 ¢ IIOMOINBIO OJHOTO YepTerka OyayT 3aciiy U1aHbBI
peuleHUsT HECKOJALKUX HAPACTAKMIMX HO CJ0KHOCTH 3344, Hpej-
JOXKEeHHBIX Pa3IMYHLIM ydaluMca. B Haulem zajgauHuKe OUeHDb
MHOTHE 3aga4y cojep»aT 060/bLIoe KOJMUYECTBO CBASAHHBIX IPYT
C APYIrOM U «OPraHUB0BAHHBIX» B TabAMILI «HoA3azad» ., TaKOBHI,
HampuMep, Homepa 2.037, 2.047, 3.006, 3.097—3.100, 4.029
U MHOTME APYTHE.

Taxkoll npueM KadecTBeHHO YcKOpseT paboTy Kjacca H yBeXH-
YYBAET KOANUECTBO PACCMOTPEHHOT'O 3aJaUHOTO MaTepuajia.

Ham npezcraBisieTcsi, 4T0 y AHO60ro yuuTedss MOryT OBITEH ¢BOU
MeTOABI YBeIUYeHUA TeMIIa YPOKa.

Kax MBI y)ke roBOpHJIM, OYeHL MHOrUe «DeJbl» ydanmiuxcsl Ha
ypoKax cTepeoMeTpHM HPOHUCXOAAT OT HEeYMeHHsS ¢jJelaTh IIpa-
BUJALHBIM M YIOOHBIH (KOHCTPYKTHUBHLIN AJs pPelIeHUsT 3aJa4u)
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geprexx. lIpudenm Mel BegemM cerdac pedk BoBce He 00 aKKypaTHOC-
TH, & 0 CMBICJIOBON HATrpy3Ke depTesxa.

YepTerk B CTepeOMeTPHE PE3KO OTJIHRUAETCA OT YepPTe)xa B ILia-
HAMeTpHH. JlocnenHri, KaK NpaBuJao, TOYHO (IO KpaiHell Mepe,
¢ TOYHOCTBK) 0 NOA0OMA HA IJIOCKOCTH) COOTBETCTBYCT NAHHBIM
sagaun. Ecny npaMule HAPVCOBAHLL NapajledbHBIMIM, — OHW Ia-
panneldbHEI IO YCJAOBHID, HAPHMCOBAHBI NMePHeHIUKVIAPDHBEIMUA —
OHU NepHNeHJUKYIAAPHBI IO yeaoBHi0, EeAn oTpe3dKn HapHCOBAHLL
PaBHLIMI, TO OHH PaBHBI IO yCJAOBHIO. Ecan ayuy OM Ha dyepreske
pacnoJyoyKeH BO BHVTPeHHei obnactu yraa POK, To BexudnHAa yI-
Ja POK paBHa cymme Beaudud yriaos POM u MOK u . 1.

B cTepeomMeTpru npH H300paXKeHUH NPOCTPARHCTBEHHBIX QUIVD
Ha MJOCKOCTH HabMogaeTca cOBepIlIeHHO HHad KapruHa. 006 srom
JAOCTATOUYHO HAIIMCAHO B IIE€PBO IJiaBe HaIrero yuyeOHMNKA.

OTMeTHM TaxkiKe Ba'KHOCTL H HeOoOXOAHMOCTL TOI'O, YTOOLL
KaSKRJABY M3YYAOMINI CTePEOMeTPHIO, «BUALN» AUHAMUKY (¥ qua-
JAeKTHKY) MOCTPOCHUA N300paAKeHNA reOMeTPHYECKON GUTYPEI HA
prucyHKe (ueprexxe). (MBI yMUIILIEHHO Ha3bIBAeM HM300pakeHUdA
TO PUCYHKAMH, TO UePTERNCaAMHA. )

Kak ysxe roBOpHJIOCH, KeJaTeNIbHO, 4TO0L Ha cTeHaX KaOuHeTa
BHCeJIO JOCTATOUHOE KOJWYECTBO PA3JWUYHLIX CTEPEOMETPHUECKITX
YepTedxell, KOTOPhIe NOJe3Ho o0Cy1aTh KaKk MOKHO uvame. [Ipn
9TOM, KOHEYHO, HaJ0 MHOIDO PHCOBATL ¥ YEPTHTL H Ha IJOCKe,
¥ B TeTpanu, o0cy»Kgad NMPH 3TOM NOJYUYEHHLIE YePTed 1 PHUCYH-
KH. MBI cCOBeTyeM 4Yalile BeCTH DABIOBOPDEI 0 UEPTerxax Ha NPOTa-
eany Beero 10 xnacea.

B npomecce M3ydeHNA CTepeOMeTPHYECKOTO MaTepHaia MOMKHO
NIPOBECTH DAJ CaMOCTOATENBHBIX pPadOT Ha BHINOJHeHHE JecATH-
KJIACCHHKaMH KOHCTPYKTUBHO BEPHEIX PHCYHKOB II0 3aaHHLIM Deo-
MeTPUYecKuM CUTYalnuaM. [Ipu 5TOM He CTOJb ViK BAYKHO, IOJL3Y-
I0TCS OHYW JUHeNKOH WM HeT, HO BecbMa BaMKHLI HATJIgIHOCTH
¥ IIPOCTOTa HM300pasKeHHs, YNOTpedleHHe NITPUXOBBLIX JIWHWH
TaM, rae OHHM HYKHBI. Kpome TOro, IoJe3Ho BEIIOJHATL PUCYHOK
B <«I[BeTe», TaK KaK BLINOJHEHHBIM B ABYX WJAH TpeX pOBeTax
PUCYHOK He TOAbKO DoJee adpdpeKTeH, HO 11 OoJee adhpdeKTHBEH.

B zagaunvKe nmMeoTca TPU «rpadudeckiie paboTel». ITH pado-
TEI COOTBETCTBYIOT TeMaM: «ClecTBHA B3 aKCHOM CTePeOMETPHM »
(c. 13), «IlapannensHOoCTs B IpocTpaHcTBes (c. 54), «Ilepneram-
KyJAPHOCTE B IpocTpancTBe» (c. 70). IIprBeneHHEBIe B 3THX pabo-
TAX 3aJa4YH, C OJJHOU CTOPOHBL, JOCTATOUYHO NPOCTHL JJIS YUATTAXCHA
MaTeMaTH4YeCKHX KJaccoB, HO, € ApPYroi CTOPOHEBI, OHU O4YeHb
BaskHBI. YesoBeK, pazobpaBniuiica B HAX B 0e3yKOPH3HEHHO BhI-
NOJHUBOIHHN AJA Ka)XKaI0H U3 HUX PHUCYHOK, AOCTHTaeT HeOOXOIH-
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MOTO YPOBHSA IeOMeTPHYECKON KYJAbTYPBI, KOTOPBLIN HO3BOJUT €MV
CHPABUTHLCH B JajbHEHIIEM ¢ peilleHHEeM CTepeoMeTPHUYeCKUX 3a-
nad foJiee BRICOKOTO VPOBHA CJHOMHOCTH,

HUcenonbsysa maeun, 3afoKeHHble B 3THX Ipad@udeckux paborax,
VUNTENbh MOJM(ET COCTABHUTL M APYrHe TrpaduuecKme paboTwl, Ha-
NpHEMeD: «¥IWbl B OpocTpaHcTBes, «CeueHNA MHOTOI'PAHHHAKOBY,
«BexTopei», « KoOpasHHATHEIN MeTOa» M AD.

«BxoxaeHres B KypC CTEPeOMETPHH I1ejiecoobpasHo HadaTh
¢ 0030pa BCEBO3MOMHBIX MHOIOrpaHHHWKOB. Ha HHTYHTHBHOM
(HarasgaoM) yPoOBHe paccKasaTh ydyamiuMcs o KyGe, mapannene-
OHmegax, IpuaMax, oaupaMujgax ¥, B ocobeHHOCTH, 0 TeTpasapax.
MoxHO TOKa3aTh B KpPyrJable Tenxa (Gurypel Bpamenusn). Cnegyer
Hay4YuTh ydaluluxcsa n3o0parkaTr MHOTOTPAHHHMKH W (Urypsel Bpa-
nieHHA. (¥ 100HO OIPH 5TOM HCOONL3OBATH KAETUATYIO TeTPaIHVIO
Oymary.) Heobxogumo BBecTH HoHATHA: pebpo, BepilkHa, r'palb,
ANATOHAJDL, HJOCKAN YroJ MHOTOrpaHHUKA.

B nikoabHOM Kypee FeOMeTpPHE 4acTo NPHUXOIHTCHA MepPTBOBATE
JOTHYECKOH CTPOrocThblo, Npuberas K HarasagHocTH. lIpy msyde-
H¥YIK CTepeOMeTDHH aABTOPEI CYHTAIOT BO3IMOMHBIM U HEOGXO}II/I—
MBIM HOJIL30BATLCA PHCYHKAMY, TaK KaK PUCVHKHN ITOMOTAIOT II0-
HATh COZepKaHMe TOTO WJIH WHOrO (paKTa, IMPOHMJJIOCTPHPOBATH
CYTh IOHATHA, IPEACTABUTH TO, 0 YeM HAET PeUb B aKcHOoMe, TeO-
peMe, 3agade. B »TOH CBA3H aBTOPH HPHAECDKUBAIOTCH KOHIIEH-
IWH H3YVYaTh HAYAJBHEIE ¥ OCHOBOHMOJATAIIHE BOIIPOCHI CTEPEO-
MeTpUH (TeMbl: «AKCHOMEI CTePeOMeTPHY M CJeJCTBUA U3 HUX»,
«IlapannexpHOCTH, HePHeHAVKYIAPHOCTH, PACCTOSHWA B MOPO-
CTpaHCTBe», « BeKTOPHBIM MeTO 1 B IPOCTPAHCTBE» ) B 3ajgadax, HC-
HOJIb3YsI MoAeau H u300pakeHnsa Kyba, NpaBUAbLHOTO TeTpasapa,
HPW3MEI, THPAMUALI, HTapajiieIelluIIe]a, Tak KaK Takme 3a1adn
0ba7a0T KOHCTPYKTUBHOCTLIO H COIePMaTEILHOCTHIO, & PACCY I -
JeHHA yYauiuXxced OIPU UX PellleHHY CTAHOBATCA JOCTYIHBIMH I €C-
TEeCTBEHHBIMHA, UTO, B CBOK OYepeab, IPUBOIUT K COSHATEJIbHOMY
¥ 5 PeKTHBHOMY (GOPMHUPOBAHUID V VUCHHKA KOHCTPYKTHUBHBIX
HPOCTPaHCTBeHHBIX HpeaCcTaBieHU.

Ocobpifi pasroBop eaeayer MOBeCTH O HOCTPOSHHY ceUeHNH KyDa
¥ IpPYIrUX MHOIOrPaHHHUKOB, a B 11 Kjacce —— W TeJ BparieHNd.
CTpouTh ceueHUs Ky0a ydaniuecsa MOTYT YiKe HPUA U3YYEHWH Hep-
BOHM TsaBbl. B HameM 3ajauyHBKe NPHBeIeHBI MHOTOYMC/IeHHBIE
ONMOKHN PUCVHKOB AJIA HOCTPOEHHA cedeHUH Kyba. IlepBriii B3 Ta-
kux 6M0KoB — Bazaua 1.065, zareMm yiKe Ha ApPYroM YpOBHE 3HA-
HUHA i1 yMeHN# — 3azaun 4.030, 4.031, 4.032. [Ixa Tex, KTo 3aHH-
TepecyeTca MeTOAAMH IIOCTPOeHU 00J1ee CIAOKHBIX CeUeHHH, B 3a-
JauHuKe nMeeTca gonojHeHue 1 « MeToabl nocTpoeHMA CceUeHnH
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MHOTI'OTPAHHUKA», B KOTOPOM HMEITCA CBOM OJOKH PHCYHKOR.
JTH PUCYHKH TaK>Ke IIOJIe3HO H3YYaTh BO BpeMd ypokra. IIpu atom
BaXKHO, 4TOOB! yyalllieca BHAeJN AUHAMUKY «POMAEHHA» YepTe-
xa. [IpuMep TAKOTO «POKASHUA» UEPTEXKel MOMHO BHAESTEL KaK B
yue0HHKe, TaK U B 3afayHukKe (puc. 65, 69). Ha srux pucyarax
MBI «CHAJH QUIBMBI» O DEIeHHAX JaHHBIX 3a71a4. Taxkue «PHIL-
MBI» MOMHO «CHHMATL» H IO PeIlIeHHIo 00Jee CJI0MKHEIX 3a7a4 Ha
HOCTPOESHHE CeUEHNI MHOTOTPDAHHUKOB, PH 3TOM BCe NOCTPOEHU A
yA00HO AesaTh, HANIPUMED, TPOCTHIM KAPAHJAIIOM B TOJBKO OT-
pe3KH, HOBLIE JJiA JAaHHOI'O «KaJpa», CTPOMTE APYTHM I[BETOM,

AHAJOr'HYHBIN IIPHEM JBYX H 00Jee IBETOB «pPa3BUBAIOIIETO-
cA» UepTexa yA0OHO NPUMEHATE U OPU JOKA3ATEJELCTBAX TEOPEeM.

He Hy»XHO NyTaTk TeXHHUKY I'pad)uecKOro NOCTPOeHUA 4yeprTe-
Ka ¢ pellleHHeM 3aad Ha HOCTPOeHUS B MPOCTPAHCTBE, KOTOpPLIE
HOCAT YUCTO TeOpeTHUYeCcKHH xapakrtep. CIHMCOK BaXXHeNNIUX W3
ITHX 3ajady, NOCTPOeHHBIX B JIOTHUECKOHM TOCAeA0BATEJIbHOCTH,
JaeTcaA B HallleM 3afauHuike Ha c. 206—207. IIo sTomMy cnucRry
3a7a4 BOSMOXKHO ITPOBeJIeHIe 3a4eTOB Ha JaHHYIO TEMY.

Oco0eHHOCTH H3YUEHHA TEOPHH, Ha HATI B3TIAM, COCTOAT B Oes-
YCJIAOBHOM JOKa3aTeJbCTBEe HA YPOKAX BCEX PacCMATPHBAEMEIX Te-
opeM (KpoMme 0co00 OrOBOpPeHHEBIX CJIyUaeB), BLIHECeHHH 9TUX J0-
KA3aTeJbCTB HA VCTHBIE 3a4eThl, 3K3aMEHBI B T. II., B CO3AAHUK
CTPOMHOU CUCTEMEI 3TUX AOKa3aTeabCeTB. ODpaliaeM BHHMAaHIE UH-
TaTeNsd, YTO CUCTEMBI HMEHHO CTPOWHOM, HO He 3aHYIJIHBO CTPO-
roi. B uacTHOCTH, Ha HAIN B3TJAK, COBEPINEHHO He 0043aTeJLHO
B HaUajie Kypca CTepPeOMeTPHH HPHBOJAUTL IIOJHYIO CHCTEMY akK-
CHOM, VUHTBIBas BCe TpPeDOBaHWSA, NPl bABAAEMbBIe K TAKOH CHC-
TEME.

B Hamem yueOHHEE HET CTPOroro aKCHOMATHUYECKOI'O IIOCTPO-
eHUs cTepeoMeTpun. Ha OCHOBAHMN HECKONLKHMX AKCHOM IIOCJHe-
JOBATEJILHO JIOKA3LIBAIOTCA TeopeMbl crepeomerpuu. [lpu sTom
IMMKOJABEHUKAM, eCTECTReHHO, MOMKHO H HYXXHO CKA34Th, UTO 3TO He
NOJHAA CHCTEMA aKCHOM, UTO Mbl H3Y4YA€M IIKOJbHBIN IIpegMeT
«'eomeTpusa», a He MHCTUTYTCRUH Kypc «OcHOBAaHMA reoMerT-
puw» . OCHOBHAA [[eJb U3YVUEHHNA CUCTEMBI IOKA3ATENIbCTB TEOpeM
CTEpeoMeTPHH COCTOHT B PA3BHUTHH JWUYHOCTH YUAIIleroca — pa3BH-
THY JIOTHUECKOI'0 MBIIILJICHUA, JOTHUecKoli namMary u . 1. ITomumo
3TOrO, TEOPEMBI U HX JOKA3ATeJILCTBA TpebyIoTCa TIPH PeIleHnU
3azad He TOJLKO JJa 000CHOBAHUA TOrO MJIH HHOI'O YTBEPKISHINS,
HO ¥ JJid NOWCKAa CAMOI0O peIllleHua 3aJauH, 1Jid yecTPpaHeHHd JOXK-
HBEIX WJIH HEOIIPABAAHHO CJIOXKHEIX ITYTeH.

HM3noxeHne TeOPUH MEI COBETOBAJH Obl BeCTHU JeKUMHOHHLIM
MeTOJOM, KPYOHLIMHA TEMAaTHUECKUMH OJIOKAMH.
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OTMeTHM, UYTO BEIOOD yUUTeJIeM HAIITNX YYeOHHKA U 3afauHHKa
B KAUeCTBe OCHOBHBIX AAET O0JbINNE BOSMOXKHOCTH AJSA 04 PoOHO-
ro H3y4YeHHUA CTepeoMeTpPHH, HO 3T0O BOBCe He 03HAUaeT, UTO B IPO-
mecce obydeHna He MOI'YT HCIIOJB30BATBCHA APyrHe yueOHHKH,
nocodua U 3agavyauky. Tar, HarpuMep, HAITH yUALIHeCA H B TAJlkb-
HeHAllleM CMOI'YT «3aIVIbIBATL» B LeJbli pAJ KHHUI U HCIOJbL30-
BaTh uXx. [IpuBegem NpHUMepHLINM COUCOK 3THX KHUT.

Amanacan JI. C. u dp. 'eomerpua. YuebHuK s 0di1eodpaso-
BATENLHLIX YUDPeXJAeHHHA.

ITapvizun H. D. Teomerpuda. Yuedunuk giaa 10—11 kiaccos.

Hlapvieun H. D. 'eomerpusa. CTepeoMeTpua. 3a1aUYHHK.

Anerxcandpos A. /. u dp. 'eomeTpua {4 KJIACCOB ¢ yIiaybJieH-
HBIM H3YUeHHeM MaTeMaTHKH). ¥ ueOHUK A o0meodpasoBaTeh-
HBIX YUPeXIeHNH.

Kucenes A. II. Crepeomerpua (hakcuMHIBHOE U3HaHHe, «po-
dar, 1995). YuebHukr ansa obieobpasoBaTeLHBIX YUDeXKISHHN.

Puitrun H. A. COOpHHK 3azau 110 CTepeoMeTpHH (B ogHOH 00-
JIOJKe ¢ BeINleyKazaHnHbeIM yueOHUKOM A. I1. Kncenena).

3us B.I. u dp. 3amauu mo reomerpuu gaa 7—11 rjaaccor
(Bubaunorera yuuTensn).

T'yces B. A. u Op. IlpakTHKYM TI0 pJeMeHTAPHOM MaTeMaTHKE.
l'eomeTpus.

Asepvarnos A. . u 0p. COOpPHHUK 34744 10 T€OMETPHH IJ4 IIpOo-
BeJleHMA YCTHOTrO sK3aMeHa B 9 W 11 rumaccax (9Tol KHHUIoH MBI
OJb3yeMCS AJIA MPOBeJeHN T UTOTOBON ATTECTAIMU 110 reOMeTPUH
B9 1 11 Knaccax ¥ A1 OPOBeIeHHA OTKPBITHIX 3a4YeTOB MO pelle-
HHIC 3a7a4).

3saauu JI. H., Paszaunoscrkuii A. P. Teomerpus B Tabaupax
(cupaBouHoe mocobme). M.: Ipoda, 1997 u BCe HOochexnyioLiHe
TOMBI).

COOpHHUK 33744 110 MATEMATHKeE IJA TMMOCTYNARINAX B BY3hI O]
peaakmueit M. . CkanaBu.

I'osopos B. M. u dp. COOpPHHK KOHKYPCHEIX 3aga4 10 MaTeMa-
THKe.

B croell paboTe M0OXKHO BeCchbMa TLIOAOTBOPHO HCHOJILIOBATE pa-
boune TeTpazu no crepeomerpuu Jluteuuenko B. H.

3aMeTHM, YTO HAIN KOMILIEKT TAKXXe MOXeT OLITh MCHOJbL30-
BaH B KaUecTBe AOMOJHHUTENLHBIX MATEPHAJNOB KAaK NpH paboTe B
KJiaccax ¢ yriay0JeHHBIM H3yUeHHeM MAaTeMaTHEHM, TAK H B o0IIre-
obDpal3oRaTeABHBIX KAACCAX M KJaccax 'yMaHHTAPHO HAIpaBJeH-
HOCTH.
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B kypce ctrepeoverpuu 10 Kiaacca OOKAa3LIBAeTCA JOBOJIBHO
00JBIIOE KOJAHYECTBO TeopeM, HeoOXONMMBIX Kak 1ad GopMupo-
BAHMA TeOPeTHUECKUX 3HAHWHI ¥ JOIHYECKOro annapaTta yuamix-
cA, TaK 4 OJNA NaJLHENIIero oco3HaHHOIO 1 000CHOBAHHOTO pelre-
HUA 3a7a4.

B paboTe ¢ yueHUKAMH OYEHbL YI00HO CO3JATE CAUCOK U3YHUeH-
HbiX Meopem B MOPAIKE AX TpoxoAeHUdA. IIpayeM B crniicke He
JOJIKHA TIPACYTCTBOBATE (QOPMYIUPOBKA TEOPEMBI, TaM HaXOIAT-
cs AL ee pasdBepHyTOoe HazBaHue. Hanpumep, «TeopeMa o ABYX
napajJeJbHBIX IIPAMBIX, OJHA U3 KOTOPBIX IlepeceKkaeT JaHHYIO
IVIOCKOCTE» . Haluulle TAKOTO CIIFCKA HA PYKaX Y VYANIUXCA CIIO-
coOCTBYyeT:

s (GOPMHPOBAHHAKY NPEACTABJIEHHN O JOIMUECKOH CTIPYKType
Kypca W TOPSAAKe JOKA3aTeJLCTB TeopeM (YTO #A3 4Uero clieayer
A B KaKOM TIOPSAIKe U3JIaraeTca);

e JIYYIIIEMY YCBOSHHIO U 3AIIOMUHAHUIO [NKOJXbBHUKAMH KJHOUe-
BbIX MOMEHTOB KypCa, CIIOCOOHOCTH JIyUTiie ! OBICTPee OPHeHTHPO-
BATLCA B IPOATeHHOM MaTepuaje;

* BO3MOKHOCTH OPraHH30BATh HAa ypoKe ObICTPOE TIOBTOPEeHHe
Teopud (ydallMMcHa IpeaiaraeTcs HAWTHA B CNACKE TY MJIH UHYIO
TeopeMy U 0 HA3BAHHIO 3TOH TEOPEMEI NATE €€ IIOAHYI0 PopMyJId-
POBKY);

* BO3MOYKHOCTH COKPATHThb 0O0'bBACHEHUE B KOHTPOJLHBIX U APy-
raxX NHCEMEHHLIX paboTax (HAIlluM yYeHUKN IMeIoT MPaBo TTOXbL30-
BATBCA JAHHBIM CIIMCKOM HA YPOKAaX, BO BpeMs OTBETA ¥ JOCKH, HA
KOHTPOJLHKLIX paloTax u make Ha sksamenax. IlpaBna, Ha sk3a-
MeHaX JAHHLIA CIIMCOK AyOnupyercda TerCToMm DHJIETOB, HO TaM
TEOPEMBI JaHELl JOCTATOUYHO XaQOTHYHO);

*» B ompefeseHHON Mepe (POPMHPOBAHMI) YMeHHA ydanmiuxcs
TOJBL30BATBLCS CIPABOYHBIMH MaTepHanaM#d (MBI ACTIOJIL3YeM Ha
VPOKA4X IeOMeTPHH KHATY <«l'eoMeTpHaA B TAOAUIIaX», BBIIYIIEH-
HYIO B H3aTeILCTBe «J/Ipoday. Ira KHUAra uMeeTca y Kaxaoro 13
HATMAX yYan[AXxcs).

3aMeTuM, 4YTO ouveHEL 3(PQPEeKTHBHLIM ABASETCA YMeHUe y4a-
IAXCA CeJaTh TIEPBOHAYAJBHBIN YepTesk K KaZ0d U3 TeopeM
CTIMCKA ¥ TOYHO 3aIIMCATL, UYTO JAHO 4 4YTO Tpedyerca NoKas3aTh.
Crnucor MOKeT OBITH XOPOIIed OCHOBOW A NPOBENeHHUsT HTOrOo-
BOH aTTecTalluy (MTOrOBOr0 YCTHOTO 3a4eTa) 3a Kype 10 raacca.

Kar B yueOHMKe, TaK U B 3aJaYHUKE IIOMelleH CNIMCOK TeopeM
Halllero kypca (cM. «IIpuaosxendes, ¢, 206—206 yuedbHuka). Mer
COBETYEM YYAIHMCA II0 Mepe W3YyUYeHHA NePeHOCHTE OJIOKH 3TOTO
CIIUCKA B CBOM KOMNBIOTEP U Bcerja MMeTh Ilepel [NiasaMHu paclie-
YaTKY TIPOAAEHHOTO,
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Ha ypoxax, 0pu pemieHHH JOMANIHXUX 3aJaHWd, a MOKeT OBITh,
H Ha KOHTPOJIbHBIX paboTax, yuamAeca MOI'yT ACHOJb30BATH I10-
MeIl[eHHbIe B HalleM 3afadHniKe «PDopMyJibl NJaHAMETPAN, CTe-
peoMeTPHHA U TPATOHOMETPHA » ; OHU, B ONIPeZe/IeHHOHN Mepe, 3aMe-
HAT CIPaBOYHLIA MATEepHaJl.

Cnezyer obpamaTh BHEMaHNHe Ha JOTAKY MOCTPOEHUA U TOU-
HOCTh NMCBMEHHO! 3a0MCH, CAEJAHHOHW yYanMMHUCA KAK B KOHT-
POJILHOH padoTe, Tax U NPUA pelIeHHA 3aJad Ha ypoke 1 goma. He
CTOWUT MO3BOJATH «IPUAYMEIBATE» CBOW 0003HAUEHWA MJIM 3aMe-
HATH CMEICJ OOLIENPHHATHIX 0003HAUEeHWN ApyramMu., Hanpumep,
3aHCh «& M by BOBce He 03HAYAET, UTO NPAMEIE @ W b Iepecexa-
I0TCA (9Ta 3anvch 0003HAYAET MHOMKECTBO BCeX O0NIHX TOYEK IIpA-
MEIX a A b, KOTOpOe MOXXeT OLITEH ¥ NTYCTHIM).

B mamayHEuke momMeumieH COHCOK NPHUHATHX HaMH YCJIOBHBIX
obo3naueHun (c. H—06). ITU 0003HaAUEHHNA, KAK IPABUJIO, BeCbMa
YIAOOHBI, XOTA, PA3yMeeTCcA, He CTOUT AOBOAHTH A0 adbcypaa rpedo-
BAHUA K AX ynorpebienuto. Tax, Hanpumep, ydamuaica BIOJHE
MOXKeT Hanucarhk: «npsamas AB jexur B miaockoctu ABC», He
yIIoTpedsas HH CKO0OK, HU 3HAKA BRJIIOUSHHA.

Ha nporaskeHHyd HAYAJBHOI'O U3YUEHHUA CTEPEOMETPUH BeChMa
MOJe3HO NPeJiaraTh yYaluMca AJid pelleHia 3aJa4l CTepeoMer -
PUYECKOr'o CoOgepKaHusA, KOTOPLIEe OUeHb OBICTPO, HO CBOEODPA3HO
CBOZATCA K IiaaHuMerpuueckuM. IlpuBegeM npumep TaxoH saga-
YW ¢ 3AJOKEHHON B HeHl DOLCKA3KOA peIlleHus.

«Inarosann AC 4eTulpexyrogbHHKa ABCD pennt ero Ha opa-
BUJABHBIN TpeyrodbHuK ACD co croporoi 10 u npaMoyroJbHEBIA
Tpeyroasaux ABC ¢ ranorenysoii AC i xaterom AB, paBHEIM 5.
OTOT YeTH PEeXyroJbHUK NeperHyJM mo guaroHanun AC Tax, 4To
Touka B mHe nexur B miaockoctu ACD. Ha npamoit AC B3aau ra-
Kyio Touky M, uto cymMmMa AJNHAH oTpe3xkoB BM u MD HauMeHL-
masn. Halizute sHauenue 3ToH cyMMbI» . OTBET: Sﬁ ]

Kax MuI y>Ke roBopHJIz, B CAMOM YCJIOBHMH 3TOH 3aZaUi 3aJI0XKe-
Ha MOACKa3Ka «Pa30THYTh» YeTHIPEXYrOJABHUK ¥ HAUTH AJUHY AH-
aroganyu BD. Japum GopMyJdHPOBRKY TOH Ke 3ajzauu 0e3 «mof-
CKABKH»

«Touxka B He JEXHAT B ILJIOCKOCTH IPABMIJILHOINO TPEYTrOJLHAKA
ACD co croporoin 10. AB = b un yron ABC — npamoii. Touxa M
npuHaAIeHuT npamond AC. HaliintTe HauMeHEIIIee 3HAUESHHE JIJIH-
HBI JJoMaHoi BMD».

ITporpamma usydeHus crepeomerpuH B 10 riacce pocTaTouHO
HachblllleHHa., KpoMe O0AaTH TeM, CBA3AHHBIX ¢ BOIPOCAMH O B3aHM-
HOM PACHOJIOMKEHHH TOYEK, NPAMEIX H HJOCKOCTEH B IPOCTPAHCT-
B€, O BHIYMCIAEHHN PACCTOAHMIA MeXIy HUMH, a TAKXKe 0 HaXOMXK-
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JeHUH YTJIOB MeXJy NPAMBIMH M IJOCKOCTAMH, B Kypce pac-
CMOTPeHEI enle ZBe TeMbl: «BeKTOPHBIN MeToh B IPOCTPAHCTBE»
A « KoopauHAaTHBIA MeTO B IPOCTPAHCTBE » .

OGe atu TeMbl, 0€3yCA0BHO, BAXKHEIE, HO, B OTJINUYE OT HpeJbl-
AYTIIUX, MOTYT U3YYATLCSI HA PASJAMYHLIX YDOBHAX yIayOG/eHMA.
ITO PacUpoOCTPAHAETCS W HA TeOPeTHUYEeCKHANW MATepHas, W Ha 3a-
JayHbIH. KaXkaeIil yunTesas caM BeI0epeT DOAXOASNIAN ero KIAcCY
YPOBeHb H3yueHnA 3TAX TeM. OHA MoTyT ObITE H3y4YeHBl 0030PHO,
¢ pellleHneM HeDOJbIIOro Kpyra NpocredIiMx sagay d, HAOpoTHB,
MOT'YT OBITE USYUEHBI JOCTATOYHO HOAPOOHO C peIeHUeM MHOTHAX
W MHOTUX 3aad, JACTh U3 KOTOPBLIX COOTBETCTBYET KAK YPOBHIO
BCTYHHUTEJILHBIX- DK3AMEHOB B BY3EI, TAK W HEKOTOPLIM 3amauyam
BY30BCKOTO Kypca aHAJHTHYECKOH reoMeTpHH.

IlogpobHOE H3yUeHHMe BEKTOPHOT'0 MEeTola AACT BOSMOMHOCTDH
IIPAKTHYECKOro ero npuMeneHus. K npumepy, HEKOTOPEIE TEope-
MEI HIE€PBEIX IATH IVIAB y4e0HHUKA JOKABLIBAIOTCH C UCHOJL30BAHU-
eM BEKTOPHOI'0O MeToJA B IITeCToH riase. B ceguMoll TIage psajg reo-
MEeTPHYECKHX MECT TOUeK B MPOCTPAHCTBE ONpPeAeNsIeTcd KOoOpAH-
HATHEIM MEeTOLOM.

Marepuanbl IecToH M CeIbMOH TUIaB, 4 TAKMKE [IOIOJHEeHHA
0 MeTOZAX HNOCTPOeHNA CeyeHUN MOTYT OBITh HCHOJB30BAHLI B ITPO-
(GUaIbHON IIKOJe S HPOBeAeHNA NIeKTHUBHBIX KypcoB B 10 uau
11 xnaccax.

B koHme yuefHHUKA OPUBOAATCA NPUMEPHOE TEeMATHUYECKOEe
IIaHAPOBAHHE, ITO CAeJaHO HAMH He CTOJBKO IOTOMY, YTO KHHATa
AIH YYATEJA U3AaeTcHd Mo3%Ke, yeM y4eOHHK, CKOJbKO JJf TOrOo,
yTo0bl CHAENATE CTPYKTYPY HPEHONABAHUS KYpca CTEPEOMETPHH
IPO3PavHON U MOHATHON ANS yueHUKA. YueHuk 10 kracca BoJHe
crioco0eH, pacCMOTPER JaHHOoe MIAHUPOBAHME, ONEHHTh HA HEKO-
TOPOM 3TaTle U3YUeHNA KaK yKe HAKONJeHHble UM 3HAHHMA, TaAK H
HepCHeKTUBY gaJIbHeHIlero uayuyeHus Marepuaia. C 3ToH Ke
I1eJLI MBI HOMECTHJIH B yueOHuKe 10 Kitacca KpaTkuil 0030p BOI-
poOCOB, KOoTopble DyayT u3yuedsl B 11 knacce. He cexper, uro yue-
HUKH JacTO CIPAINBAIOT YUYATEJS O TOM, 4TO Oyaer H3ydyaThLCH
Jayiblle, HO CAMM YUAIIMECH IIOPOA He MOI'YT pPacCKasaTh O TOM,
UTO «IPOLLIH 0 HpeIMeTy» B HeJaBHEM HIPOIILIOM.

B npepcrapieHHOW BaM KHHUTe AJIS YUYHTENS IPeAJIOMEHBl Je-
CATH KOHTPOJBHBEIX padoT (oT HYJIEBOH Ao AeBsaTol). Paccmarpu-
Basl 3TYA KOHTPOJLHEIE paboThl, YUNTENEL CAM PEIIUAT, HOJHOCTHIO
I OHHA COOTBETCTBYIOT TOMY YPOBHIO 3HAHUM, KOTOPHIH OH colu-
paerca «3agarb» Npu padore ¢ JAaHHBEIM KJaaccoM. IIpa 3ToM BO3-
MOJKHA KaK Pasrpy3ka KOHTPOJIBEHBIX paldoTr 3a cueT W3IMeHeHH:d
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TEKCTOB 3474 ¥ BBeJeHHUA 3HAUKOB HEOOASATEJIbHBIX 3aJaHAM,
TAK H VCAOSKHEHUE TEKCTOB.

Kaxgaa xoHTpoabHas pabora npeiBapAaeTca CIIUCKOM HOAIO-
TOBUTEJLHBIX 3agad. Ha cBoeM onwiTe MBI yOeIUIUCE, YTO IDPELJIO-
JKeHHe TAKOro coucka (ero MOKHO Ha3BATh HOATOTOBHTEJNBLHBIM
BAPHUAHTOM) TIOMOTaeT YUAN[AMCH CTPYKTYPHAPOBATE CBOM 3HAHUA
A KOHKPETH3HPOBATE TOATOTOBKY MO ZAHHON TeMe.

K coxceky moaroTroBUTENLHBIX 38184 YUATENAb MOET 100aBHATH
COHCOK TEOPETHYECKHX BONPOCOB K KAXKA0H KOHTPOJLHOI paboTe,
UTO TaKKe ObIBAeT BeChMa ILJIOAOTBOPHLIM. Bompochl AJia TAKOTO
COMCKAa MOXKHO B3ATH An00 M3 cIMCKAa TeopeM, Jnbo U3 BOIPOCOB,
NPEANOKEHHBIX B HAIMIEH KHUIe JJIsI NPOBEACHNUA 3aUETOB.

Ecian yuynaTens DocunATaeT, YTO KOHTPOJBHEIX PafoT CJIHUIOKOM
MHOI'0, OH MOXeT Ju00 He IPOBOIHTEL 4acTh W3 HUX, Judo coepu-
HHUTH JBe KOHTPOJbHEIE paboThl B 0gHy, yOpPABR 4acTh 3agaHuld, Ju-
00 NPOBECTHU KOHTPOJbHYIO B BHJE CAMOCTOATENbHOH paboTel HA
VPOKE UJIM B BUJe JOMALIHEH KOHTPOJIBHON padorhl.

Ocoboe MecTO yIenaserca «HYJeBOH» KOHTPOJILHOH paborte,
OpegHA3HAYCHHON [JIA ONPEAeNeHNA YPOBHSA 3HAHHA VUEHHKAMH
nirapnMerpud. B mouacoBom miaHupopaHnu 10 Kiacca MOXHO
BBIEJIATE OIpeneseHHOe BpeMs IAJA MOBTOPeHWA NIAHWUMETPHH.
OzHaxo Taxoe BbIZEJEHHE BPeMeHU SBJAAeTCA HeoOXOoZHMBIM, HA
Halll B3rJAZ, TOJbKO TOlZd, KOTZA B CAJY Pa3JUUYHBIX HPUAUYHH
VUUTEJE HE NPeACcTaBiaaeT cefe YPOBHSA 3HAHUS IJIAHUMETDPHH €ro
VUeHHKAMH (HAOpHMep, VUUATEdbL TOJBKO HAUaJ paboTarh ¢ 3TUM
KJIACCOM) MJIH, HaoBOpoT, OpeacTaBaneT cebe 2TOT YPOBEHL, H OH
KaXerca eMy BecbMa ¥ BechMa HeJOCTATOYHBIM AJ1A JalbHeHIIero
A3YUeHHA I'eOMeTpHuA,

B pasgene «JonosHeHuA» HalLlero 3ajavyHuka OoJsiee uem Ha
40 cTpaHumax pacnosaramnTcesa «Marepuanbl AJIA HOBTOPEHHSA M
yrayoneHna OaanuMerpun». B Hux cobpaH o0mIAPHLIA TeopeTH-
YecKHAW M 3aJaUHbIM MaTepHaa o MJIaHuMeTprH. [JaHHBIX B 3TOM
pasnesie 256 3zagay BOOJIHE AOCTATOUHO, YTOOLI OAHATHL «OJAAHU-
METPUUECKYIO KVJABTYPY» yuamuxca. [loMoxKeT MM U CHHCOK
GoOpMyJ TIJIAHUMETPHH, TTOMEOIEHHLIM B MPUJIOMKEHUAX K 3azatl-
HAKY.

[nsa Tex yuurteielf, KOTOPbIE COUTYT HY?KHBIM IIDOBOXUTEL 3aUe-
TbI IO TEMAaM Kypca, B JAHHOH KHHTe AJNA YUUTeJa paszpaboTaHbl
4 zquema:

3aver Ne 1 mo temaM: BBegenne B crepeoMeTpuo. AKCUOMBI
crepeoMeTpur. BaanMHoe pacoloXeHHe TTPAMbBIX B IPOCTPAHCT-
Be (HOBTOPeHHE TEMbI « TpPeyroJbHUKH» ).
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3aver Nt 2 mo Temam: BsamMmHOe pacnoio)keHue OpaAmoi H
MIOCKOCTH. llepneHANKYIAPHOCTE TIPAMON W MIOCKOCTH., YIOX
MeXKAY HOPAMOH M IIOCKOCTBIO (IIOBTOPeHHe TeMbl «OKpyK-
HOCTE» ).

3auer Ne 3 no remam: llapannenbHoe npoekTuposarue. [Tapait-
JleJbHEIE TIOCKOCTH. YTOJ MEXKIY ABYMA ILIOCKOCTAMH. Paccros-
HWA B IPOCTPAHCTBE (IIOBTOPeHHE TeMBL « 1eThIpexXyTroJ bHUKHT » ).

Sauer N 4 no remam: BeKTOpH B HPOCTPAHCTBe. KoopauHATE
B NPOCTPAHCTBe (IMOBTOPeHHe TeMEl « BeKTOphI M KOOPAHMHATHL HA
OJOCKOCTH» ),

3auert coctouT U3 10 61aeTOB, KAXKIBIH U3 KOTOPBIX COLePKUAT
[Ba TEOPETHYECKNX BONPOCA U ABe 3a[a4u, NOCBAIIeHHBIE KaK HO-
BBIM TEMAM CTEPEOMETPHUH, TAK U TeMaM IJIAHKMETPUHU, IOBTOPe-
HMe KOTOPEIX 0003HAYEHO B 3a4eTe.

B 00oabpIIAHCTBE IHKOJ ¢ YIVIyOJIeHHBIM H3yUeHWeM MatTeMaTa-
K1 B TOH MJH MHOH (hopMe IPOBOAHTCA HMTOTOBLIH I'OJLOBOM KOHT-
poJib. MEI IpegjiaraeM MaTepUaibi 1JA TPOBeLeHHA YCTHOTO 9K3a-
MeHAa (HTOTOBOI'O0 VCTHOI'O MCHBITAHHA II0 KYPCY CTEPEOMETDHH).
JK3amed cogepkut 20 6uretoB, 19 U3 KOTOPHIX copepikart 2 yCr-
HbIX BOIIpOCA IO CTepeoMeTpu#d W 2 3ajauyd, OJHA U3 KOTODPBIX —
o naadumerprd., [locKOABKY AaHHOe HCTILITAHHe He HOCAT ohu-
IMUAJILHOIO XapaKTepa, B KAaUuecTBe 3JIeMeHTa UI'Pbl BBeJleH CUAaCT-
aMBbIH 13- 671eT, 11 BRITAHYBIIIMN €ro yuamuiica BIpaRe caM ofl-
peaeInTsL OWIeT, HAa KOTOPBIN OH Oy eT 0TBeuaTh.

Ian amobuTeslell TeCTOB B HAlllell KHATe MMeeTCA IPpUMep HTO-
roBOI'O Tecta, Te, KTo NPOBOIAT NHChMEeHHOE ATOIOBOE UCIBITAHHE
10 CTepeoMeTpHH, MOTYT HCHOAL30OBATL MAaTepHasbl HTOTOBOA
KOHTPOJILHOH paboTel Ne 9,

CocTaBiaaa 3agayHbBId MATEPHAJ, MBI He CTABMJN CebDe IeJbo
BKJTIOUEHVE TPYAHEIX H YK TeM OoJiee oMOUAKHBIX 3agau. OpHA-
KO MELI TIOCUHTAJAHN HeoOXOAMMLIM B KHHIe HJIs VUHTeJds paccKa-
34THL 0 TOM, KAK CTOMT PElIaTh Te WJH WHLIe IOMenieHHEe B Ha-
IIIeM 3afaUHUKE YIPAXKHEHHA, JaTh HAAOO0Iee ONTUMAJIbHEIE Yep-
TEeXHU K HUM. ITO, pazyMeeTcCs, He OBHAUAET, UTO HpeIJ0oyKeHHbIH
HAMH CI0C0o0 ABAAETCA efMHCTBeHHBIM ANA Hauaydniam. Kax u3-
BECTHO, B OOJILITAHCTBE CIYYAeB TaKoil cnocob Boob1ie TPYAHO OIl-
pelesiMTh.

Ecin KHHUra gua yumdTess HolazeT B PYKH yYanerocda, To oH
MOKET U3yUaTh Hallle pelleHHe, YTO OyAeT OOJLIIAM ToACIIopheM
B PA3BUTHAHA eTo YMeHUA paboTaTh ¢ TEKCTOM 344U B PELIATh ee.

ABTOpPH BEIPAMKAIOT ACKPEHHIOK OJIArOgapHOCTL 34 HEOIeHH-
MYIO IOMOIIlL B MOATOTOBKE PYKOTHCH K TIeUaTH YUUTENI0 MAaTeMa-
Tk Tamape HurouaeBHe [loTockyeBoit.
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NMpumepHoe NoYacoeoe nNaaHnpoBaHmne
(3 4 B Hepeno, scero 105 4)

BeeneHue B cTepeomeTpuio (1—8)

Ilpegmer crepeomerpHdd. OCHOBHBIE NOHATHS CTEepeOMeTpHH.
Axcrombl cTepeoMeTpun. CaemceTBusa u3 axcuoM. O MAOCKOCTH,
HPOXOASAIIei: yepesd IPAMYIO 4 He JIeXaniyio Ha Hell TOUKY; Yepes
IBe MepeceramnAecs OpPsSMble; 4Yepe3 ABe HapajielbHbIe IPS-
Mble. [lepeceyenue MpAMOR U MIOCKOCTH, IBYX MJIOCKOCTer. Tex-
HHMKA BEINIOJHEHUSA MNPOCTEHIIMX CTEPEeOMETPHUUYECKHX UepTeXXKeH.
CrepeoMerpudeckue (GHIypbl: Ky0, Napannenenunez, IpH3Ma,
nupamuga, ctepa n map. IocTpoernne ceuernnii kyGa U TeTpasapa.
I'padmueckas pabora No 1,

Honmpoavnasa padoma Ne 1,

BaanmMHOe pacrnonoXeHne NpsMbixX
B NpocTpaHcTee (9—16)

Hepecerawmmueca 1 napaJjiedbHbBIe IPAMEIE B OPOCTPAHCTRE.
Cxpenjusamomuaecs npaMiie. [[pUsHaAKKN CKPen@BAION[MXCH IIPS-
MEIX. TeopeMa 0 JBYX DapasjjelbHLIX NPAMLIX, OfHA 13 KOTOPBIX
IepeceKaeT ILIOCKOCTL., TeopeMa ¢ TPAHSWUTHUBHOCTHA apajielib-
HOCTHY IPSAMBIX B npocrpaHcteBe. HanpapieHune B IPOCTPAHCTEE,
TeopemMa O pPaBeHCTBE ABYX VIVIOB ¢ COHAIIPDABJEHHBIMHA CTOPOHA-
Mu. OnpepgelleHHe yrja MeXIy CKPeHmIUBAKNINUMUCT NPAMBIMA.
Pemenue npocrelmuX 3agay Ha HNOCTPOeHHMe B HOPOCTPAHCTBE
(mpoBeseHMe Uepes TOUKY: MPAMOIt, Hapasjle/lbHOW faHHON; nIpa-
MOM, CKpeniABarIeca ¢ Aanfaoi). Yucao pemreHul 3aa4d Ha
TTIOCTPOeHUe,

Koumpoavnas paboma Ne 2.

Baanmuoe pacnonoxeHune NpaMon
M NNOCKOCTK (17—25)

[NapanaensHOCTh NPAMON ¥ NA0CKOCTA. [IpHUaHaAK Mapaiiess-
HOCTH NIPAMON | IJI0cKOCTH, TeopeMa 0 IMHHH NepecedeHAS ABYX
TIIOCKOCTeM, OfHA M3 KOTOPBEIX TPOXOAHUT Hepes NPAMYI0, HapaJ-
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JEeNBHYIO IPYTOH HJIOCKOCTU. TeopeMa o JIMHUA HepecedeHNs IBYX
IJIOCKOCTEeH, KAXKAAA U3 KOTOPHIX IPOXOAUT Yeped OAHY H3 mapai-
JeILHBIX NOpAMBIX. O NJIOCKOCTH, HPOXOAANIeH 4Yepe3d oAHY H3
CKPenjuBaloNIuXcA NPAMBIX IapaJliiesibHO APYroi npaMoi. Perre-
HUe OPOoCTeMIINX 3aja4 Ha TOCTPOeHWe B MPOCTPAaHCTBe (IpoBe-
JeHNe Yepe3 TOUKY HPAMOH, HapallelbHON ZaHHON IIOCKOCTH,
A IJIOCKOCTH, HAPaJNJeJbHON TaHHOM HPAMOI).

MepneHauKynspHOCTL MPRMONA
U NAoCKOCTY (26—34)

IIpysaak IepHeHAUKYJIADPHOCTH TPAMON # HJocKocTHd., Ilep-
INeHANKYJIAD ¥ HAKJOHHAA. TeopeMbl 0 IAAHAX NepHeHINKYIApa,
HAKJOHHLIX ¥ IPOeKIOHI. TeopeMBI O TpeX IepIeHIuKyarspax
(mnpamasa u obparHaa). Teopema 0 ABYX IapaJlIeJbHBIX HPSIMEIX,
OJHA M3 KOTOPBIX MepIeHIHUKYJAAPHA IIJOCKOCTH, TeopemMa 0 ABYX
TIPAMBIX, MePOeHIHKYAAPHBIX THocKocTH. IlocTpoeHHe ImIoCKOC-
TH, TPOXOAAIIEHA Uepe3 JAHHYIO TOUKY MePHeHIHKYIAPHO JAHHONA
nupamol. IlocTpoerne npaMoi, Tpoxogaieil yeped JaHHYIO TOUKY
NeplIeHANUK YISPHO JaHHOH! ILIOCKOCTH.

Kounmponvnas paboma Ne 3.

Yron mexay NPsMoii U NnockocTeio (35—43)

OnpegmeneHle yIia MeXAY HAKJIOHHON H ILIOCKOCTEI0. O Bexn-
UHHe YIVIa MeXy HaKJOHHOH 7 HJIOCKOCTBIO. ¥YT0J MeXAy IpA-
MOH W MIOCKOCTLI0. MeToabl HAXOMKASHHA yIVIA MEXAY HAKJIOH-
HOW M TIOCKOCTBIO.

IlapanyienpHoe mnpoexkTHpoBaHue. CBoONCTBA NAapaijlelLHOTO
IpoeKTUPoBaHHA, OpTOroHaJdBHOE IIPOEKTUPOBAHKE, €I'0 CBOCTRA.

lMapannensHble naockocTy (44—51)

BsaumMHOe pacnosiosKeHue ABYVX HJIOCKOCTell B IIPOCTPAHCTRBe.
IlapannensHoCTE IJIocKocTel. IIpusHAKKM HApaLIeIbHOCTHA ABYX
mjaockocTe. TeopeMa 0 JUHUAX IlepeCedeHMA ABYX Hapajlielib-
HBIX TIJIOCKOCTeH C TpeThel ILJIOCKOCTBLIO. TeopeMa o IpPAMOIl, Ile-
pecerarmlIel oJHY M3 ABYX HapaJJjeJbHBIX HJA0CKocTell. Teopema
0 TJIOCKOCTH, IIePeceKaolled OAHyY H3 ABYX HAPAJJIeJbHBIX IJI0C-
kocTell. Teopema 0 HPOBeAeHUH HJIOCKOCTH, HApaJlJe/bLHON JaH-
HOM TIJIOCKOCTH, Yepe3 TOUKYy, He JIeKAIIyI0 Ha Hell, eIuHCT-
BEeHHOCTb Takoi MIocKoCTH. TeopeMa 0 TPAHSUTUBHOCTA HapPaJI-
JAeJBHOCTHU TIJIOCKOCTEH B HPOCTPaHCTBe. Teopema 00 oTpeskax
napajlieJbHBIX NPAMBIX, 3aKJAIOUEHHBIX MEXAY IABYMA HIapaJ-
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JelbHBIMY [JIOCKOCTAMX. TeopeMa 0 HpPAMON, IepPHeHAHKYIAPD-
HOW K OAHOM U3 JBYX Napalie/bHBIX ILJIOCKOCTEHN.

Konmpoavnaa patioma Ne 4.

Yron Mexay aByms nnockoctamu (52—60)

Aryrpadabiil yroi. JIuHeHHBIH yroa ABYIPAHHOIO yrJa. Teope-
MA 0 MUHeHHOM yIJIe ABYIPaHHOI0 yria. [lepneHguKyAApHbIE TLIOC-
KocTH. IlpnsHak NepueHANKYIAPHOCTA ABYX ILTOCKoCTel. Teope-
Ma 0 IPpAMO#, MepIeHAAKYIAPHON JUHNAH NepeceueHA ABYX B3a-
HUMHO NepleHIUKYJIAPHBIX IOCKOCTEXd M Jiesxallleil B OgHOM U3
HUX. TeopeMa 0 IpAMOH, NePIeHANUKYJIAPHON 0JHON U3 IBYX B3a-
VMHO IIepHeHAUKVJIAPHBIX ILIOCKOCTe# M HMeloniedl ¢co BTOPOH
IJIOCKOCTRIO 00NIVIO TOUKY. TeopeMa o TUHHH mepeceyeHUS IBYX
II0CKOCTeH, MepNeHAMKYIAPHBIX TPeThbeil. ¥YToJd MexXAV ABYMA
naockocTaAMUA. MeToabl HaX0XKAeHHSA IBYTPAHHEIX YIJIOB M YIJIOB
MeXAYy LByMA IJIoCKocTaMHu. ODIIAN NepleHANKYJIAD JBYX CKDe-
ITUBAIONIAXCA TPAMEIX. TeopeMa o IJIOIMAAN OPTOTOHAJNBHON IPO-
€KUM MHOTOYTOJIbHUKA.

Konmpoavnaa patoma Ne 5.

PaccToaHua B npocTpaHcTee (61—69)

Paceroanyne MedXxy IBYMA TOUKAMH. PaccToaHHe MeXXAy ToOU-
Kol 11 ¢purypoii. PaccTossHUe MeXXZy TOYKOM B nmpamoii. Paccros-
HUe MeXAY TOUYKON M IMJIOCKOCTLIO. PacCTosAHNe MeXAY TOUKOH 1
cthepoii. Paceroaaue mexxay gByMma urypamu. Paccroaave Mex-
Ay AByYMsA Iapajje/IbHbBIMA NpAMbBIMHA. PaccToaHHe MeXay HOpsa-
MOH #W IUIOCKOCTLIO. PaccToaHHe MeXAY JABYMA IJIOCKOCTAMN.
Pacctoanne MeXXy CKPelIUBAIONIAMHACA NpAMEIMHE. ['eoMeTpuue-
CKHWe MeCTa TOUYeK HOpOCTpPaHCTBA, CBA3AHHEIE C PACCTOAHWAMI.
IipueMbl HAXOXKIeHUA PACCTOSHHI MeXXAy GUrypamMu B IPOCTPaH-
CTBe.

Konmpoavnasa patoma N 6.

Ypoku 0dobuieHna NpoRaeHHOro maTepnana
0 NapannenbHOCTN, NePNEeHONKYASPHOCTY, yrnax
¥ paccToaHuax B npoctpaHcTee (7/0—72)

BekTopbl B NpocTpaHcTRe (73—82)

BekTop B npocrpaHcTBe. KonauHeapHOCTH ABYX BeKTOPORB;
KOMILJIAHAPHOCTL TPeX BeKTOpPOB. Yrosl MeXXAy BeKTopamn. Jlu-
HellHbIe omepariuy HaJ BEKTOpPaMH (CIoXKeHWe, BBIYATAHKE, YMHO-
JKeHMe BeKTODa Ha CKaJsap) U UX cBoOHCTBa. PaznorxeHue BeKTOpa
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0 ABYM HEKOJIWHEAPHBIM BEKTOPAM, KOMILJIAHAPHEIM AAHHOMY
BeKTOpY. O Tpex HEKOMILIAHADHBIX BEKTOpaX B IPOCTPAHCTBE:
BEKTOPHBLIHN Dasuc IIPOCTPAHCTBA; PA3NOMeHHe BEKTOPA B €ro Ko-
ODJAMHATHL B AaHHOM Dasuce. Y CJI0OBUEe KOJJIHMHEAPDHOCTH ABYX BeK-
TOPOB U KOMIIJIAHAPHOCTH TPeX BeKkTopoB. CKajApHOoe Mpoussee-
HUE BEeKTOPOB M ero cBoMcTBA. POpPMYNBI, CBA3ZAHHBIE CO CKaNAP-
HbIM IIPOM3BEeJeHUEM. ¥ CJIOBME OPTOTOHANLHOCTH JBYX BEKTOPOR.
Penienne reoMmeTpudecKHX 3824 BEKTOPHBIM METOJOM.

Koumpoasvnas paboma Ne 7,

KoopauHatel B npocTpaHcTee (83—92)

OpTOHOPMUDOBAHHBIH 0a3uC B TIpocTpaHcTie. [IpamMoyroapnas
JeKapToBaA CHCTEMA KOOPJAHHAT B NMpocTpaHcTBe. KoopauHATHI
BEKTOpa, AeKCTBUA HAJ BEKTOPAMH B KoopauHartax. IIpoexiims
BEKTOpPA HA OCh B KOOPAMHATAX. ¥ CJIOBHUSA KONIUHEAPHOCTH U Op-
TOrOHAJABHOCTH JBYX BEKTOPOR B KOOpAUWHATaX. KooOpAWHATEL TOU-
Ku. POpMynsl HAXQXKIEHHA: PACCTOAHUA MEXKY ABYMA TOYKAMH
B KOOPAUMHATAX; KOOPOWHAT CePEAMHDBI OTPE3Ka H TOUKH, AeJaIneil
OTPE30K B JAHHOM OTHOLIEHHMM. ¥ DaBHEHWE U HEpaBeHCTBAa, 3a-
JA0IHe MHOMKECTRA TOUEK B IPOCTPaHCTBE. ¥ paBHeHUE cdhepsl K
HepaBEeHCTRO I1apa.

YpaBHeHHE TIIOCKOCTH B NMPOCTPAHCTBE. YPABHEHHE ILIOCKOC-
TH, IPOXOAANIEH Yepes TOUKY INePIeHJUKYIAPHO JAHHOMY BEKTO-
py. O0inmee ypaBHeHHE ILIOCKOCTH ¥ €ro NCCIeAoBaHHe. Y paBHe-
HHE IIJIOCKOCTH B OTpe3Kax W ApYrHe BUJLI YPABHEHHA ILIOCKOCTH.
Yron Mexay ARYyM: MIOCKOCTIMH B KOOPAMHATAX WM YCJAOBHA Ia-
paaNesbHOCTM M IIEPIEHAUKYAAPHOCTH ABYX Iiockocteit. Ilps-
Masl B KOOpAMHATAX. ¥ TOJX MEXIY ABYMSA NPAMEIMH B KOOpJAUHA-
Tax, YCJAOBHS IIApANJE€JbHOCTH M IEPHeHAUKYIAPHOCTH JABYX
IPAMBIX B TIDOCTpPaHCTBe. BsamMHOe pacrono)xeHue IpAMOH H
IJIOCKOCTH B KOODAHMHATAX., ¥YTOJI MMy NPAMOH M IMJIOCKOCThIO B
KOODAMHATAX, YCAORUE MAPANINENbHOCTH U TTePHeHINKYIAPHOCTH
IIPAMOY H IJIOCKOCTUA. PopMyJia PACCTOAHHS OT TOUKH A0 TLJIOC-
KocTH. Pelenue reoMeTpHUYeCcKHX 34744 KOOPAWHATHEIM METO-
JIOM.

Koumpoawvnaa patoma Ne 8,

MoeToperne (93--105):
Teopusf, IIPAKTHKYM [0 DPeNIeHHIo 3a7a4 N0 IINIaHWUMEeTPHH
N CTepeoMeTpHM. ¥ CTHBIM 3a4er.

Hmoeosasn konmpoavHas paboma Ne 9.
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YKa3aHusa K pelleHnaM 3aanav

B nannoMm paspeiie mpenaraioTcs KpPATKHE pEeUIeHHA U yKAa3a-
HHA K PelleHHAM JIHINE PAJA 33744, MOMEIIEeHHbIX B 3aJaUHHKE
E. B. ITorockyesa u JI. . 3saBmua «'eomerpus. 10 kmaaccs K
yuebuuky «leomerpua aas 10 kaacca ¢ yraybieHHBIM H IIPO-
(PUALHBEIM U3YVUEHHEM MATEMATHKH» TEX JKe ABTOPOB.

3aMeTHM, UTO CHCTEeMA 347a4 K KaXKJOMY pasfiely CTepeoMeT-
puM, peaJu30BaAHHAA 110 MIPHHUMIY OT IPOCTOr0 — K CIOKHOMY,
TI03BOJAET, ¢ OJHOM CTOPOHEBI, yuuTenio guddepeHIIHPOBAHHO U 1e-
JIEeHAIPABJIEHHO PEKOMEHJOBATh KaKJOMY VUEHMKY 3aJa4yM Ompe-
eJIEHHOM CJIOMKHOCTH, C APYIOH CTOPOHEI, Ka’K0My VUEHHKY Ca-
MOCTOATEIALHO, «II0 BKYCY» BBRIOpATH A1A pelleHud TY HJAM HHYIO
dagauy. BMmecTe ¢ TeMm yuaruics, rnpeXxae 4eM IpPUCTYIIMTh K pe-
MIEHWIO CHOMKHOM 3amadu, JOJIYKEH PelInuTh NPOCTEHIIINe 3a0a4H K
JAHHOMY pa3aeny CTepeoMeTPUM: 9TH 3aJaul ABJAOTCH OMOPHBI-
MU (0A3UCHBIMMY, KJIIOYEBBIMH).

Jliwbasi 3agaua mMoeT ObITh pelleHa He eJHHCTBEHHBIM METO-
IOM, W NPHBEASHHEIEC HHKE pPELICHHs He TNPEeTeHAYIOT HAa eAHuH-
cTBeHHO BoaMoxkubele. HaobopoT, aBTODBI IMpeamoaaraioT IIOMCK,
HAXOMKJCHHE M YUMTeNAMM, W YUeHUKaMM Ipyrux, OoJee pariu-
OHANBHLIX, pelIeHH 3anad. Bojiee TOro, MBI He NBITAJIUCH AATb
KAKKEe-TO ¢«CBePXpanXOHAJNbHEIEe» MM «CBeDXOPDUIMHAJNBHBIE» De-
LUIEHMSA; HAIIM PelUeHus B OCHOBHOM pal0ouue M NOCTATOYHO CTAH-
JapTHbIE.

CraepyeTr 0cob60 OTMETUTE, UTO STH PEIIEHUS HU B KOEeM Caydae
HEJIb3sd NPUHEMATH 3a 06pasnbl cOPMIIEHUS pElLIeHMs TOW MJH
HHOK 3alaYl BBUAY, HAIPHMED, OTCYTCTBHSA B HUX IOJHBIX apry-
MEeHTHPOBAHHEIX 00OCHOBAHMHU TOro MJIM HHOrO YTBEP:KICHUA, UTO
00VCIIOBJIEHO HEBO3MOMHOCTLIO moapobroro pasbopa OrpoMHOro
KOJMIMYeCTRA BCeX 3aaad B HeDoABIIoOH 1Mo 00 heMy KHUreE,

fTnasa 1. BeegeHwe B CTEPEOMETPUIO

IIpu cTporoM aKkCHOMAaTHUYECKOM MeToje MocTpoeHus (0DOCHO-
BAHUM) €BKJMJOBOU reOMETpPHH AOKa3aTeJNLCTBO TOIQO WMJIM WHOIO
FeOMETPHYECKOro YTBePXIEHWA JOJXKXHO OCHOBBIBATLCS JIMIIL Ha
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JOTUYECKHX YMO3aKJAoUeHUSX. B IIKOJABHOM e KypCe regoMer-
pPHK YACTO NIPUXOJUTCS XKEPTROBATEH JOIMUECKOHd CTPOroCThIO,
npuberas K HarAagHocTH. [loaToMy IpH H3yUYeHUU CTepPeOMEeTPHH
ABTODBI CUMTAIOT BO3MOXKHLIM H HEOOXOAHUMEIM IOJXL30RATHCA PH-
CYHKaAMH, TAK KAK OHM IIOMOTaioT NOHATH CoJAep KaHue TOro MJIH
HHOTO (paxTa, NPOMJIJNIOCTPHUPORATH CYThH MOHSTHS, IPEACTABUTH
TO, O UeM MJET peub B AKCHMOMe, TeopeMe, 3ajaue.

B 3roii ¢Bs3KM HaUaJNBHEIE H OCHOBOIOJIATAIOIIWE BOIPOCHL CTE-
peoMeTpHI ARTOPEI MPEANAraioT H3yuaThk C [IOMOILbIO HM300paske-
Hu# kyda, IpaBHARHOTO TeTpasapa, mapajesijentuiieia, IpHU3Mbl,
HUPAMUBALI B COOTBETCTRYIOINWUX OCHeAVIONIMX TOCTPOEHHE Ha
ATHX U300parKeHUsIX.

Y4HUTHIBAA, UTO HHTYHTHUBHOE, *KXHMBOE IIPOCTPAHCTBEHHOE BOOD-
paKkeHue B COUETAHMM CO CTPOroil JOTrHKOH MBIULJIEHMS — KJIIOUY K
W3YUEHWIO CTEPEeOMETPHM, *KelaTelILHO lsxmpaﬁo'ra'rlzﬂ Y VYEHUKAa
yMeHUe HATJAJHO IPEeJCTABHTh, BOOOPA3NTE, HAPHCOBATE (Ury-
PBI, 0 KOTOPEIX HJIET pedyb B AKCHOME, TeopeMe, 3aJa4e,

U xo7A 11pu M3ydYeHHU reOMEeTPUH PHCYHOK, BOODIIE rOBOpd, He
MMeeT JOKAa3areJibHON CUJLI, JasKe ecJu OH BHIIIOJIHeH Desyipeu-
HO, TeéM He MeHee, BEPHO, HATJIAIHO M XOPOLIO BBINOJHEHHBIN PU-
CYHOK K 3ajlaue — 3TO HaJlesKHEIN IIOMOIITHUK IIPHM €€ pelleH’H.

§ 1—3. MpenmeT cTepeomeTpun. OCHOBHbIE MOHATUA.
AKCHUOMbI CTEpPEOMETPUN

He ncknoueHo, YTo OCHOBHBIE ITOHATHSA ¥ aKCHOMBI CTE€peoMeT-
puu OyAyT cOOOIMEHE] YUeHUKAM y4UTeNeM B PopMe JeKIHH-Dece-
ael. Ilpw 3ToM 3a4CAYXKUBAIOT BHUMAHWA KOMMEHTAPHM OTHOCH-
TEXLHO AKCHUOME! PACCTOAHUA.

CMbIcH 5TO# aKCHOMEBI COCTOUT B cleayiomeM. [To akcrome R, B
N10060# NAOCKOCTY BHITIONAHAKTCA AKCHOMBI ItTauuMerpui, Cleno-
BaTeJbHO, HA JW0O0H NJOCKOCTH J0OBIM ABYM ToukaMm A u B cra-
BHTCS B COOTBETCTBHE NONOKUTENIBHOE YHUCJI0 — PACCTOSHUE MEXK-
Ay HUMH Ha 5TOH nJockocTH, XoTsA uepes Touku A u B iipoxogsar
OJHOBPEMEHHO Da3JIM4YHbIE IIJIOCKOCTH, aKcuoMa R, yTBepikiaer,
YTO PACCTOSHME MEKIy TodkaMu 4 u B Gyaer ogHo M To »Ke Ha
KaxKgou u3 9TuX naockocten. Ho ecou rouku A 1 B npunazgne»xar
¢urype, He ABAAOILeiCA MJICCKOCTEIO (HanpuMep, Touku A 1 B
IIDMHAAJNEXKAT PA3JIUUHBIM rpaHaM Kyba, rerpasapa uau cdepe),
TO AOCTATOYHO «YBHJETE H IOCTPOMTH» IJOCKOCTD, COAEPMHKALLYIO
PTH TOYKH, U B BTOH NJIOCKOCTH HANTH PACCTOSAHME MEKJAY HUMU,

3aMeTHM, 4YTO PACCTOSIHUE —— OAHO U3 (PyHAaMeHTAJNLHBIX IIO-
HATHW TeOMeTpPHH, MOSTOMY B 34JaUYHHKe CONEPXKHTCA OOJbIIOE
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YHCJO 3a7aU Ha HAXOMJAEHUWe pa3NUYHOre BHA PACCTOSHHH,
a BOTIPOCY O HAXOXKJAEHUY PACCTOSHUMN OyJeT YAeJeHO «I1PUCTANb-
Hoe» BHEMAHHE B 3aladaX KAXKIOro M3Yy4aeMOro pasfiena CTepeo-
MEeTpHH.

[Ipu nocrpoeHuu (PUCOBAHWMM) CeUYEeHHN TeTpasApa H Kyba
naocrocramu (zagaun 1.033—1.040) nonesHo mossCHUTE yYaluM-
cA, KakWe IpaHy JaHHOTO MHOTOTPAHHHKA IlepeceraeT 3afaHHas
IIJIOCKOCTE, IIOCTPOMB IIPH 3TOM OTPE3KH IIOJYYAIOIMXCA Ilepece-
yeruid. [Ipu 3TOM CTpPOHTH TOUKM IepeceveHHMsA NPAMOA W IJOC-
KOCTH, «IIPOBOAUTH» IIPAMbBIE IlepecevueHusA ABYX MJIOCKOCTEH, OT-
pesKH IepecedyeHusl 'PaHV W IMJIOCKOCTH cJeJyeT IIoCke Jorude-
CcKoro oDOCHOBAHHS WX CVYINECTBOBAHMA W €AWHCTBEHHOCTH HA
OCHOBAHUHU COOTBETCTRBVIOIMINX AXCHOM H TEOPEM.

1.026. /lana nJIOCKOCTE ¢ U TPH NpPH-
meie AB, BC u AC, nepecexariInue ee co0T-
BETCTBEHHO B TOYKax A, B; u C,. Jlokamxu-
Te, 4YTO TOUKM A, B, u C; HpuHazjexar
OJHOY ITPAMOIA.

Pewenne. Ilo ycaoBuw TOUKM A =

= ABNAC, B=AB~BC u C=BCn AC »e
JIeXKAT Ha OJHOU MPAMOM, 3HAUMT, II0 aKCU-
oMe R; Uepe3 HHX MOXKHO IIPOBECTH €JUHCT- Puc. 1
BeHHYIO IUIOCKOCTh., O0osHauum ee [} (puc. 1).
B sToi I110CKOCTH ITo aKcuome I, nesxaT npsameie AB, BC u AC. Tax
KakK IIpAaMas AB JIeKUT B IIOCKOCTH M IlepeceKaeT IIJIOCKOCTh O
B TOUKe A, TO II0 aKCHoMe R, MIOCKOCTH ¢ U 3 IlepeceKarTcs 110
HeKOTOpO# Nnpamoil m, npoxoaamed uepes A;. Berepcrsue toro,
uto BC c §, AC  §, Touxku B, = BCnau C; = ACM o Taxske IpuHa-
JITICXKAT TPAMOH M.

1.040. Jau npapunsusiil TeTpasap EFGS, y xoroporo EF = 12.
Touxku L w N nemxart Ha pebpax SG u SE COOTBETCTBEHHO, IIpUYEM
SL=3,58N = 3. Touka T — cepenuuna pebpa SF. Hatigure: a) Tou-
Ky Y, iepecedenus npamoit TL u nnockocru EFG; 6) Touky Y,
nepeceuenusa npamoit TN u nmnockocru EFG; r) AnuHy 0Tpes3ka
Y,Y,; r) Toury nepeceuenusa npsamoir TN u nnockoctu ELF,
7)) IpAMYIO 1epeceueHus naockocreii LY,Y, u NFE; e) orHore-
HMe, B KOTOPOM mInockocTh LYY, genur orpesox SE, cuuras oT
TOYKH S.

PeweHune. a) Tark kak npamele TL u GF nexaTt B ogqHOH IIN0OC-
‘'koctr FGS (puc. 2) ¥ He mapanniensHbl, TO TOUKA UX Ilepeceue-
HUA ABAAeTCS ToukoW mepeceuenwda TL u naockoctu EGF, T. e.
Y, = TLNGF =TL " (EGF).
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6) Ananornuno Y, = TNNEF =
= TN n (EGF).

B) Ecotm K — cepeanHa CTOPOHBI
GS npasunsHoro A FGS, to L — ce-
peguna SK, smaunt, LT|KF. Torna
Y, F:FG=LK : KG=1:2, orkyna
Y, F = 0,5FG = 6. Ananornuno Y, ,F =
= (0,5FE = 6. A tark rak A FGE —
IIpaBUNBHBIA, TO LY FY, = 60°, no-
sToMy Y, Y, = 6.

r) Touroii nepeceueHUs: I1IpAMOii
TN n nnockoctu EFL apnAeTcst ToU-
ra Y, IepeceueHUa Npamsix TN u
EF, nexamux B OAHOU IIJIOCKOCTH
EFS.

) Ilnockocrs LYY, coBnagaer ¢ njockocTeio NTL, a nnoc-
kocTb NFE — c nnockocrsio SEF, nostomy (LY,Y,) N (NEF) =
= NY,.

e) (2LY1Y2) N SE = N, aaaunr, minockocTs LYY, nenut orpesox
SE g orHomenuu SN : NE=1: 3.

Pne. 2

§ 4. Cneactema 3 akGrom.
Cnocobbl 3aaaHUa NAOCKOCTA

IIpexxpe Bcero cieayer 3aMeTHTb, UTO PACCMATPHBAEMEBIE B
3TOM naparpage yuebHIIKA IPOCTeHIINe CAeACTBAA U3 AKCHOM /10-
Ka3bIRAIOTCA HAMU METO/I0OM OT IPOTHBHOIC (OT NPOTHBOTIOJ0MKHO-
ro), KOTOpBIA IIPUMEHSETCA 1 IIPH pellleHnH 3aa4.

IIpuMeHsd aKCUOMBI CTEPEOMETPHY U MEPBHIE CHEACTBHA H3
HHX, VUYAII[HECS PELIAI0T CTEPEOMETPHYECKHe 3aJauyl, B KOTOPHIX
NCCAeYIOTCS HEKOTOpPEIe CROMCTRA reoMeTpHUYeCKUX HUryp, pac-
ITOJIOKEHHEBIX B IIPOCTpaHCcTRe. K cTepeoMeTpuYeCKHM OTHOCATCS,
HAIIpUMEDP, 3aJa4Yld HA [OOCTPOEHHE CeYeHHHA MHOrOrpalHHNKOBR
ILJIOCKOCTAMH, IIPHA 3TOM KaXKABIH 3Tall IIOCTPOEHUS AOAKeH ObITh
JIOTUYecKy O0OCHOBAH M COINPOBOXKIATHLCA BOIpocoM: «H3 uezo
amo caedyemse»

BaxxHO IOACHUTHL yYAIMMCH, UTO Ha OCHOBAHMHM aKCHOMEI R,
IIJIOCKOCTE HEe MOJKET Iepeceds rpaHb MHOIOUPAHHHKA II0 JIOMA-
HOI, a MOKeT IMeThb ¢ Hel Janbo obuuit orpesok, anbo obmoryio
TOUKy (BepIIWHY MHOTOIpAHHHKA), JIMHO He UMeeT ¢ Hell 00Iux
ToueK., A TaKk KaK ceueHneM MHOTOTPAHHHKA IIJIOCKOCTHIO SIBJSIET-
CA MHOTOYIOJBHHUK, TO YHCHO CTOPOH MHOIOYTOJLHHKA-CeUEHHSA
He MOXKeT IIPEeBBIIIATE UNCHAA IpaHeil Muororpanunka. [Ipuuem ec-
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U TepecevyeHueM ILIOCKOCTH UM MHOMONpPaHHWUKA ABJAAETCH JHIIb
OJHA TOUKA (BEPUIMHA MHOTOrPDAHHMKA) WX JUIIbL OJUH OTPE3OK
(pebpo MHOTOTPAHHHKA), TO 9TV ILUIOCKOCTHL MBI He OyaeM HA3BI-
BATE CEKVIeH.

Iipopeniap gocrarouyHoe 4MCJAO 3aJad 9TOro maparpacga =Ha Jo-
rHYeCKHM-HATIAJHOM YPOBHE, YVUYaIlMecs «IIPHBBIKAIOT» K TOMY,
UTO IJIOCKOCTD B IIPOCTPAHCTBE MOXKHO 3aJaTh:

a) TpeMs TOUKAMHM, He JeXKaIMMHI Ha OJHOH MPAMOH;

D) npaAMOH U He MpUHAaAJIeKaANed el TOUKOH;

B) ABYMS IIEPeCeKalIMMHUCH IPAMbBIMM;

T'} ABYMs NapallelbHBIMY NPSIMbBIMH.

B nanpHelilleM OHH y3HAIOT, 4YTO 3aJ4Th IJIOCKOCTH B IIPO-
CTPAHCTBE MOXKHO M APYTHMUY OIpefeAINMY ee 2JIeMEeHTaMH.

1.052. Bepmiuna A pomba ABCD co cTOpOHO# @ TeXHUT B ILIOC-
KOCTH {, 4 OCTAJELHLIEC €r0 BEPIIIHHEI JeXAT B OJAHOM IIOXYIIPOCT-
PAHCTBE OTHOCHUTENBHO IIMOCKOCTH . M3BecTHO, uTO Itpamas BD
llepeceKaeT II0CKoCTE A B Touke K. a) [Toerpoiire Touku P u @ 11e-
pecedyeHnsA mIocKocTH o ¢ npaMeIME BC u CD. 6) Halizure oTHO-
nieHue PA : AQ,eciu BD : DK=3:1.

Pewenue. IlycTh IIIOCKOCTE $, B KOTOPOU JMEeXKUT JAHHBIH pomMO,
IIepeceKaeT IJIOCKOCTD o 0 IMTPAMOM m, npoxodsaiel uepes A u K.
Torga P=BCna=BCrnm,Q@=CDna=CDmn m(puc. 3).

ITo Teopeme Paneca (B IJIOCKOCTH) MMEEM

BD _AQ _ BD  PA
BA|CD = BE ~ OF 3; BC|AD = BE — AR = 3.

Torpa:
_AQ _PA _AK _AQ+QK _ AQ L, _
AK QK AR QK QK QK
=3+1=4=PA: AQ=4:1,

Pue. 3
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60°

A

B
a)

Pone. 4

1.055. [Juarounanns AC veTnipexyroabauka ABCD genur ero Ha
IPABUABHELIN TpeyroabHUK ACD co croponoit 10 um npamMoyroninb-
HEBIH TpeyronabHUK ABC ¢ runorenysoint AC u xarerom AB, pas-
HbIM 5. ITOT UETHIPEeXYTIOJbHUK IleperuyJaM 1o guaroHanu AC Tax,

M
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YTO TOUKA B He JeXHT B ILJIOCKOCTH
ACD. Ha npamoii AC B3AIH TOUKY
M Tak, 4TO cCymMMa AJIMH OTPE3KOB
BM u MD — raumennpluad. Haigu-
TE€ 3HAUYHHE 3TOH CYMMEL.

PeweHnune. PaccmoTpum wucxof-
HbI  4YeTHIpexyrojibHUK ABCD
(puc. 4, a). B A ABC (£ B = 90°)
nmeeM: AB=5=0,5AC = L ACB =
= 30°. 3mauur, ~ BCD = 90°. Torga

BD = J2AC? — AB? = 5,/7.

Tar Kax caMbIH KOPOTKHI NYTh
ot B no D — orpesok BD, To ucKoO-
Masi Touka M ecTh Touka Iepeceue-
Hus guaronayieit AC u BD dersipex-
yroabHuKa ABCD. Ilpu neperuba-
HUM 4YeToIpexyroibHura ABCD no
muaronanu AC (puc. 4, 6) cymMmma
BM 4+ DM ocraercss HeM3MEHHOM,

paBHOI 5./7, u ABASETCH HAMMEHD-
nieit.

1.060. ABCDA,B,C,D; — ry06 ¢
pebpoMm a. O — Touka nepecedeHus
auaronanein rpamu A,B,C,D,, Tou-
kKa K — cepeguna DC; toura M ne-



XUT Ha ayde BB, BjM = 2Za. IlocTpoliTe ceuenne Kyba 1110CKO-
cteio OKM u onpegerTe ero BU.

Pewenre. Ctpomum (puc. ) Ttouku: 1) P = MO~ BD, npnuem
B,D,|BD = MB,: MB = B,0: BP = 2:3, orryna PF: FB =
=1:2, rge F = ACn BD. 9r1o osuauaer, uto KP[|AC; 2) L =
=KPAD, npnuem DL =1LA; 3)H = KPNAB, npunuem AH : AB =
=1:2;4)A, = HM nA,B;; 5) C, = A,0nCC,, Ilpn sTom 1xoc-
rocTh OKM nepecekaer IJIOCKOCTH rpanu ABB A, mno npamoil
MH. Tax kax MB,: MB = A,B,:BH u A,B,|BH, 0o upsmMas
M H npoxoauTt 4epes A,. Torga nepeceyenuem niaockoctas OKM u
rpaau A,B,C,D, arnsaerca orpesok A,C;, clefoBaTelbHO, UCKO-
MbIM cedeHneM KyDa siBasiercs Tpatteunst KLA C,.

1.063. B kybe ABCDA B,C,D, ¢ pebpoM anunsl 4 Touka M
IpUHAAJIeKUT pebpy AA, 1 AM = 3, rouxa P npuHaanexur pedpy
CC, n PC, =1, Toura K pgennt pebpo DD, orgourernnu 1 : 3, cun-
tasa ot DD. Halfignre pacCcTogHHe OT BepLIHHLI B 710 NIpAMOi nepece-
yenusa miaockocted KMP u ADC.

PeweHue. IToctpons toukn F=PK "CDun H= MK nAD, no-
nyuaem npsmywo FH = (MPK) mn (ADC) (puc. 6).

Umeem: KD: PC=1:3, KD|PC = DF : FC = 1: 3, oTkyza
FD = 2. Ananornuno naxoanm HD = 2. 3uaunrt, paBuobegpeH-
HBIH IIpAMoyroabHeid A FDH romoreTHdeH TpeyroJbHUKy CDA,
nostomy FH|AC, u nepnenauxyasp BL na touxkn B na npsa-
Mmyio FH cogepxuT gnarodanbk BD ksagpara ABCD, npu stom BL =

= BD + 0,25BD = 5./2.
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3aga4ym K rnase 1

1.071. MABCD — npaBu/ibHAA YETHIPEXYroNbHAA ITHPaMH/IA.
O — Toura IepeceueHHs AuaroHaneil ocHopanus ABCD, MO =
= AB = a. Touka O — cepeauHa orpeaka MP; touka K — cepenu-

na MD; rourka T nipunagnexur ayuy BC, npauem CT = % u C ne-

wur mexxay B u T. IHocrpofiTe ceuenue nmupaMugbl IJI0CKOCTHIO
PKT, otpepenure ero BUA ¥ HaiauTe AJMHY CTOPOHbBI CEUEHMS,
JeXKalnyi0 Ha OCHOBAHHH 1M PaAMHM b,

P
Puce. 7

Pewenne. IIycth @ — Touka nepeceuenusa meguan PK u DO
pasHoOenpenuoro rpeyroasauxka MDP (puc. 7). Torga BO : 0Q =
= BC : CT = 3 : 1. Do oznauaer, uro TQ|AC. Ecau npu srom H =
=TQNAD, L=TQ n DC, ro orpesoxk HL — ucxomas cropoua ce-
venuss HKL panno#n nupamuasi, npuuem 2 HKIL — parzobef-

penunitiu HL = gAC = 233“/2 .

Fnaga 2. MNpsMbie B NpOCTPAHCTBE

§ 6. Knaccnopmkaumns BZaMMHOro pacnosioxXeHnsa
OBYX NPAMBLIX B MPOCTpaHCTBe

He Bcsaakue age 1ipsiMbie IIPOCTPAHCTBA JEXKAT B QAHOH IEJI0CKOC-
TH, HHa4Ye IoBOpsA, He Uepel3 Jio0Lle ABe IpAMEBIe IIPOCTPAHCTBA
MO HO IIPOBECTH ILJIOCKOCTDh: HAPAAY C NepeceKaonuMUCcsa W Ia-
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panIeNbHBLIMA NPAMBIME, B IPOCTPAHCTBE CYIECTBYIOT CKPEIjH-
BAIOIIMECA NPAMBIE, ¥ YaAIIIMMCH CJAeAyeT MOACHUTh, YTO Yepes JBe
rnapanjiefibHble HUJAW JBe MNepecexaioliuecsa NOpAMBIE MTPOXOAHUT
eJUHCTBEHHAS ILUIOCKOCTb, B TO BpeMdA KaK 4Yepes JBe CKEpPelH-
BAIOLIMECH IMPAMBIC IIJIOCKOCTh IIPOBECTH HEBO3MOMKHO.

IIpexae 4yeM OPUCTYIIMTDL K PEILEHWI0 3a7a4, YUYaAIIuecsa JOJK-
HBl VACHHUTH, YTO IIPH B3AWMMHOM DACIIOAOMKEHHY ABYX MPAMBIX
B IPOCTPAHCTEE BO3MOXKeH OWH H TOJBKC OJMH H3 TpPex Cayda-
ep: siubo oHu mepecekaiorcsi, 1ub0 mapanjgesbHBI, TUD0 CKpenju-
parorcA. [Ipu 3TOM TIapaisienbHble IIPAMBIE B IIPOCTPAHCTBE olDJa-
OaT PAIOM CBOMCTB, HATIOMMHAIOHIIMX CBOWCTBA NapaJijelbHBIX
IPAMBIX Ha IMJIOCKOCTH, B YACTHOCTH, Yepe3 TOUKY NPOCTPAHCTRA,
He JeXKamyio Ha JaHHOoH IpsMOH, MOYKHO TIPORECTH NPAMYIC, TAa-
paJJIENbHYIO JaHHOH, U IIPUTOM TOJBKO OHY.

IIpu pellleHHU CTEpEOMETPHUYECKUX 3a/a4 yyamuecs JoaxcHbL
3HamMy, 4TO:

e €CJIM OJHA M3 ABYX IIapajjeJIbHbBIX MIPAMBIX JEKHUT B JAHHOH
ILTOCKOCTH, TO OpYyras, napaniesibHas el mpaMasi, He MOXeT 3Ty
MJIOCKOCTE MePeCeKaTh;

e Uepe3 TOYKY IMPOCTPAHCTBA, He JeXMAINVIO HA JAHHOU Ips-
MO, MOXXHO TIPOBECTH NPAMYVIO, NapaJleBEHYIO JAHHON, U IPH-
TOM TOJXBKO OHY;

e 13 JIBYX HEPECeKAIONIHXCA TIPAMBIX TOJBKO OHA MOXET OLITE
apajjieIbHa HEKOTOPOH JaHHOUM NPAMOH;

e €CJIH JIBE IIPAMBIC NMApPANJIeNbHBl TPEThEeH IPAMOU, TO OHU IIa-
paxyienbHbl;

s U3 JIBYX CKPEHIIHBAION{MXCA IPAMBIX TONbBKC OJHA MOMKET
OBRITH HapajjelbHa HeKOTOPOMH IIPAMOH;

s €CNIHY TIPAMAd ¢ B TOuKe M mnepecexkaer ILIOCKOCTL O, TO 3ITA
IpPAMAaA CKPEUIUBAETCH ¢ J000d NpAMOH ILTOCKOCTH O, He TIPOXO0-
pAeit uepes Toury M,

e ecau yveThIpe Touku A, B, C 1 E He JeXaT B OTHOH ILUTOCKOCTU,
TO IipAaMble AB u CE, AC u BE, AF n BC nonapao CKpeiiHBaloTCA.

Ha Mozmensax, usobpakeHUAX TeTpasapa, Kyba M Apyrux MHO-
FOTPAHHMKOB YYaNIMeCsd HAIJNSAHO MOTI'YT «YBUHAETh» Pa3JIHYHbBIE
nmapel IPAMBIX, ONpedeNsad WX B3aMMHOE pPacIoNoXXeHHe C I10-
MOII{BIO IPU3HAKOR, HO HE oIpeneeHuH.

Tunuuuoil omIMOKOH yUamuxcdA ABAAKTCA HX IIOIBITKH 0-
Ka3aTh, YTO ABe NPAMBIe CKPEIIUBAIOTCH, IIONb3YACH ONpeaeIeH -
&M CKPeILIUBAION{UXCHA [PAMBIX: HEBO3MOXKHO HAUTHU IJIOCKOCTD,
B KOTOPOH JIXKAT ABE AAHHBIE CKPENUBAIOIMEcH NPAMEIe, TAK e
KaK HEeBO3MOXKHO HAUTHU 00NIVio TOUKY JABYX IapaijeJbHBIX NPA-
MEIX B €BKJHJ0BOM IPOCTPAaNCTEE.
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Y4yammmes cneayer TTOSACHUTh, UTO Ha «[IJIOCKOM» YepPTexe ABe
CKpeIHBAKIIAecs IPAMbIe H300pamaTca Jud0 IIepeceKaloniu-
Mucd, 1ud0 napannelbHBIMY ITPAMEBIMA, JUO0 NPAMOH U TOUYKOMH,
He IIPpHHAAJEMRAITEH 9TON IPAMOH,

2.016. Ilpamana AB mepeceKaeT ILIOCKOCTL ¢f. depe3 KOHIIHI
orpeaka AB u ero cepeanuy C OpoBejeHbI NapajielbHble IIPSA-
MBIg, [IepeceKaIiie IIOCKOCTE & B ToYKax A, B, n C,. PaccmoT-
puTe cayuan: 1) orpeaok AB He MepeceKkaeT IIJIOCKOCTE O 2) OTpe-
30K AB niepeceraer o. B kamgom cayqae gafigure: a) AJMHHY OTPe3-
ra CC,, ecin: AA, = 7, BB, = 5; 6) anuny orpeara A4,, ecau
BB, =7,CC, =11.

Pewenne. 2) a) IIycts K = CC; N AB, (puc. 8). Torna CC, =
= C,K — CK. Tak rak CK u C, K — cpeHue THHHK TPeyTONIbLHH-
KOB cooTBercTBeHHO ABB, m AAB,, 1o CK = 0,5BB, = 2,5,
C,K =0,5 AA, = 3,5. 3uauur, CC, = 1.

2) 6) Ucnoneaya cpeaane auanu CK u C, K TpeyroisHUKOB COOT-
BeTCTBeHHO ABB, n AA, B, umeem: A4, = 2C, K = 2CK + 2CC, =
=7+ 2«11 =29,

2.019. Yepes sepmiunsl A, B, C u D napannenorpamma ABCD,
PACIIONIOMEHHOTO B OJHOM [ONYIIPOCTPAHCTBE OTHOCHUTENALHO
ILTIOCKOCTH O, TOUKY () TIepecedyeHrs ero AUaroHaieii U meHTPOM]
M tpeyronpanka BCD npopeseHb! napajielbHble IIPAMbBIE, KOTO-
pbie mepeceKalT AaHHYIO II0CKOCTh o0 COOTBETCTEEHHO B TOYKAX
A, By, Cy, Dy, O, M,. Haltgure MM, OOy u DD, ecnn AA, =
=17, CC, = 5, BB, = 135.

Pewenve. B Tpanenun AA,C,C (puc. 9) orpegok 00, — cpea-

AA, + CC,4
2

HAA NHHUA, nosTomy 00, = = 11. Toraa B Tpanenun
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BB,D,D co cpenneii 1unneit 00, Ha-
xopum DD, =2 00, - BB, =2+11-
—15=17.

Ecxm OM = ML = LC,
MM,||00,|LL; u MM, =x,LL, =y,
To B Tpanmenuun CC,M,M wnmeeMm
MM, =2LL, - CC{ unu x = 2y — 5,
a B Tpanemumn OO, L,L — LL, =
= 2MM, - OO0, aar y = 2x — 11.
Torga na y = 2(2y — 5) — 11 Haxoaum
y=17,3HaunTr, x =MM, =9,

2.029. Ilycre Touka D He ne3RuUT B
nnockoctd ABC; K — cepenuHa AB; Puc. 10
P — cepenuna CD; M — neHTPOH[
rpeyroapunka ABC. a) Ilokaxwre, uro durypa ADPB He Moer
6uITH Tpanenunei., 0) Jlokaxure, uro npamele DM 1 KP nepeceka-
10TcA. B) B kakoM oTHomenun (cunras ot D) npamaa KP genurt or-
pesok DM? 1) Onpejennre B3auMHOe NOMOMeHHe NpAMEX MP n
AD., OrBerbl oboCHYITE.

PewieHue. a) Tpanenusa — mmockada durypa, a 7ouku A, B, P u
D "e nexar B 04HOI MIIOCKOCTH, TaK Kak npamoie AB n DC cKpe-
IIIABAIOTCA.

0) Touru D, M, K u P (puc. 10) nexar B oAHOH NIOCKOCTH
DKC (P € DC), npuuem Touku K n P pazgenenn! npamoil DM, no-
atomy npamulie K P 1 DM nepecexarorca B HeKOTOpo# Touke O.

B) Ecaiun H — nenrpong AABD, o KH : KD = KM : KC =
=1:3=HM|CDuHM: CD=1:3. Tak xax B Tpalenuu cepe-
AHWHLl OCHOBAHWUH, TOYKa nepecedeHUsa OOKOBBIX CTOPOH U TOUYKA
nepecedYeHrs JHATOHAIIEH JeaT Ha OJHOH IpAMO, TO AHATOHATIH
CH u DM rtpanenuu CDHM mnepecerkarorca B Touxe 0. Torma
DO:OM=CD: HM=3:1.

r) Ilpamele AD u PM cKpelgHBalOTCA IO NPH3HAKY CKPeIn-
BAIOIIIHUXCH IPAMBIX.

§ 7. Yron mexgy ny4amu.
Yron mexay npsamMbiMiu B NPOCTPaHCTBE.
MepnenOnkynsapHble NpaAMble

Bo MHOrux yyefHUKax reOMeTpUM U3YUYeHHe 3TOT'O BONpoca OT-
, HeceHO Ha 0oJiee moagHee BpeMA. MBI cunTaeM, 4TO TAKOH «IIPHH-
ILAII» TOPMO3UT KaK IIPOTNECC PeIleHnd 3ajad, TaKk U JajJbHeHInee
U3YyUYEHHE TEOPETUUYECKOTO MATEPHAJA.,
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M3 nnaguMeTpHH H3BECTHO, YTO 3a BEJHYHHY VIJVIAa MeAy me-
pPeceKarnLUIIMHICS TPAMEBIMHA MTPUHUMAETCA BeINYUHA HAMMEeHbITie-
I'0 U3 VIJIOB, 0OPa3OBAHHBIX 3THUMH IPAMBIMU.

BenuuuHy yriia Mexxiay CKPeIIHBAIIUMUCT HPAMBIMH @ H b
ONPERENAIT CASXYVIOIIAM 00pasoM. Yeped NPOM3BOJNBHYIO TOUKY
M mpocTpaHCTBa NPOBOJAT NpAMBIe @4 |a u b, |b u naxogsat Bean-
YHHY YIJIa MEXAY IepPeceKalolquMUca IPAMBIMYA a; 1 b, ITY Be-
AWYHUHY U OPUHHAMAKT 3a YIoJ MEeXIY CKPEIIABAIIAMIACT IPS-
MbBIMH @ 1 b. IIpH 3TOM BeMUMHA YTJIa MeXAY CKPeIl[HBAIOIEHMU-
CsA IPAMBIMH He 3aBHCHUT OT BBEIOOpa Touku M.

Benuduya yria ¢ MexxAy IPAMBIMU B OPOCTPAHCTBE NPUHALIE-
HUT npoMexkyTRY [0°% 90°]; ecanm ¢ = 90°, To upsaMBIe NEePHEH M-
KYJIAPHHE; OPH 2TOM, €Clny OJHA U3 IBYX NapaJieNIbHBIX TIIPAMBIX
nepreHIHKYJAAPHA HEKOTOPOH NPAMOi, TO U BTOpAasd IPAMAS IIep-—
NEeHJUKYIAPHA 9TON NpAMOH.

YyamuaMea cliegveT NOACHHTE, YTO IIOL YIJIOM MEXKAY CKPEeIu-
BAKIIUMHUCA NPAMBIMH OOHHMAIOT He «aHAJOI» VIJIa MeXXAY me-
peceKalniuMucA IPAMEMH, He TeOMeTpHUYeCKYVI0 PUTYPY, a HeKOo-
TOPYIO BeJIHYHHY.

Ilpn pemienny 3a4849 AJIA HAXOMIEHHA BeJIUYUHBL YIVIA MEKAY
OBYMS CKPEIUBAIIINMUCA NPAMBIMHE @ U b MOX@HO B3ATH HA Of-
HOH M3 HHUX, HANPHUMeD, HA IPAMOH 4, n10dyo Touky M m B njioc-
KOCTH, ONpenelndaeMol npsaMol b m ToukoH M, npoBecTH Hepes
rouxky M npamymwo b, [|b. Yron mexay npameivum a u b, pased yriy
MEeMAY CKPeIIUBAKRITUMHCA TpAMBIMY ¢ U b, Ilpu aToM BrEIOUpPaTH
clexyeT TY U3 ZBYX JAHHLIX CKPEIIHMBAOIHXCA IPAMBIX U TAKYIO
TOYKY Ha IPYroi M3 HUX, 9T00BI mMOoNy4YeHHOe H300parKeHHe yIia
OBLIO HATJAALHEBIM, 4 €T0 nOCTpoeHNe HanboJIee NPOCTHIM; BEJIHYH-
HA HCKOMOTO yIJia He 3aBHCHUT OT BeIfopa Touky M.

2.034. B ky6e ABCDA,B,C,D; guaronanu AC u BD rpanu
ABCD nepecekarorcd B Touke O, HalignTe yroa Me)xk gy OpsIMBIMH:
a)AD, n A,C,; 6)ABu DCy; B) ABu C,D;; Ty AD, u ODy; n) AA,
1 OD;,.

Pewenune. Ilyers pebpo ryba ABCDA,; B,C, D, (puc. 11) paBHo a.

Torpa:
a) Z(AD,, A,C,) = Z(AD,, AC) = 9. B npamoyroasaom A A0D,

AQ = %ADI, nosromy ¢ = 60°.

6) Z(AB, DC,)= Z(AB, AB;) = a. A ABB, — paBHOOeZpeH-
HBIH IIPAMOYTOJNIBLHEIH, IO3TOMY O = 45°.
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B) AB|C,D; = Z(AB, C,D,) = 0°.
T}y Z(AD,, OD,)= vy. B npamoyroasaom AAQOD, AO = %ADP

nostomy y = 30°.
ny £ (AA,, OD))=2(DD,, OD))= £Z0D,D = pB. B upaMmoyroJis-

a2
_ 0D _ "2 _ .2 _
#oM A ODD,; nmaxoaum tgp b, @~ 3 OTKyAa P
= arctg %

2.085. Touka E — cepeanna pebpa CC, kyba ABCDA,B,C D,.
[TocTpoiite yron mexay npameiMa A;B u B, E n mafiguTte ero Be-
JHYHHY, ecJi AJanHa pebpa Kyba parHA 4.

Pewenve. Eciu K — cepeauna pebpa DD, 10 A K| BE, nosro-
My £(BE, A;B)= Z(A,K, A;B)y= ZBA,K = ¢ (puc. 12).

A,K? + AB? - BK?

B ANABK: cosgp = AR AB

. Haxogum: A K2 =

2
= A4, D%+ DK® = a? + & = 20% A B2 = 24% BK? = BD? + DK® =
9 g 2_9 o
2 -a®+ 2a -a
= 2a2 + % = gaz. Torna cos @ = 4 1 _ \/110_0 , OTKYAA
_ J10
¢ = arccos ‘.

2.037. EFGHE |F,G\H, — ky6. Touku L, Nu T — cepeJuHbI
pebep F,G,, G,H; nu H,H coorBeTcTBeHHO; K — TOUYRa Nepecede-
uua guaroHaned rpaun EE | F F,
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SanoMHATe TAOJIUNY PaCIIOIOKeHHS IPSAMBIX U YIJIOB MeWAY
HUTMH.

MNpsMbie Pacnonoxenne Yron mexay npamMbiMpn
1 | LNunEG
2 \F,TuFH
3 | F{NukT N
4 | TN un EG \
5 | F;,TukN
6 | KH,uLN

PeweHwne. Ilycts pebpo kyba EFGHE F G H, (puc. 13) paBHo a.

1) Ipsamele LN n EG ckpenuBawTes, npu atoMm LN|FH, nosto-
my £ (LN, EG)= ~Z(FH, EG) = 90°.

2) lIpamete F;T u FH nexaT B OgHON IUIOCKOCTH U He HapaJi-

J2
T
3) Orpesxkn F,K u NT paeHbl 1 napanielbus = F; KTN — na-
pannenorpamm = F\N| KN = Z(F,N, KT) = 0°.
4y NT c (HGG,)), EGN(HGG)) = G¢ TN = TN u EG crpe-
IABAIOTCA. TN|EF, =
F, I G, fﬁ[ogTN, EG) = L(EF, EGQ)=
AN y 5\F,T~KN = 0 =
R H = Z(F,T, KN) = ZTON = o.
) 9‘;‘2@ B q,)' B ATON umMeeM cosQ =
N EPEATE N _ON2+ OT2~NT?
rat” . 20N -OT
o~ A Haxoqum NT? = 0,5a2; B
Y T AF,GN: FIN? = F,GI +
A S - + GyN? = 1,25q2%; B AF H,T:
oy R F,T?2=F.H?+ H,T? = 2,25q2.
i/ - o Torgpa B mapanmenorpaMme
E H F.NTK mnonyyaem: KN? =

= 2(F,N? + NT») - F,T? =

JIeALHEL OHU MePeceKalnTcsa noj yriaoMm arctg

Puc. 13



— 2-(1,25a% + 0,5a2) — 2,252 = 1,25a2 = ON? = %KNz ~
=~ 0,312502 Nanee, OT? = iFsz —~ 0,5625a2. Toraa

_0,3125a2 + 0,5625a2 - 0,522 _ ./5
cCosS @ = =

= 1

5
2-@@,75(}

4
NG

OTKYAZ (= arccos - .
6) LN|F,H, = #(LN, KH,)= Z/(F,H,, KH)= ZF,H,K = y.
2
Tax xax FiH} = 242, F\K? = %, H K? = E\K? + E, H} = gaz,
TO TpeyronbHUK F H K NpaAMoyroabHbl ¢ npaMeiM yraom F,KH |,
B Koropom F.K = %F1H1’ ggauur, y = 30° (YunrTweiBasa, d4ro

H,K — meanaHa NMpaBuJNILHOTO Tpeyroabuuka F EH,, Hemeanex-
Ho Ttonyuaem: y = 30°.)

3anayuv K rnase 2

2.046. Toukun A, B, C 1 D He IpUHAAJIEXKAT OJHOHN IJIOCKOCTH.
Touxku K, M, L 1 N nupuHaajie:KaT coOTBETCTBeHHO oTpeskaM BD,
AD, AC n BC rak, uro DK : KB = DM : MA = CL:LA =
= CN : NB = 1 : 4. Onupezennre NepUMeETp YeThIPEXYIOJbHHKE
KMLIN, ecin AB = 25, CD = 30.

PeweHne. M3 yciioBHA 3ajadf

D
cnegyer, uro NK|CD|LM =
LN|AB|MK (puc. 14), mpuuem MK= M
= LN = :AB = 5, NK = ML =

= %CD = 24, 3Ha4YHNT, TEepUMETP

napannenorpamma MKNL paBeH
2+(H+ 24) = 58.

2.053. PapnofGenpeHHnie Tparmne-
uum ABCP n PCMK wumMmelor o0Lyio
DOKOBVIO CTOPOHY H JICMKAT B pAa3H-
BIX [LJIOCKOCTAX, pHueM BC = 3,
AP =12, PK = 24. Ounpenenunre Ba3a- B
HUMHOE PachojIoXKeHne TNpAMBIX AB Puc. 14
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a) \ 6)
Puc. 15

u MK npu gamgoM ua cJIelVIOIIXX 3HaAYeHUH JJAUHBI OTPE3Ka
MC: a) 5;06) 6;B) 7; 7) 8.

Pewenue. Ilycte ABNCP = H, MK nCP = H,(puc. 15). Tor-
na BC:AP=BH :AH = CH.:PHuMC:KP=MH, : KH, =
= CH,: PH,. Eciu MC = 6 (cayuaii 6)), o BC: AP = 3:12 =
=6:24=MC : KP, orkyna CH : PH = CH, : PH,, 1. e. TOuKn
H n H, coBnagarmr. IT0 0ogHavaer, 410 npaMasa AB mepecekaer
NMOCKOCTh, B KOTOPOH pacnonoxkena tpanenuda PCMK, B Touke
H, npunagnexaiueit npamoii KM, nosromy npsamuie AB u MK
nepeceramoTcda (puc. 15, a). B ocTranbHBIX chyyadgx NOJdyYdAM
BC : AP + MC : KP,r.e. CH : PH # CH, : PH,. 910 o3nauaer,
qro npAMeie AB u MK ckpemusarwTcda (puc. 15, 6).

2.054. ABCD — mpaBuUIBHBIN TeTpasap ¢ AnaHoi pebpa 7.
Touru M u K — cepegunnl pebep BD u AC coorBeTcTBeHHO. Tou-
ka P penur pebpo AC B oTHoumeHM# 5 : 2, cuutaa or Toukd C.
HaliguTe ANHHY 3aKJKYEHHOTO BHYTPH TeTPAaspa OTpe3Ka nps-
MOH, npoxoasiell uepes TouKy P na-
pannensHo npamoit KM.

PeweHne. U3 ycioBudA 3agauum cue-

nyer, uro AP = 2, AK = 3,5 (puc. 16).
Torza AP = %AK — 2. iz PH||KM ce-

ayer HP : KM =AP : AK=4:7.
B nnpamoyroasiom A BM K Haxoaum

MK = JBK? - BM? =
o COROEE S

2

4
'“,?

Torna PH = _ KM =

<5
n
5
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Fnasa 3. [psimMas 1 NNOCKOCTL B NPOCTPAHCTRE

§ 8. lNapannenbHOCTL NPAMOM YU NAOCKOCTH

Yyamumcsa caenyer NOACHHATE, YTO IIPH PEIIeHHH CTEPEOMET-
pHUYeCKNX 3aja4 OOOCHOBAHHME NApPaNJeNIbHOCTH NPAMOH M NJ0C-
KOCTH C TIOMOIILK TOJBKO OAHOTO OIPexeNIeHNA MX NapaJelb-
HOCTH 3aTPYAHUTENLHO U HE NPHUBOIUT K JKEeJaeMOMY pPe3yabTarty.
B Takmx cnaydaAx NOJL3YIOTCA NPH3HAKAMH IIapaJlIebHOCTH
OPsMOHA M ILTOCKOCTH, KOTOPBIE VYaAIIHNeCcs ZOJMMKHBI TBEPAO YCBO-
HTb U 3HaThb. Ilpu mocTpoeHMH CeYeHHH MHOTOMPAHHHKOB IIJIOC-
KOCTAME, NOPOXOAAINNMH 4Yepe3 NpPAMYI0, IapalJIeIbHYK Ka-
KOU-JIU00 IrPpaHU MHOTOTPAHHHAKA, BAXKHYIO POJIb UIPAIOT TeOPEMEL
10, 11 u 12. B wacTHOCTHN, npn pemeHnu sazayd 3.018 u 3.025
yualimecs Ha ocHoBanum TteopeMm 10 1 11 moryr nokasaTthb, 9TO B
CEUEeHNH ITUPAMHUALI ITOJYYaeTCsa TPanenus.

K coxanenuio, mpUxoguTCsa KOHCTATHUPOBATH, YTO HEeKOTOpPHIe
yuuTend uaberamT nogo0HBIX FOKA3ATEJBCTR 1104 NPeiJoroM ode-
BHUAHOCTH TOTO MU MHoro dakTa. A xanb! UMenno Ha nagaanHOM
sTane M3VUYEeHUs CTEPEeOMEeTPHH 3aKNIAJLIBAIOTCH OCHORBB! CTEDPEO-
METPUYECKOH KYALTYPLI, TEOMETPHYECKOH 'PAMOTHOCTH VYA X -
csa. C apyroil ¢TopoHb!l, 00OCHOBAHHBIE JOKA3ATENBCTBA «OUYeBH/I-
HbIX» (aKTOB OTHHMAIOT MHOTO BPEMEHH, B pPe3VJbLTATE MOKeT
ObITE peImeHC Mano 3agad. Ho, npodaBisass YYBCTBO MEPbI, HYXHO
BCE-TAKH CTAPATHCA PACCMOTPETEL 3a YPOK (45 MHUE) He MeHee O 3a-
aad. Ilna sToro ecTs Muoro nytelf. Hanpumep:

e BO BpeMsd peINeHHA 3aja¥ MOKHO TaK OpTraHH30BATH padoTy
Ha YpoOKe, YT00bh! 00 OAHOMY PHCYHKY OBLJIN peIIeHb! IOCJIeI0Ba-
TEJBHO HECKOJBKO HAPACTAION[HUX IIO CIOXKHOCTH 3aJad, OINPOCHB
IPH 9TOM HECKOJIBKHX YVYaIll[AXCs;

e MO}XHO TOJIBKO OFWH pasd JoKa3aTh, YTO B CEYEHUH NPABUJE-
HOU ITMpaMuAb! ILJIOCKOCTBIO, NPOXOAAIEH Yepes CTOPOHY ee OCHO-
BaHMWA, MOJVYIUTCA Tpalenus, 1 NoJbL30BAThCA 3TuM (aKToM Ja-
Jee IPpH pPeIneHny aHaJJOTHUHLIX 3a4aY;

e YV VUAIHUXCA IOJe3HO BhIpafoTaTh MOHHMAHHE TOI'0, YTO O3-
HavyaeT ¢padodvee pellleHHe 33Ja4Yl» U «IIOJHOE PEIeHHE 3agadn »,
7 B KAKHX CIYYaAAX KayKJ0e H3 HUX IPUMeHSeTCsd;

e MHOTZA B TEKCT YCJOBHA 3anadyd Ha YPOKE MOMHO BCTABUTH
CIAOBA ¢ AOKAMKHUTE CAMOCTOATENIBHO», ¢ HECMOTPA HA OYEeBUAHOCTD,
HY:KAAeTCA B JOKA3aTeJbCTBE» U T. 1.

M3z TteopeMul 9, B ¥acTHOCTH, BBITEKAET (JAKT CYIIECTBOBAHNSA
U coco0 TOCTPOEHNA TIPAMOM, MapaNneNlbHod faHHOH IOCKOCTH
M IPOXOAAIIEH Yeped JaHHYIO TOYKY, He JeKAllVIO B 3TOH TLIOC-
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KocTH. A 13 TeopeMsbl 10 cieayer, 4TO ecJIM OPAMAS ¢ DAPAILIENb-
Ha IIJIOCKOCTH L, TO B MJIOCKOCTH (t CYLEECTBYIOT NPsIMbie, TIAPAJ-
JeJqbHble NPAMOH a. ITH (PaKThl ODPHUMEHAIOTCS B TEX cAydYasax,
KOrjga [AJId pelleHHsa 3agadu Tpedyercsa HPOH3BECTH HEKOTOpPHIE
JOMOJHUTENbHLIE IOCTPOSHHA.

Pemennsa ygaruMHAcsa 3aad JAHHOTO M CJeVIONero naparpa-
¢oB OyaAyT criocobBCTBOBATEL BHIPADOTKE V HMX HABBLIKOB OCVIIECTB-
JATL HeoOXOoAMMBIe B OVAVIIEM OOCTPOSHHMA HA M300pAMKeHHAX
MHOTOrpanHUKOB.

3agaun ganHOro naparpada nogodpaHbl TAKHM 00pasoM: cHaYa-
Ja mpeJIararoTcesa HecJOMHbIE 3aIa4i Ha J0Ka8aTENLCTBO, IIOCTPO-
eHHe, a TaKKe 3aJa4H PasBHUBAKIIIErO XapaxKTepa, B KOTOPBIX CTAa-
BATCA Bonpockl «Ilapannenpusl au...7», « Kakum Moxker ObITH B3a-
HMHOe pacoojioxenue ...7», «CnpapelJnBo JIH VTBepRAcHHe ... 75,
s«Boamomuao a1 ...7». Halee caeayoT sagaun 00Jiee CIOMKIHBIE II0
COJEPIKAHNID, B KOTOPHIX TPedyeTcs He TOJABKO CTPOHTE CEYEHUA
MHOTOTPAHHUKOB, HO M OHOPEeIeNiaTh HOpPMY CeYeHHH, BBEIYHCIATD
HX IJIOIIALH, nepumMerprul. OAHHM CJI0OBOM, PellIalTcs CTepeoMeT-
PHYECKHE 3aJaYH BEIYHCIHUTENLHOI0 XAPAKTepa, IIPOBOAATCA IO/ -
TOTOBKA K PEIIIEHHIO COAEPHATEJBHBIX 3a4a49 B 11 Kiacce.

3.018. OcuoBanueM NPaBUIBHON YETHIPEXYrOJAbHON HHPAMHU-
aul PABCD asnaercsa kBaapar ABCD. IlocTpoiiTe ceyeHHe aToH
OHUPaMHABL IIOCKOCTLIO, IpOXoaaIei yepes AB u Touky K — ce-
penunuy pebpa PC. Halignre miaomaab aTOrO cedeHMdA, ecJIH Bee
pebpa nupaMuabl PABHEL 8.

PeweHne. AB|/CD = AB|(PCD) = KM|AB, rge KM =
= (ABK) n (PCD), suaunt, ABKM — paBuoOeapeHnas Tpamnerjausg
(puc. 17) c ocuoBaunamMun AB =8, KM = 4 u sricoroit FL (Fu H —
cepeauHH cooTBeTcTBenuc ABu CD, L = KM ~ PH).

Puc., 17



B A PHF HaxoauM MeqHany

2PF2+ 2FH? - PH? _ [oFH? + PF? _

FL= - .
2
=J2.64g(4£,) _ 2. /ii.
Torma Supyx = 2ot - FL =224 2. /11 =12/11.

3.023. [au napamienenunexy ABCDA,B,C,D,, P u @ — BHYT-
peHHUe TOYKH Irpanell coorsercrBenno ABCD u A B,C,D,. Ilocr-
POHATE CeYeHHe MMAPaIJIeJeNunesa MIOCKOCThIO, IPOXOLAILENH Ye-
pe3 ToukH P u @ ¥ napajneasuoi npamoi CC,.

Petsenue. Yepea Touky @ nposegeM B rpanu A,B,C, D, mwodyo
npamyo !, nepecerarwinyo B,C, u C;D, cOOTBETCTBEHHO B TOYKAaX
F, n E, (puc. 18), sarem nposeaeM npamele F,F||CC, u E|E|CC,
(F € BC, E € DC). B mwnockocru EFF, nposoaum npamyio QL|CC,
(L € EF). [lanee B rpann ABCD npopogum npamywo PL, noaygyaeMm
touku H = PLNAB u M = PL nCD, 4epe3 KOTOpPLIE IIPOBOAUM
HH,|CC,m MM |CC,. HMM H, — ucKoMOe ceyeHue.

3.024. Yepes Bepmnuy P npaBunbHoro Terpasapa PMBH c¢
pebpom, pPAaBHEIM &, IpPOBeJUTE CeYeHHE, IAPAJNJIEJbHOE pedpy
MB. CKoJIbKO TAKNX CedeHni rerpasapa MoxHO npoBectu? Ka-
kHe QUTYPHI NPH ATOM NOAYIAIOTCA B ceveHuax? Haliaure rimo-
Iaab CeYeHU, TPOXOAAIEero uepeld cepeanuy K pebGpa BH.

Pewerune. Ilycts O — 1eurp ocuoBanuga BMH pannoro rerpa-
agpa. Jlioboe ceueHHMe TOTO TET-
pasapa — paBHODEIPEHHBIH Tpe-
VroJIbHHK. TaKuX CeyeHHH MOXK-
HO IPOBECTH 0ECKOHEYHO MHOTO.

Ecnn L. — cepeanua MH, To
A PLK — cedeHHe JaHHOTO TeT-
pasznpa, wnupoxoasinee uepes K

(puc. 19) u Sppg; = %KL-PF,

rne F=KLnHD.
Haxoaum:

KL=4, PF=./PK? - KF? =
= J(4.43)% - 22 = 2 /11.

Torga S, pyp = 44/11.
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3.025. B npaBunbHOR YeTHpPeXyTronbHol nupamune PABCD ¢
pepminHoi P Bce pebpa pasrHl 4. IlocrpoiiTe ceuenne 3Tol nHupa-
MUJALI, IPOXOAfALIee depes NeHTP O ee OCHOBAHUS NapalesBHO
pebpy BC u mexuanme PK rpauu BCP. Ycranosute QopMy IOJY-
YEeHHOTO CEeUEHUs; HAUAUTE er0 HePUMETD U NIk,

PeweHne. B ceueHun moxyuaercsi paBHOOeApeHHAs TpalellHs
FNML c 6oxkoBEIMH cTopoHamMu FN = ML = 2, oCHOBAHHAMH

MN =2u FL = 4, a ee BLICOTOH AABAsAeTCs oTpes3ok OH = %PK =
=./3 (puc. 20). llosToMmy nepuMeTp 5TOH TpaleluH pased 10, a ee
TLAOIIAAL — Sﬁ.

3.026. [lau npaBunssblil Terpasap PABC ¢ pebpom 6. Uepes
nesnTp O ocHoBavua ABC reTpasapa npoBeleHa IJIOCKOCTD O, Ia-
pajaenabHasa BC u nepecexkawinas pedpo AP B HeKoTopoi Touke K.
ITocTpoliTe cedeHUe TETPASAPA IWIOCKOCTBIO (. Y KAMITE I'PpaHHIbI
HU3MEeHEeHHUs HNepHuMeTpa H IUIOUaAM 3TOT0 CedYeHHsI NPH BCEBO3-
MOXXHBIX IOJOXKEHUAX ToUKH K Ha pebpe AP,

Pelwenne. Ilyers O € DL, DL||BC (puec. 21). B cedyennu teTpa-
3Apa BCAKUH pas Oyzer HNoJyuaTbhes paBHOOEIpPEHHBIN TPEYyIrolb-

HHUK ¢ oCHoBanuem DI = gBC = 4. Hanmenbluive nepuwMeTrp u

ILI0INALEL UMeeT TpeyToabHHK DLK, IA0CKOCTE KOTOPOTO HIepIeH-
aukynsapea AP. Haligem ero nepumerp P, ;- ¥ II0IALE S ) f7 5

Ilycte M 1 H — cepeAHHBI IPOTUBOIOIOXKHBIX pebep AP u BC

maHHOTO Terpasapa. Tak kak OK | AP, MH | AP u OA = gAM TO

Puc. 21




OK = §HM - gJAMz TAH? = gJ(aJE)z _ 32 =2./2; Tak Kax

BH|DK, 10 DK = £BH = 2 +3,/3 = 2./3. Torna P, .5 = 2DK +

+DL=4-(3+1); Sy p 5= 3DL-OK = 2 +4:2/2=4.12.

BricoTa J11000T0 TPEYIrOJbHHKA — CEUEHHUA TeTpasfapa sABAsIeT-
cfA BBICOTOH IPAMOYTOJALHOro TpeyroabHuKa AQP, npoBegeHHOH
13 BepmHHL! O ero npamoro yraa AOP, Beiuncnenud nNoKa3blBa-

o1, uTo OA = 2./3, OP = 2./6, 1. e. OK < OA < OP. D10 03Haua-
er, uto A DLP umMeer HAUOONBUIMHA nepHMeTp A HAHUOOJbLHIVIO
maoutansb. Haligem ux;:

P, pp.=2PD + DL =2,/OD% +0OP2 + 4 =
=222 4+ (2/6)2 +4=4-(JT + 1).
Sapp = 3 DLOP = 2+4:2./6 = 4./6.

Takum obpasom, 4-(48 + 1)< P,px < 4-(/T + 1)
42K Sppry < 44/6.

§ 9, 10. MNepneHANKYAAPHOCTE NPAMOR A MJIOCKOCTIA.
MepneHankynap n HaknoHHasa K NiOCKOCTH.
Teopema 0 Tpex nepneHgukyapax

Mg1 coBeryeM HBJOMKHTH MaTepHal 3THUX TaparpadoB B hopmMe
JAeruun-6ecenpl. [IpH 3TOM KakK B JEeKIHU, TAK H Ha IIPAKTHYe-
CKUX 3aHATHAX cJeayeT VAeJHTb ocofoe BHPMAaHKe BOMIPOCaM CY-
IIeCTBOBAHUSA ¥ eIVMHCTBEHHOCTH MNPSMOM, IIPOXOAsAleil uepes
MAHHYIO TOUKY NepleHAUKYIAPHO TAHHOU IJIOCKOCTH (TLJIOCKOC-
TH, IPOXOAAIIEH Yepesd JAHHYIO TOUKY NePHEeHANKYIAPHO JaHHOK
npamMoil). IMeHHO 1ocIe H3yUeHHA 3TOTO MATEPHAIA CTAHOBHTCS
BO3MOKHBIM PeIllaTk 3a1a4YM Ha HAXOMKJAcHHEe PACCTOSHUHM OT TOY-
KM IO NPSIMOI H 0 ILIOCKOCTH, MEXAY IApaije/IbHLIMY IpAMBI-
MH B [IPOCTPAHCTBE, MeXXIY MapaljelbHBIMH IPAMOH U ILJIOCKO-
CTBIO.

HeobxoauMo NOACHHTH YYAILIAMCS, YTO IpH pellieHHU CTepeo-
MeTpHUYeCKHX 3a1a4u 3aTPYAHUTENIRHO O00CHOBLIBATE IEPIIEHHKY-
JAPHOCTh NPSAMONA U ILJMOCKOCTHU IPH INOMOLA TOJBKO OJHOTO OII-
peneJeHNs, U «IIOMOIHUKOM» B TaKOM O0OCHOBAHHH CTAHOBUTCH
IPH3HAK MePNEeHAHKYIASPHOCTH IPSIMOU 1 IIJIOCKOCTH,
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IlenecoobpasHo o0palllaTh BHEMAHMe YUALNX Cs Ha OIIpeesIeH-
HY!O AHAJIOTUIO YTBEP:KAGHHUN 0 nepuneHAHKYASApe, HAKJIOHHOH N
€e IIPOEKIUN Ha INJOCKOCTh C COOTBETCTBYIOIIMMHE YTBEDXKIeHUA-
MH B ILIaHUMETPHH OTHOCHUTENBHO IEePIeHAUKYAAPa, HAKJIOHHON
U ee IPOeKIHY HA IIpAMYIO.

HeoGxoaHM0 NOZUYEPKHYTH 0COOVIO POJbL TEOPEM O Tpex Imep-
MeHAHKYIspax MpPU pelieHu M pALa 3aaad, B KOTOPBIX olpeaess-
I0TCA NEePIeHAHKYIAPHOCTH NPSMBIX H ILIOCKOCTEH, a TaKyKe Ha-
XOMATCA PACCTOAHUSA B IIPOCTPAHCTBE.

3amauu gaHHOTO naparpacda (KaKk ¥ BCeX APYTHUX) IOmoOpaHbl
10 IPUHIHMIY: OT IPOCTOTO K ciaoKHoMY. CHauaa mpernaraioTcs
HeCJOKHBIe 3aJaUll Ha JOKAa3aTeJbCTBO, HA BHIUHCJIEHHUE PACCTOS-
HWY, 3aTeM — 3aJa4¥ Ha MOCTPOEHUE IEePIEeHANKYIIAPOB HA H30-
Opa)KeHUsIX Ky0a ¥ IPaBHILHOTO TeTpasapa. OdYeHbL BaXKHBIMH AB-
JIAIOTCA BOIMPOCH], CBA3AHHBIE ¢ APDTYMEHTAIMEN IOCTPOeHHH Tep-
TIeHIUKYJIAPHBIX OTPE3KOB, MPAMBIX H ILTOCKOCTEH.,

Taxum obpasomM, B JaHHOM maparpade OmATh pellaioTcd cTe-
peoMeTPHYECKHE 33/a4Yd BBIUHCIKTEILHOTO ¥ KOHCTPYKTHUBHOTO
xapakTepa. lHade roBops, IpoBOAUTCA MIPOIENEBTHRKA K pPellleHHIO
COMEPIKATENBHBIX 3aJa4 HA BBIYHCJIEHHE IIoIIaneil moBepxHocTeil
H 00'beMOB MHOTOI'PAaHHUKOB U (uryp Bpamesus B 11 Kigacce,

3.034. Touka P yaaneHa oT KasXJ0H CTOPOHBI IPABUJIBHOIO
Tpeyroabauka Ha 30 cMm. Halfigure paccrosgsHHe OT TOUKH P 1o
ILTOCKOCTH TPEyTroJbHHUKA, eCJH ILI0IANL BIKCAHHOTO B DTOT Tpe-
YIOJBLHHK KpyTa paBHa H76m em2,

Pue. 22 Puc. 23
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PeweHue. Ilyers PO 1L (ABC), PM | AB, PK 1 BC, PH1ACn
PM = PK == PH = 30 (puc. 22). Torga OM = OK = OH u uo reo-
peMe o Tpex nepunesguryaapax OM | AB, OK | BC, OH 1 AC. 9to
o3Ha4aer, uTo O — [EeHTp Kpyra, Buucanuoro B8 A ABC, a orpe3oK
OK paBeH paguycy r 3TOro Kpyra.

Tak Kar 576r = nré, To r = 24. Torga B OpAMOYTIOJBHOM

A POK umeem:; OP = /PK?2 — OK? = /302 — 242 = 18,

3.035. Touxka M yaaleHa OT IJIOCKOCTH NPAMOYTOJLHOIO Tpe-

yrOJbHHKA HA PACCTOAHYE, PABHOE D /3, K paBHOyZaeHA OT KasK-
noi ero croponsl. Haiigure pacerosanue or TOUKH M 10 KasKI0N H3
CTOPOH 3TOT0 TPEYrOJbHUKA, €CJH ero FHIIOTeHy3a H OJUH H3 Ka-
TETOB PaBHBI COOTBETCTBEHHO 25 H 15.

PeweHue. Ilyecte A ABC — paHHBIH TpAMOYTOJABHBIA Tpe-
yroapHuk, MO 1 (ABC) (puc. 23). Ecnu MK 1 AB, MH | BC,
MPlACuMP =MK = MH, to OM = OK = OH u 110 TeopeMe
o Tpex nepneagukyasapax OK 1L AB, OH | BC, OP L AC, . e. To4-
ka M npoextupyercsa B neHTp O OKPYKHOCTY, BIIHCAHHON B Tpe-
yronsHUK ABC.

s maxomxaenus paccrosiauii or M no AB, BC u AC (oHU pas-
HBI MeXAy coboil) ToCTATOUHO HAHTH PAJUYC 1 ITOH OKPYHKHOCTH.
Taxk Kak BTopoii Karer TpeyroabHuka ABC pasen 20, a ero nepH-

MeTp P u niowans S pashbl cootBercreernHo 60 u 150, ro r = —2; =

=z '6})50 — 5. Torma MK = JOMZ + OK? = J(5./3)% + 52 = 10.

3.052. Yepez touky M Beicorsl AH paBHOOEIPEHHOTO Tpe-
yroasHuKka ABC (AB = AC) npoBezeH K ero IIJI0CKOCTH NeplieHau-
Kyasap MP. [oramxure, UTO
BC1LH, rne L — mobas Tou-
Ka npamoit AP,

PelweHue. Tax KaK
PM 1 (ABC), To PM | BC. Tor-
ma PMI1AH, PMI1BC =
= BC 1 (APH) (puc. 24), no-
atomy BC nepneEgHKyJIsapHA
JAW00U TpSAMOHA  ILJIOCKOCTH
APH. A tak rar LHC (APH),
To BC1 LH.

3.053. B KyGe
ABCDAB,C,D, Toukn E, F u
M — cepeagunsbl pebep cOOTBET-
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Puc. 25 Puc. 26

creenHo A, B, B,C, u BB,. Jokaxure, uro upamaa B,D nepnes-
AUKyIAApHA Lnockoctn EFM.

Pewenve, Ilpamasa B;D,, ABIANIMEACS TpoeKuueil npaAMoi
B,D na unockocrb rpaau A,B,C,D,, NepneHAUKYIAPHA IPAMOIT
AC, (puc. 25). Bmaunr, B, D1 A C,, a 1ar kak EF|A,C,, T0
B,D L EF.

AHAnoru4Ho noKaspBaercd, uro B,D | MF. Torga no npuaHa-
KY NMePHeHAUKYIAPHOCTH IipAMoi 1 mockoctr B D L (MEF).

3.062. Hdam «ry6 ABCDA B,C,D,. [okaxure, 4ro:
a) BD 1 (AA,C); 6) BD L ACy;B) DA, LAC ;1) AC, 1(A,BD).

Pewenuve. a) Taxk rax BD | AC uw BD 1L AA,, TO 10 IpU3HAKY
[IePUEeHAUKYIAPHOCTH TPAMOHK 1 miockocTt BD | (AA,C) (puc. 26).

6) AC — mnpoexknua AC, Ha (ABC) — nepuneHIUKyJsipHA
BD < (ABC), snauur, AC, L BD,

B) IIpoexnueit npamoit AC, Ha IJIOCKOCTH IPAHH AAD. D sBna-
ercst npamaa AD, | DA,, snaunur, AC; L DA,.

r) B n. 6) u B) noxasauo, uro AC, L BD n AC, 1 DA,, nosromy
AC, 1(A,BD).

3.066. O — Touxa nepecedenus nuaroHanei ksaaparta ADCD,
PO — nepnenaurynap k mnockoctu ABC; rouka M — cepenuHa
cropousl BC. Jlokaxwure, 4ro: a) npamaa PM sapisercs npoexkinu-
eln HakJIoHHOH OM Ha minockoctes PBC; 6) nepneHguKynap, omy-
LieHHBIH U3 Toukn O Ha naockocTe ABP, nepecedeT Meauany PP,
TpeyroJbHuKa ABP.

PeweHune. a) OP 1L (ABC) = OP 1 BC; OB = OC = BP = Cp;
M - cepesuna BC = BC L1 PM (puc. 27). Torga BC 1 (OMP),
sHauwmr, (OMP) L (BPC), nosromy PM — npoexuns OM ua (BPC).
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6)ABLOP,, ABlOP (OPL(ABC)) = ABL(OPP) =
= (OPP,) 1 (ABP). 9To ozHauaer, uTo JIOOAA UpAMaA, TPOXOA-
mas gepe3 O nepueHAuKyIsapHo (ABP), nexur B (OPP,). A Tax
rak (OPP,) " (ABP) = PP,, to nepnesgurkynap OK us O na (ABP)
nepecekaet PP,.

3.074. BokxoBaa cTopoHa paBHOOEAPEHHOI'0 TpPeyloOJbBHUKE
paBHa 10 cM, a ocHoBaume 12 em. Touka M ypaneHa or KaXXAoH
ero cropoubl Ha 15 cm. Hafaure: a) paccroanue or Touxku M 1o
ILIOCKOCTH TPeyroJbHuKa; 0) miaomans Kpyra, BIHCAHHOIO B TPe-
YTOJIbHUK.

Pewenve. Ilyecte O — ocHOBanWe MepHeHAHKyIApa u3 M Ha
(ABC) = o, MH1AB, MK 1BC, MPLAC (puc. 28). Tor-
ma OH L AB, OK LBC, OP LAC. Tak xak MH = MK = MP,
To OH = OK = OP = r, re r — paguyc oKpYy:KHOCTH, BIIUCAHHON
B AABC.

Tag Rak r=

25p48c _ 2 16-6-6-4 _ 5 To: a) p(M; o) = MO =
P naBc 32 o ,

= JMK? - OK? = /152 - 32 =6./6 (cm); 6) S,, = 9 (cm?).

3.080. B npasunraom Terpasape PABC ¢ pebpom, paBHEM 2,
Touka O — LeHTp ocHoBaHKA ABC. HaligiTe paccTossHNE OT TOY-
Kkn O go niaockoctu rpauu PBC,

Pewenne. Tak raxk AP = BP = CP u O — 1eHTpP OCHOBAHHA

ABC mpasuasHoro terpasapa PABC, to OP L(ABC) u OK = %AK
(puc.' 29), rone K — cepenuHa BC.
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Puc. 29 Puc. 30

Ananormudo, ecan M — uenTp npaswiasHOro A PBC, To
AM 1 (PBC), M € PK.
I[Iyers OH L (PBC). Tark rkar (APK)1(PBC), to OH = (APK)

u HePK. 9r0 osmauaer, uro OH|AM u OH = %AM =

2 _ s d — A4
_ 1 Apz_(gPK) _ 1, J9AP2-4PKZ _ 1 J9-4-4-3 _
3 3 3 3 3 3

2./6
.

3.081. Touka P paBHOYAAJIEHA OT BCEX CTOPOH IPAMOYTOJb-
HOH Tpamenuu ¢ OCTpHEM yrioM B 60° u Gosbineii 60K0BoOH cTOPO-

HOM, paBHOM 8./3. Haiigure paccrosiEusa oT TOYKH P A0 cropoH
TpaneiHu, €clH HM3BECTHO, UTO PACCTOAHUE OT 3TOH TOUYKH A0
ILIOCKOCTY TPAIlelliy paBHO 8,

Pewenwe. Ilycte ABCD — pansas tpaneima (pwe. 30), y KO-

ropoit AB = 8.3, LBAD = 60°, £C = £D = 90°. OcuoBauue
O nepnesaukynapa PO K nnockocrH rTpalleiul ABJIAETCH IeHT-
POM OKPYXKHOCTH, BHUCAHHOH R 3Ty Tpaneuuio, npuueM A AOB —
OpaMoyroJibHBIH 11 OA = AB+cos 30° = 12.

IMepueHAMKYNIAPEL, TPOBENEHHEIE 3 TOYKY P K cTOPOHAM Tpa-
ey, IPOEKTHPYIOTCHA HA PAJUYCHl OKPYAKHOCTH, BUUCAHHON B
JaHHEyo0 rpanenuio. Ecau OK — paauyc 3Toil OKPYXKHOCTH, TO
OK = OA - sin 30° = 6.

Torxa B npaMoyronbaoM A KOP umeem: PK = JOK? + OP2 =

= .62 + 84 =10.
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& 11. Yron mexay npamon
N NMAOCKOCTBIO

damauu sToro naparpada (Kag u awbdoro apyroro} npeaHa3Ha-
YeHBI AN JANBHEHIIEro pasBUTHs NPOCTPAHCTBEHHLIX IIPELCTAB-
JIEHHMHM ydYaluxcs, rJIaBHbIM 00pa3oM, CBA3aHHBIX ¢ BOIpPOCAMU
MEeTPUYECKOr0 XapakTepa -— HaxXoXJAeHUEeM YIJIOB M PACCTOAHUM
MK IV reoMeTpuUecKUMU GUIypaMU M UX 3JIeMEeHTAMH.

IIpu pemenuun 3agad Ha HaXOXKIEHUe yIila MeXXJy NpAMON U
IIJIOCKOCTBIO I10JIE3HO IIOJIb30BAThbeA ClexviomuM ¢akToMm. Ecan
paccrosiiie OT TOYKH A 0 IJI0CKOCTH O paBHO £, & Touka O JeXuTr
B TIJIOCKOCTH O, TO CUHYC yrJia ¢ MeXXay npamMoi OA ¥ IJI0CKOCTHIO
o paBeH i :singp = —.

DA OA

3.085. Karer AC paBuoOeApeHHOI0 IPAMOYLCOJbHOIO Tpe-
yronbHUKA ABC nexur B myockocTH o, a karer BC obpasyer ¢
3TOU MJOCKOCTHIO yrod B 45°. Jloka)uTe, 4YTO THIIOTEHY3a 3TOTO
TpeyTOJAbHUKA 00pa3yer ¢ IIOCKOCTBIO o yroJ B 30°.

Pewenue. yers AC = BC = a, roraa AB = a /2. Ecaun BB, Lo

(puc. 31), To BB, = BC _ aﬁ. Torga B npsimoyrosasaom A BB A

ﬁ 2
a.l2
BB _ "2

1
— = . _ = _ orryza ~ A = 30°,
AB ;5 2 OTRVA

3.086. Harknonuas AB obpa3yeT ¢ IJIOCKOCTBIO O yros B 45°.
B sT0# mIoCKOCTY 4epe3 OCHOBAHHE A HAKJOHHOMN mog yriiom 45°
K ee IpoeKknuu nposegeHa npaMmaa AC. Hafgure yroa MeXay np4-
Mot AC 1 HAKJoHHON AB.

nmoayyaeM: sin A =

B
_h__h--“““\..
—
/ ~
{
B, 105! AN, VRt - C
Y 3 00/
\ [§1
S YO
‘H‘““*u“/’ e — — "
Puc. 31
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Puc. 32 Puc. 33

Pewenue. I[Iyecte AB = g, BM Lo, BK L AC (K € AC) (puc. 32).
Toraa B npAMOYTOJbHBIX TpeyToabHuEKax ABM, AMK, ABK nony-

qyaeM COOTBeTCTBEHHO: AM = AB :i,AKz‘ﬂJ :E,COSA=
J2 2 J2ooo 2

AK _ 2 _ 1

=T = fm A = 60°.

1B 5 2:>Z 60

3.087. IIpamoyroapEuk ABCD 1 OpsAMOYTOJbHBIN TPEYIOJb-
HHK DCP jnexar B pa3JHYHEBIX ILIOCKOCTAX. Bepiinaa P npoexTu-

pyeTes B Touky B: BP =4 cm, AB = 4./2 em, AD = 4 cm. Haitgure
yron Mexay npameiMu: a) DP u AB; 6) PC u AD.
Pewenue. a) AB|CD = £(AB, DP) = Z(CD, DP) = /CDP.

B npsmoyronrsHoMm A BCP (puc. 33) umeem: CP = JBP2 + BC? =

= 4./2. Torna A DCP — paBHOOEAPEHHBIH IPAMOYTOJLHBINA, OT-
Kyaa £ CDP = 45°,

6) AD||BC = £ (PC, AD) = £ (PC, BC) = £ BCP = 45°, TaKk Kax
A BCP — paBHOOepeHHBIA IPAMOYTOJIbHEIH.

3.095. Karer AC pasHOOBIPEHHOIO NIPSMOYTOJBLHOIO Tpe-
yronpHuKa ABC JNeXUT B ILJIOCKOCTH O, THOOTeHy3a AB paBHa 4,
a BepHInHA B yaaJyieHa OT IIJIOCKOCTH ¢ Ha paccrodarue 2. Oupene-
JIATe BeJUYUHY yIJIA MeXXAV IVIOCKOCTBIO O M IpaMoH: a) AB;
6) BC; B) npamoii, comepsxaiiei meguany CCy; r) npamoii, cogep-
xauien meauany BB ; 1) upsaMoit, cogepiaineil Meauany AA,.

Pewenne. Ilycte BH Lo, BH = 2; C{K la (Kc€AH); AM lLa

(M e CH) (puc. 34), B A ABC umeem: AC = BC = 2./2.
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a) B npamoyronsaoMm A ABH karer BH paBeH nOJIOBUHE I'HIIO-
TeHy3bl AB, suauunr, £ BAH = /(AB, o) = 30°.

6) B npamoyroabaom A BCH rarerst BH 1 CH paBHEI, TIO3TO-
my £ BCH = Z(BC, ) = 45°.

B) B AABC: C,C= JRAC? + 22802 ~AB? _ /4 82_ 16 _ 2. Yuu-

reiBadA, uTo C,K = 1, npuxoaum Kk BeiBoay: £ C,CK = 30°.

r)B,B = (BCZ+ B,C? = J(24/2)% + (/2)? = /10. Torza

sin #BB,H = J{l)_()’ sHauuT, £ BBH = Z(BB,, a)= arcsin“f_;—q.

1) B npamoyronsaoMm A AA,C HaxomguMm AA, = JACz + A,C2.

A rak kak AJM =1, T0 LA AM = Z(AA4,, o) = arcsin-iJE_O.

3.096. O — Touxa nepecedyenns auaroHanei pomba ABCD.
Cropona pomba pasma 8, ZABC = 120°. J[InveHa nepneHguKY-
nsapa OK x nnockoctu ABC pasra 6. Touka O yaanena ot 11Joc-
koc-tu ABK ma 3. HaliguTte BeJHUYURY yrJja, KOTOpBIH obpasyeT
¢ maockocThio ABK upsamas: a) OK; 06) AO; B) BD; r) KC; o) KD;
e) CD.
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Pewetne. B pomGe ABCD umeem: OB — %AB = 4, OA =

= AB - cos 30° = 4./3. O6ozuauum (ABK) = «.
a) Ilyecre  OM 1 AB, mtorma KM 1 AB (puc. 35). Eecau
OH | (ABK), To He MK u Z(OK, o) = #OKH. Tak Kak B Ips-

Moyrompaom A OHK OH = %OK, To ZOKH = 30°.
6) OH L (ABK) = Z(0OA, o) = £ OAH. Tak KaK B IpAMOYT0Jb-

Hom NOAH OH =3, OA = 4J§, o 2~ OAH = arcsin ?

B) Ilycre DF | AB, torma FL | AB (FL”MK)./ECJIH DL Lo,
To Le BH u BL — npoexknusi BD ua w. Ilostomy Z(BD, o) =
= ZDBL = vy. Tak kakx BD = 20B, to DL = 20H = 6. Torxa

. DL _8__ _ .3
siny = Z= = 7 =y =arcsin 2.
r) IIyeres CP La, P e o. Taxk kak CD| o, To CP|DL u CP = DL = 6.

Haxozum CK = .JOK?+ OC? = J62+(4J§')2 = 2./21. Ecinm

. CP 6 21
Z(CK, a)= LZCKP = [, o nonvuaem sin } = = = =
) [ PTeR TEE T T
21

=} = arcsinT.
n) Tak kak DL 1 a, To Z (DK, o) = £ DKL =vy. Haxoauwm siny =

_DL_ 6 _ 3/13 _ 3 5 _ A3 5 _
XD~ 57 5 (KD JOK2 +0D2 = /62 + 42 = 2./13),

OTKYAAQ Y = arcsinSJE .
e) CD|o = £ (CD, o) = 0°.
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3.098. Ilpamaa BK nepneHIUKYIAPHA IIJIOCKOCTH DPABHOCTO-
porHero Tpeyronbauka ABC. BK = AB; touka M — cepenusa
AC. 3anoJHuTe TAbIULY:

Npamasn Nameprembiii
M FJIOCKOCTDb ANADOCKWA yron

KA uwABC
KM n ABC
CA u MBK
BAun BMK
ACnu KBA
BM u KBA
AKu BKM
BK u ACK
MB u ACK
AK n BCK

BennuuHa yrna

L1 | T | WD =

-
o

PeweHwve. 2) Ilycts AB = a. Tak kak M — cepeauna AC, To
BM — upoeknus KM u#a (ABC) (puc. 36). IloaTomy

Z(KM, (ABC)) = £BMK. 3sauur, tg LBMK = BK _ o

BM 473
2
= 2*3@, oTKyza £ BMK = arctgz_gg.

5) £ (AC, (KBA)) = £ CAB = 60°.
7YAC L(BKM) = (ACK)L(BKM) = KM — npoexnus AK
Ha (BKM) = Z(AK, (BKM)) =
= /(AK, KM) = ZAKM. Tax kak g

a
2o 2 g,
a2 4
LAKM = arcsin?.

8Y(ACK) L (BKM) = KM —
npoexnua BK #a (ACK) =
= £L(BK, (ACK)) = Z(BK, KM) =
= ZBKM.
a /3

2
Tak kak tg LBKM = — =

a
3 3
= _{2: o £ BKM = arctg-Jz—_ .

sin L/ AKM =

o1



9)Y Uz (ACK) I (BKM) cnexnyer, uro Z(BM, (ACK)) =

= /(BM, KM) = 2 BMK. Tax rak tg / BMK = -2 = 2J§,TO
a3 3
Tz

/ BMK = arctg23£.

10) Ilycte H — cepegunaa BC. Torma AH | BC. Kpome Toro,
BK | (ABC) = BK | AH. 3to oanavaer, uro AH | (BCK), oTKy-
na (AKH) 1 (BCK). Ioaromy Z(AK, (BCK)) = £ AKH = ¢. Tak

a./3
Kath(p=AH= AH =.___2_=@,To(p=
. KH  /pk?+ BRH? [z, @ o
4
= arctg@ .
3.099. O — Touka mepecedyeHHUS MeIHAH MPABHUJILHOTO Tpe-

yronsEuKa ABC., MO — nepneRANKYJIApP K mnockocTn ABC; MA =
= AB = g; K — cepexguna B(; P — Touka nepecedeHUA MeIHAH
rpeyroasauka MBC. 3anonaure Tabanuny:

Mpaman Namepaemsbliit NNOCKMIA

B YH r
¥ NAOCKOCTb yron enn ayrna

[y

MCn ABC

MK n ABC

CBun AMK

CAn AMK

OC n AMK

CMunAMK

PBu AMK

AP un MBC

w0 | =2 U | W]

OM n MBC

[ory
o

AK mn MBC

oy
[y

MB n ACP

[y
b

BCn ACP

o
[y



PeuwieHne. Tak kak OA = OB =
=0C, ToMA—= MB=MC=AB=
= g (puc. 37). Hpuuem OA = OB =

=o€=§-“f=“~/§, OK =

3 3
_1 . aJ3 _aJ3
3 2 6
1) £(MC, (ABC)) = ZMCO;
a3
_0C _"8 _.J3
coséMCO—m — ?:,5

= /L MCO = arccoslg.

2) L(MK, (ABC)) = ZMKO;

a3
cos L MKO = %{( - a_% - % — / MEO = arccosé.

|

2
6) Iz (AMK)L(BCM) caemyer, utro ZL(CM, (AMK)) =
=/(CM, KM)= ZCMK = 30°,
9) Uz (AMK)1(BCM) cnemyer, uro <L(OM, (BMC)) =

a3
: 0K _ 6

= /(OM, K = £ OMK. Tak kak sin ZOMK = = =
R

1 .1
=_- = OMK = nz.
3 arcsilz

11) Taxk Kaxk CP1MB n CP~MB = H, to CH1MB,
AH | MB, orvyga MB | (ACP). 3uauur, £ (BM, (ACP)) = 90°.

12) MB1(ACP) = CH — mnpoeknua BC na (ACP). Torma
Z(BC, (ACP)) = £ BCH = 30°.

§ 12. NapannensHOe NPOEKTUPOBaHNE N ero CBONCTEA.
OpTOroHansHoe NPoEKTUPOBAHME

Yuureno marematuku 10—11 KiaccoB HU3BeCTHH TPYAHOC-
TH, KOTOpPble BOZHHKAKOT Yy HAUMHAKIIHUX H3YUaTh CTEPEOMET-
put. Hpuyupol BOSHUKHOBEHHA 3TUX TPYIHOCTEH SABJISETCS He-
YMeHHE YYAIIUXCA IPABHJIbHO, HAMNIATHO H «yAO0OHO» CHeJIATEH PH-
CYHOK, M300pasuTh (PUrypy, PACHOJOKEHHYID B IPOCTPAHCTBE.
Eirte 60JibIUIyI0 TPYIHOCTE BBI3HIBAKOT JOMOJHHUTEJBHBIE IIOCTPO-
eHH.

53



Y:xe B Havate yuebHnKa (§ 5) uaet peds o crnenipUKe BEITOJ-
HEeHHUs CTEepeoMeTpPUYecKUX DPHCYHKOE. B HacToslem mnaparpade
pPaccMATPHBAIOTCH OCHOBHEIE CBOMCTBA MAPAJJIENLHOTO MPOEKTH-
poOBaHHA, a boJiee OAPOOHOE HBJIOMeHNHe BOHIpoca 00 H300paXKeHH-
X B HAPAJJIENBLHON IIPOEKLIUH JIOCKHX ¥ IPOCTPAHCTBEHHLIX (hU-
I'yp Hfl IIJIOCKOCTH MO HO IIPOYECTh B JOMOJHUTEIBHOM MATEDHAJE
«zobpaxxenne uryp B mapaieIbHOM HpPOEKIMH» ydueOHUKA.
Bompoc 0 mocTpoeHHMM cedyeHHIl MHOTOPAHHUKOB B IIKOJILHOM
reOMeTPHU U3JIOXKEH B JONOJIHUTEJEHOM MaTrepuajye « MeToas!l no-
CTPOEHMNSA CRUYEHUH MHOTOTPAHHHUKOB» 3aJa4YHHKA.

B oTnnuyue OT nimaHMMeTpUU, [Ae, HAIDHMED, PaBHEBIe, IapaJ-
JleJIbHBIe U NepHeHJUKYJAPHBIE OTPE3KH H300pa’KaloTCA COOT-
BETCTBEHHO DABHBIMM, [ADAJIENbHBIMH M HePIeHAUKYAADHBIMH
OTpPe3KaMH, B CTepeoMeTPU N HADJIIOZACTCA COBEPIIEHHO HHAA Kap-
THHA — IPABUJIBHBIH TPEYFONBHHK MOMKHO H300paXXaTh Tpe-
YIOJIBHHKOM JIIOOOU (DOPMEI, KBAJAPAT WM OPAMOYTOJbHHUK — JIO-
OuiM napaJsinesorpaMmmoM. Ky0 ¥ nNpaBHMJIBLHBIA TeTpasap OOLIYHO
1300paskaoT, NPHAEPKUBAACE ONPEeNEeJIeHHLIX IpaBuj, KOTOPLIE,
B CBOIO O4Yepenb, OCHOBAHBI HA CBOHCTBAX HAPAJLJIENBHOrO IPOEK-
TUPOBaAHNA. B cTepeoMeTpUN TapaLiielIbHbBIE OTPE3KH M300paxKa-
OTCA TAKKEe MAPAJLIESJIbHBIMUA WIH COBIATAIOIIIUMHE OTPE3KAMM.

Hna mocTH:KeHNA HATAAIHOCTH IPHY U3VYEHHH CTEPeOMEeTpPHU
TaKUE ee pasigelibl, KaK « AKCHOMBI CTEPEOMETPHH U CIIEICTBUA U3
HUX», <«IlapajlIeIbHOCTh, NEPHNeHAUKYIAPHOCTL, PACCTOSHHUA B
IIPOCTPAHCTBE» H3JIATAIOTCA B YYeOHHKE ¢ IOMOINBLIO MOAeNeHd H
n3obpaxkeHEun Kyba, HDapaJjjeilenuinena, IPU3MbI, ITHPaAMHIbI.
3Has, Kak H300pakaioTcd B HAPaJLJIeJIbHON MHNPOSKIHHU ILJIOCKHAE
MHOTOYIOJBHUKH, yYall[Mecs ¢ caMOro HadaJia BeipabaThIBAIOT HA-
BEIKH I[PAaBUIBHO ApryMeHTHDPOBAHHOrO H300parKeHHA MHOIO-
FPAHHHKOB.

Yyamiuecda JOJMHBL YVACHHUTH, KaK H300paXKaeTcs, HAIPUMED,
cpegHAA JHUHHUA, MegHaHa, OMCCeKTpHCa U BhICOTA TPEYrOJbHUKA,
a TAKYKE MOMHUTEL, YTO OTHOIUEHUE JJIMH OTPE3KOB, JIEKAIUX HA
HapaJsiel/IbHbIX OPAMBIX WJIK HA OJHOH IIPAMOM, COXPAHAETCA IIpU
IapaJlJIeILHOM IIPOEKTHPOBAHMWIM.

Bonee Toro, yuamuecsa ZOJMHBI MIOHHUMATEL, YTO IIPU IIOCTPO-
EHUH CEUYECHUA MHOTOIPAHHHUKA HA PUCYHKE (PAKTHYECKH CTPOUTCA
nzolpaKkeHue cevueHUS MHOTOFPAHHUKA HA ero M300pa’KeHUU B
HapaJieJbHOH MPOeKILHH.

Jia pentenuda 3agauu 3.112 MOXKHO VUAIIIUMCSA MTOPEKOMEHIO-
BATE IIPOYECTH B AOHNOJHUTEJILHOM MaTepHalie YYeOHHKAa HAYAJO
3aMeTKHU « U3o0parkeHre GUIyp B HAPAJINEIBLHOM IPOSKI[HH » .
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3.113. OproroHanpHoil nmpoekuueil pomba ABCD Ha mioc-
KOCTE, MIPOXOAAIIYI) Yeped BepIINMHY A poM0a M HapajleJbHYIO
ero guarosanu BD, asnsaerca xeagpat AB,C,D, co cropoHoi a.
Hangure nepumerp pomba, eciiu ero guaronant AC pasHa m.

Pewenue. Tax xax BD|B,D, (puc. 38), o OB = 0,B, = g

2 2
Torna AB = JOA? + OB2 = J__ + 5= :{_%E‘___z_'t_"_”“_ 3HaYUuT, Hepu-
/942 2
MeTp pomba paneH 4 - __2.3_;_’1 =2./2a% + m?,

3.114. OproroHanbHOHN HpOEKIINed IUIOCKOr0 YeTHIPeXyroib-
ruxka ABCD sisnaercsa ksaapat A,B,C D, co cropono¥i 4; AA, = 3,
BB, = 6, CC, = 9, Hafigure pnuny DD,, BujJ, DepUMeTp U ILIO-
manas Yersipexyronsauka ABCD. Touku A, B, C u D pacnonoxe-
HbI IO OHY CTOPOHY OT MJIOCKOCTH IPOEKTHUPOBAHNSA.

Pewenne. Ilyctre O = ACnBD, O, = A,C, "B D, (puc. 39).
Tak kak O; — cepexuna A,C,, To O — cepenuna AC, nostomy OO, =
= A4 ; CCi_3 ; % — 6. Torza us BD|B,D, caenyer, uro DD, = 6.

Tak kak ABCD — 1mocKkuil 4eThipexyroJbHuK, a 4,8,C, D,
KBAApaT, TO HA OCHOBAHHY CBOUCTB HAPAJLIEJIBHOrO IPOEKTHPOBA-
Hus umeeM: AB||CD, AB = CD, 1. e. ABCD — napannenorpaMm.
YunrthiBasg, KpoMe Toro, uro A,C, L B,D,, 1o reopemMe o Tpex mnep-
HeHAHUKyJIApax IpuxoauM K BeiBoxy: AC LB,D,. A Ttak Kak
BD|B,D,, o AC 1 BD. 9710 oaHauaer, 410 ABCD — pomb (Ho He
KBagpaT, Tak Kak AC mepecekaer ILIOCKOCTE Kraapata A, B,C . D,).

IIycrs Touka M Ha oTpeske CC, Takosa, uto C;M = BB = 6.

Torma B npamoyrojsaoM A BCM uaxoaum BC = JBM2 + CM2 =
= /42 + 32 = 5, gHauwuT, HepuMeTp pomba ABCD pases 20.

C
Beer=" = = - - - - M
)
| O
)
. |
|
* =1 D Cy
0,
D,
_Puc. 38 Puc. 389
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B npamoyronsaom A BOC Haxoxum

oC = ./BC® - OB? = /25 -8 = /17,

3HAYHUT, Hjouiags pomba ABCD pasHa

%AC-BD=%'2J1_7 ‘4./2=4./34.

3apnayn kK rnaee 3

3.123. B npamoyronsanke ABCD cropoHa AB = }3_6, AD = 14.

IIBe paBHBIe paBHOGeApeHHEe Tpanenuu APFD u BCKL (AD|PF
u BC|KL) umetor obmyo toury 0, AP = 10, PF = 2. Haiigure
AJIMHY 001mero oTpeska MR masHBIX Tpalenuil H IJIOINagb Tpe-
yroabauka PFK, ecqiu O —- cepegusa OTpe:mOB/A@ u BL.
PeweHwve. 06 orpesor MR (O = M) JaHHEIX Tpanenui ABIA-
eTcs CcpeaHed JUHMeH Ko M3 HuUX (puc. 40), mosromy MR =
_AD+ PF _ 14+2=8
2 2 )
Tak xak M — cepeguna AP u BL, to AB|PL u AB = PL = 3353

Ananorwano FK|CD u FK = ¢D = 5.

Yuureirasa, uto otpesku PF u KL paBHb Mexay coboil u ma-
panaenLHLl cooTBeTeTReHHO AD n BC, saxkiwuaem, yro PFKL —

IPAMOYTOJBHHK CO CTOPOHAMH 139 U 2, BHAYHUT, S pgp = ZI)SPFXL =
== 1 L] E . 2 = E.
2 3 3

3.125. Ocropanmem mapannenenunena ABCDA,B,C.D, cny-
»xkutT poMmb. B Bepminae B cxogaTca paBHBIE YIJIBI TPeX ero rpaHeii.
Horaxure, uro ACC, A, — NPAMOYTOJBHUK.

Puc. 40
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Pewenne. llycre B, H — BrICOTA ZAHHOrO Hapajjellelniena
(puc. 41). Horaxkem, uro H € BD.

Tak xak rpaun AA,B,B n BB,C,C — paBHEI€ napaJljieJlorpam-
MBI ¢ 061niell BepllUNHOMH, TO UX BbicoTHl ByL u B,K pasasl U, ABJIA-
fICH HAKJIOHHBIMH K IJIOCKOCTH ABC, UMET paBHbIE NDOEKIIUH
coorBeTcTBeHHO LH u KH Ha 3Ty MJI0OCKOCTL. 1IpuyeM mo Teopeme
o Tpex neprnegaukyiaapax LH | ABu KH | BC. 3To o3Ha4aer, 4TO
touka H paBHoygaJeHa oT cTopoH yrjia ABC, r. e. H npunajgie-
skuT guarosanun BD sroro yrna (ABCD — powm6). Torpa B H ne-
WUT B inockocetd BB, D, D,

Ionywuaem: ACLB,H, AC1BD = AC L(BB,D,D) = AC_1 BB,,.
A tak Kak BB,||AA,, To AC L AA| = AA,C,C — TpPAMOYToJbHUK.

3.127. Yepes KaXAVI0O U3 ABYX CKPENIUBAIONIIUXCS JUATOHA-
Jie# G0KOBEBIX rpaHell NMpaBHJILHOH TPeyroJIbHOH HPH3MBI HPOBO-
OATCA IBA CEeUYEeHHA TAK, UYTO OHMW HapaJlJIeIbHbBl IPYFOHd U3 3TUX
auarosaneli. JJlokaxure, 4TO 3TH CEUYEHH A PABHBI,

Pewenuve. Ilyere H u K — cepeaunbl pebep COOTBeTCTBEHHO
AC u A,C, npaswibnoil npusmel ABCA,B,C, (puc. 42). Toraa
BH = B,K un BH|B,K, A\H = KC un A,H|KC. 3uaauur,
(A;BH)|(B,KC) 1 Sp 5 prr = Sppike-

3.135. Touka E — cepenuna pebpa CC, ky6a ABCDA,B,C,D,.
ITocrtpoiiTe U HaliauTe yroJ MmMe:xAy upameiMu A, B u B E, ecan
pebGpo Kyba a.

Pewenwe. Ilyers K — cepeauna peépa D, D. Torna A, K| B,E n
Z(A4B, B,E)= £ (A,B, A,K)= £ BA,K = ¢ (puc. 43).

A, K C, Dy C,
' B
A, : 1
" y \ I
g | i A L2
'.';.’/:. } & . / 2 . lK
’_;ﬁ:/,;/ 4 ‘e E
7 7 AR
;’/’f// 1 A
i % 1 N
7 H < 1 \ 5
AR==%¥r 7y == === C . N
IR NS L
’ - - T
P B,
B A B

Puc. 42 Puc. 43
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2
Haxogmm: A, K = fA,D? + D,K® = [a®+ % = “f; AB =

~=a./2; BK=./BD? + DK? = J(aﬁ)g + “; = ga. Torga s AA,BK:

5, 0
2 2 . 2
AB? + AK? - BE? 27T 30" get 45

Ccos @ = 3
2«-A,BA K 10
1 1 2*aﬁ-aT”‘/5
OTKyJa @ = arccos -_-.“1100 )

3.136. Yepes pepmuny A npamoyronbauka ABCD npoBenesa
npaMasa AP, nepneHgUKYJIAPHAA IJIOCKOCTH HPAMOYIOIbHIKA. M3-
BeCTHO, 4T0 PD = 6 cm, BP = 7 eMm, PC = 9 cm. Haligure paccroanue
MeXxay npsMeiMu: a) AP u BC; 6) AP u CD; By BP u CD; r) PD u BC.

PeweHnue. Ilo Teopeme o Tpex neprnenguxyiasgpax BP 1. BC u
PD 1 DC (puc. 44}). Torga

8 A PDC: DC = JCP2 - DP2 =3./5 = AB;
8 A BCP: BC = .JCP? — BP2 = 4./2 — AD.

a) Tax KaKk AB — 00U HepHeHANUKYIADP CKPEINUBAIOIITHXCA
nupaAMEIX AP u BC, Tto p (AP; BC)=AB = 3.5.

6) Taxk rax AD — oO6GIMH HepHeHANUKYAADP CKPeIUBAOMHMXCS
npaMeIx AP u DC, o p (AP; DC) = AD=4.J2.
B) Tax Kar BC — oOmui HepIeHAHUKYIAD CKPENUBAIOINXCS

npambix BP u DC, to p (BP; DC)=BC=4./2.

r) Tax Kag DC — ofmuUH MepOeHAHKYIADP CKPEIIUBAIONIMXCS
npsameix PD u BC, o p (PD; BC) = DC = 3./5.

3amevarnue. 3agauy 3.136 nenecoobpasHo pemraTh Iocje IMpo-

XOXKJIeHUusa marepuaja o6 obigeM MepmeHIUKYIAPe IBYX CKPellH-
BAIOIMH XCA MIPAMEIX.

P

Pue, 44 Prc. 45
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3.140. Cropoua BC rpeyronvunuka ABC (AB = 13, BC = 14,
AC = 15) meKuT B ILIOCKOCTH (1; PACCTOAHNE OT TOUKH A [0 ILIOC-
xoctu o paBro 6. Haltaure paccroanns or Touek B, u C; 1o mioc-
KOCTH , e BB, u CC; — BbIcOTH! Tpeyroiabauka ABC.

Pewenne. [Iyete A BCK — oproro"HanbHas npoeknuda N BCA
Ha maockoctb o, AKla, BjHla, CDla, HeCK, DeBK
(puc. 45). Torgpa p(A; o) = AK, p(By; o) = B H, p(C;; o) = C,D.

BIH BIC BIC cAK
: = = ———— ., . D =
Nmeem Ve T = B.\H VYo Ananoruusno C,
_ BC,+AK
AB

Hna permenns 3afaauu jgocrarouno Haiiru B,C u BC,, ana gero,
B CBOIO OHepejb, AOCTATOUHO HalTH Karerol BB, m CC; npamo-
VFOJIbHBIX TpeyrolbEnKoB BB,C u BCC,.

28 /91 -8-7- .
sape _ 2421-8-7-6 _ 2-84, pp o

Haxogum: CC, =

AB 13 13’ !
_ 2Sp48c _ 2484
AB 15
Toraa
. _ g 5 _ s (2-84\% _42
8 ABB,C: B,C= /BC? - B,B J14 (E2) =%
. — 2 _ 3 _ 2 (2-84)\2 _ 70
8 ABC,C: BC, = /BCZ— C,C J14 (L2 -2
42
5% 84
Taxum obpasom, p(B,; o) =B H = —5 = 385 p(Cy; o) = C,D =
70
_ 13 6 _ 420
i3 169"

3.141. ABCD — mnapaienorpaMMm co ctopoHamu AB = 6,
BC =14. Cropora AD JieXHUT B IIJIOCKOCTH [}, paccTosiHue OT B 1o 3
paBHO 3, M — TOYKA Ilepece-

YeHHST OUCCEeKTPUC YIJIOB A 1 M

D napannenorpamma. Haligure B IS L C
paccrosaHue or M mo HJOCKOC- K
TH 3. TN

Peipenune. ObGozpauum F = ‘
= AMABC, L = DM~BC #u ( A D!
nposegeM MP|AB; K = MPNBC |
(puc. 46). |

Tax kaxk AB = BF = CL = — —
= DC =6 (NABF u ANCDL — Puc. 46

[
\

b

o
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paBrOOepennrie), To BF + LC = 12. Brauur, Touka M Jjgexur
BHE JaHHOIO mnapajtenorpaMma U FL = 14 — 12 = 2. Ilpu arom
paBHOOeApeHHEIMHI sABAAlorcA AFMK (FK = KM) u AMKL
(MK = KL). CnepoBarenwho, FK = MK = KL = 1, uostomy MP =
= MK + KP =1+ 6 =17, Torga PGB - MP . are gy =
tha STy KD p(M; B)

_MP-p(K;B) _7-3 _
= 5 3,5. 7

3.144. B npasunnaom rerpasgpe PABC toura O — HEHTD €ro
ocHoBaHusa ABC, Touka K — cepeauna pe6pa PC. IIposegure nep-
neaguryaapsl: a) ns K na (ABC); 6) us K ua (ABP); B) uz O ua
(BCP); r) uz O na (ACP). HaliguTe ANIWHSI 3TUX HEpHEHAUKYIA-
poB, ecay pedpo TeTpasapa paBHO 2.

Pewenwue. a) Tak xax OP 1 (ABC), To B nnockocru COP 11pogo-
zum KD||OP, D e OC (puc. 47); nonyauau KD | (ABC). Haxozum

=1 = 1 et — 1 fos (2 @) _ /6
KD = 0P = . JCP?-0OC §J2 (gJé] L.

6) Hycre £ — newrp rpaau ABP, torpa CE 1 (ABP), 3gauur,
orpesok KH|CE (rme H € PE) nepuensurynapes (ABP). Anairo-

/6

rigu0 HaxoguMm KH = g -

B) Ecoiu M — merTp rpanu BCP, ro AM | (BCP), sHauuT, orpe-
30K OL|AM (rge L € PA,, A, — cepenuna BC) nepnenguKynsapes

(BCP). Us OA, = %AAI u OL|AM cregyer, aro OL = éAM -

_1.2./6 _2./6
L 3 73 g
" r) Pentenne aHAJIOrHUHO pe-
ABLAYIIEMY.

3.145. ABCDA,B,C.D,
Kyb. Touka E — cepeguna peod-
pa BB,, touka K — cepenuHa
pebpa CC,, Touka M — cepe-
nuna pebpa A,B;. llposenure
HepHeHOUKYJIAPHI: 4} U3 TOUKH
A Ba nnockocrs BB,D; 6) ua
touke B ma (ACB,); B) u3 rou-
xku A, Ba (AB,D,); r) u3 TouKH
B na (A,C,D); n) us rouku E

B Ha (ADD,); e) m3 rouknz K Ha
Puc. 47 (BB,D); =) u3 tTouku M Ha

L2

l
[

LN}
ok & -

f
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Puec. 48

(ABD,). Haiinure aauHY KamX70T0 M3 3TUX NEPIEHJUKYIAAPOB,
ecyid pebpo Kyba paBHO 4.
Pewenue. Ilyers O = AC BD, O, = A,C, n B, D, (puc. 48).

a) AO 1 (BB, D), AO = _AC [

0) Ilpoexmuamu auaroHaIn BD1 Ha naocxocti ABC u BCC,
ABJISIOTCA COOTBETCTBeHHO npaMble BD u BC,, nepueHauKyadap-
Hele cooTBeTcTBeHHO IpAMEIM AC u B, C. Torga npamaa BD, nep-
DeHANKYJASApHA Kaxaod 3 npaverx AC u B,C, a 3gauur, u 1joc-
roctn AB|C, nlepecekas ee B Touke P = BD, M OB,. Tak kak gu-
aronans BD, pemnrca napajieNbHBIMH wjockocramu AB C u
A,C,D Ha Tpu paBHEle YacTH, TO JIMHAa NepleHguKyaapa BP us
_ a3

=
B) Paccysxpasa anaxorndmno cayyaro 6), moayunum: AR | (AB,D,),

Touxu B Ha (AB,C) paBHa % BD,

rae R = A;C 1 AO,, ipwaem A R = 3 CA, = #

r) (4,C,D)(AB,C) u BD, 1 (AB,C) = BD,L1(A,C,D). Yunurs-
Bas, wt0 BD, N (4,C,D) = H = BD, » DO, u BH = 2 BD,, mioxy-

aaem: BH 1 (4,C,D) u BH = zaf.
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m EL 1 (ADD,)u EL = a.

e) KSL(BDD,)u KS= 9_“2-@ , Tne S — cepenuHa guaroHanu BD,.

x) Umeem A;R1(AB,D,)u AR = Ci:g’é (cnyuaii B)). TIposegem

MF| AR, rne F € RB,. Torna MF | (AB,D|)u MF = %AlR = ‘%@.
3.151. B xy6e ABCDA B,C,D, ¢ pe6poM a HallguTe paccTod-
Hue oT neHTpa rpasu CDD, C, no nnockoctn AB,C.
Pewenue. Tlyers M — pentp rpann CDDLC, (puc. 49) n K =
= BD, " (AB,C) (cm. 3.145). IIposogum MH |BD,, H « CK. Torga

MH — HCcKOMBIH IIePICHIUKYJAD; ero AIiHa pPaBHa HOJOBUHE
aauas KD, T, e, 5 -a,A/‘:’» = aJ_

3.153. BOKOB&H CTOPOHA AD tpanenun ABCD neXuT B 1I0C-
KOCTH ¢, 4 PACCTOAHNE OT TOUKHK IIEpeCceUeHisa AHaronaIen Tpaiie-
IHE 10 IIocKoeTH o pasao 12; AB = 3CD. Hafinure paceroaHuA
orT Touek B u C 70 IIOCKOCTH L.

Pewenue. Ilycts O = AC~BD, 0, = AC;nB,D; CC,la,
BB, la(puc. 50). Tak kak OD : OB=0C : OA=CD : AB=1:3,

o BD = 40D, CA = §OA. JT0 o3HauaeT, uto p(B; o) = 4p(0; o) =

:4-12=48Hp(0;(1)=%p(O;(}L)=%'12=16.

3.156. B rtpeyroasuoii nupamuge KABC Ha pedpax KA, KB u
AC B3atel cooTBeTcTBeHHO Touku M (KM : MA = 3:5),
N(EN:NB=7:5)uP (AP: PC = 2: 3). Halisjure oTHOLIEHNE,
B KOTOpOM I1ocKkoeTrh MNP nenut pedpo BC, cuurasa ot Touxku B.

Bl
N
Y N

b
fq




Puc. 51 Puc., 52

Pewenune. IToetpoum Touku L = MN n AB, H = BC LP u ce-
yenre MN HP nansoro rerpaszapa iockoctsio MNP (puc. 51).
Bocmoansyemea Teopemoin Menesaa ana AABK uW npamoin

KN BL AM 7 BL 5 BL _3

MN. : ’ . =1 — e =2 =1, ——=_.

MeeM 55 'TA ME M5 'ra'z” ORI Tr

ITanee, o teopeme Menenaa pana ANAABC u unpawmoit Pl:
AP CH BL 2 CH 3 BH 2
o e = 1 — - - - - = 1 ’ — —
pC HBE IA "™3z'gg 7 YR ge Tz

3.161. Touxa K JeXUT Ha OKPYKHOCTHU pajfuyca 1 ¢ meaTpom
A. Tlpamas BK nepueHIUKYJASpDHA IJIOCKOCTH OKDVKHOCTH U
BK = 1. Touka P nexuaTr Ha oKpyKHOCTH. CocTarnTe (YHKIIHIO,
BEIPAXKAIONIVIO 3ARUCUMOCTE BEJIMUMHEI yIJa MeXIy npavoin BP
M IJIOCKOCTDHIO OKPYKHOCTH OT BeuuuHEsl X yrla PAK (0 < x < 7).

PeweHne. Ilycts ¢ — BeJHUYHHA yria Mexnay npamoil BP u
TUIOCKOCTBIO OKPYRHOCTH (prc. 52). Ecnmu H — cepenmaa Xopnbl

1

5sin0.5x O

KP okpyxuoctu, To KH = 8in 0,5x, anagur, tg ¢ =

1

Kyna ¢ = arctg TN

Fnaea 4. [J10CKOCTU B MPOCTPaHCTBE

§ 13. NapannenbHOCTE NAOCKOCTEN

Haxonlenuplit 1 XOpONIo YCBOSHHBIH yJan[UMUCA MaTepHal o
B3AUMHOM DPACHOJIOMKEHUU MPAMBIX, IPAMOI 1 IIOCKOCTH CIOCO0-
cTryer GoJiee OCO3HAHHOMY HU3YUCHMIO BOIIPOCOB B3AMMHOI'O PAC-
MOJIOXKEHN A IIOCKOCTeH B IIPOCTPaHCTRE,
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Yuammpeca A0JMKHLI TOHMMATEL, UTO KAK NIPH BLIACHEHHH BOII-
poca 0 NapauieJIbHOCTH, IePIeHAUKYJIAPHOCTH, CKPEIIUBAeMOCTH
JBYX MPAMBIX, IapajjleJIbHOCTH H NEePNEeEIHKYIAPHOCTH IIPAMONA
¥ OJAOCKOCTH, TaK ¥ NPH BBIACHEHHM BOTPOCa O TOM, NapaJijeib-
HbBI JIA OBE ILIOCKOCTH, HCHOJL3VIOTCSA NPH3HAKHA WX apaJLlellb-
HOCTH (TeopeMmul 18, 19). Kpome Toro, monesHnIM mpH peNIeHUU
3aJau ABJSAETCA YTBEPKIeHUE: ABE IJIOCKOCTH, IepueHIUuKYyIap-
HbIE OJJHOM 1 TOH e ITPAMOI, TapaljleabHbl.

He meHee Ba)XHBIMU NPH PeIeHAH 33734 ABJISIOTCH TEOPEMBI
20—25, npu BHMMATEJNHHOM aHaNK3€e KOTOPBIX yUaIBecA MOTYT
00HApYHKUTD OIpPEJeNeHHYI aHaJIOTHI0 MeXIY CBOHCTBaAMH IIa-
pPalIesbHBIX TJIOCKOCTEH B ITPOCTPAHCTBE KM CROMCTBAME IapaJi-
JEeJIBHBIX IPAMBIX Ha IUIOCKOCTH. KpoMe Toro, noJje3sHbIM Ipu pe-
HIEHNUN 33J1a4 CTEPEOMETPHH ABIAETCA «IPOCTPAHCTBEHHEIH aHA-
Jor Teopemsl Pasecar.

ABTOpEI B B 3TOM maparpade ITpoJoKAIOT DPHJICPXKHBATLCSA
CBO€U KOHICI WK M3YUaATh CBOMCTBA B3aHMHOI'Q PacIoJIOKeHUA
IIIOCKOCTeH B 3a7a4axX, HCHOJIL3YA MoZeIu U u300paskeHua Kyba,
IPaBUJIGHOIO TeTpasipa, IPU3Mbl, MAPAMUAALI, IapaJielenuile-
Ia, TAK KaK TakHe 3a7auyl 00/1aJai0T KOHCTPYKTHBHOCTBIO H CO-
JePRATEJIBHOCTBIO, & PACCYHACHHA VUALIUXCA IPH UX PEHIeHHH
CTAHOBATCSHA AOCTYITHBIMU B €CTECTBEHHBIMU, UTO, B CBOID OUEDEE,
IIPHEBOANT K COBHATEJIBHOMY KW 30MpeKTHBHOMY (DOPMHUPOBAHKIO ¥
VUEHH KA KOHCTPYKTHBHBIX MNPOCTPAHCTREHHLIX NPEACTABIEHWNA.
OxHAKO HEKOTOPHIE 3aJaUl MOMHO PeIllaTh ¥ 0€3 IOMOINK PUCYH-
ka (manpumep, 4.001, 4.002, 4.008, 4.017).

3azauu, npegiaraemele B rpaduueckoil padore Ne 2, ¢ ogHOI
CTOPOHEI, JOCTATOUHO IPOCTHI, HO, ¢ APYIOl CTOPOHEI, OHH OUEHL
BaXHBI. Paso0paBIINCch B UX pPEHIeHUAX W 0e30MTH00UHO BBINOJI-
HUB HYKHBIN I8 KA A0H B3 HEX PHCYHOK, YUeHHK JIOCTHTAET TO-
o HeO0XOJAUMOIQ YPOBHA I€OMETPHUECKOH KYJIbTYPBI, KOTOPBLIM
TIO3ROJIUT €My B JalLHEHIIEM COIPABHTELCA CO CTEPEOMETPHUUECKH-
MHE 3azadamp 00J1€e BEICOKOH CI0XKHOCTH,

4.016. TIlocTpoiiTe ceuyeHHWEe MTPABUNBHON HIECTHYIOJALHON
TIPH3MEI ILJIOCKOCTELIO, MPOXOAAINEH Uepes CTOPOHY HUIKHETO OCHO-
BAHHA U NPOTHBOJIENKAIIYIO CTOPOHY BEepXHEro ocHoBanuda. Haii-
JHATE IJIOAAL 3TOT0 CEUeHHA, ecJar OOKOBBLIE I'DAHHA TPU3MEI —
KBAJZPATEL CO CTOPOHOH! 4 cM.

PeweHune. Crpoum Ttoukm (puc. 53): R = ABNEF;, T =
= ABNCD; P = RE,nFF; @ = TD, nCC,. IllecTuyroasHElK
ABQD,E,P — ucKOMOe CeueHune,
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// % P

Puc. 53

Tax xax P u @ — cepegunsl pebep FF; u CC,, To miomanis
urectTuyronbiuxa ABQD, E,P pasHa yIBOeHHOH IJIONIaAN Tpaie-

nur ABQP, pmcora AL xoTopo#l paBHa %AEI, roe AE, =

- \/AE2+E1E2 = J(4,f§)2+42 = 8. 3Hauur, SABleglp =

—2.48 - PR.AL = (4 + 8)- 4 = 48 (cm?).

4.018. IIpamana DF nepecekaer napajjesbHble IIOCKOCTH ¢, B
H Y COOTBETCTBEHHO B TouKax ), E u F, ipu arom DF = 3, EF = 9,
IIpsimas EG niepecekaer ILIOCKOCTH O M Y COOTBETCTBEHHO B TOU-
xax G u H, npn srom EG = 12. Haiigure gnuny GH.

PeweHue. Eclu 110CKOCTD ¥ IEXKUT MEXKIY IVIOCKOCTAMM o U
(puc. 54, a), To GH = 3; ec/H IJIOCKOCTL ¢ JICKUT MEXKY ILJI0C-
KocTtAMH 3 u 7 (puc. 54, 6), To GH = 6.

/ \
Aﬂ.\/’ft/ 7 H\,\ !-’F/
A Bty _ g6\ b

Puc. 54
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Puc. 55

4.022. Toyka O — neutp ocuoamusa ABCD mpasmMiabHOI ge-
TeIpexyroabHol nupamuasl PABCD. IloeTpoiiTe ceueHr€E aTOH M-
paMuAsl IJIOCKOCTRIO ¢, IIpoxopAmieii: a) ueped () mapailelnHO
rpanu PAB; 6) uepea cepeguny orpeska OB napaniensHO AUAro-
raai AC ocsEoBarmda u pebpy PD; B) uepea cepenmHy oTpeska PO
apaJesbHO OCHOBAHWIO IUPAMHKALI. B KaIoM ciaydae onpege-
nuTe BUR (DUIYPLI-CEUEHUA W HalifiuTe ee ILonianb, ecau BC =
=12, PB =10.

Pewenue. a) Tak xax of(ABP), To npamere MK = o (ABC),
MH = an(APD), KL = a mn (CPB) napannejasHBI COOTBETCTBEHHO
AB, AP, BP, upu srom HL|MK (puc. 55). Yuurseas, uro PABCD —
npasuanHaa nupamuza, K u M — cepeaunsr BC u AD, npuxo-
UM K BrIpony: MHLK — parHOOegpeHHas Tpalleud, ¥ KOTOPOI

MK = 2HL, a Boicotra 0OQ = -21-PF = 4 (PF = JAPZ - AF? =

~ /100 - 36 = 8). BuaunT, Sy x = 2ot -0Q = 224 =36,

6) IIposenem NR|PD, N — cepenuna OB. Tak kak oAC, To
npamag FK = o (ABC) mapannenssa AC, srauur, FK 1 OB.
B ceuenun noayuaercsa parHoOeapernHblii A FKER ¢ ocHOBaHHEM

KFﬂ%AC=%-12J§=6J§ HBLICOTDI"INR=§DP= é-m:z,s.

Torma Sy s = 5 KF*NR= 364225 = %@
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B) Ceuenuvem OUPAMHALRL A
IJIOCKOCTBIO, HPOXOIZAINEH de-
pes cepejliHy ee BHICOTH M I1a-
paaIeJbHOH ee OCHOB&HHIO, AB-
JIAETCHA KBAJZPAT, ILIOMAAEL KO-
TOPOTr0 B UETHLIpE pasa MeHbIIe
IIOTAAA OCHOBAHUHA NHUPaMM-
ael, T. €. pagHa 36.

4.028. B npasuabHOH Tpe-
yroanHolt upusme ABCA,BC,
Bce pedOpa papHbI ¢. Touxka M
Je;KUT Ha pebpe AB, npuuem
AM : MB = 3:1, touka N —
cepegura B,C,. a) Yepes Touky
M npoResuTe ceueHHe mapaiaiaelbHO II0OCKoCTH A, BC. 0) Haiign-
Te nepuMerTp ceueHus. B) Haligute nnomans ceueHudA. r) B ka-
KOM OTHOIIIEHUH IJIOCKOCTh CEeUeHUA JEJIUT OTPe3ok AN, cuurad
or A?

Pewexue. a) IlycTs cexkyIiasa naocKoCTh o napaiennHa (4, BC)
u nepecexaerT pebpa AC u A A B Toukax coorBercTBeHHO D u
K, torna MK||A;B, DK|A,C (puc. 56). Takum obpasom, B ceue-
HHU IIPpU3MBlI IIOJVUYaeTCA PaBHOOeIpeHHEBIN TpeyroanHuxk MDK
(MK = DK).

0) U3 ycenoeua AM : MB = 3:1 caepyer, uto MK = DK =

= gAlB, MD = gBC. Torza pnf iepEMeTpa TpeyrOALHEKAE
MDK umeem:

Pappr = 2(2“113 + BC) = g(z'aﬁ +a)= g(Zﬁ + 1)a.

W) MDLAH = MDLKH = Spypx = zMD-HK =

_1.83,-.3 _ 9 _aJ7 _ 9a2J7 _ 5 5 _
3 2BC-3AL= a4 - (r,z[eAlL JAAZ ¥ AL

2
- o () -4

2
r) O6osnauum E = ANN(MDK) =ANNKH; F = ANnA(L.

Torga AF = %AN, AE = gA_F. Buauur, AE = gAN, OTKYZIA
AE: EN=3:5,
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§ 14. [IByrpaHHble yribl.
Yron mMexay ABYMS MNOCKOCTAMI

3agaun faHHOro naparpacda HOCAT NPoleeBTHUEeCKHII XapaKTep
K PEIIEHHUIO COJAEePYKATeNbHBIX 3a/ad crepeoMerpud B 11 Kiacce.
B aT0#i ¢BA3K VUAIIHMCA HeoOX0ZHUMO « IPHBLIKHYTH BHJIETH» JARY-
I'PaHHEIE YTIILI, 00pAa30BAHHEBIE PA3JIMYHBIMH ILJIOCKOCTAMHM, HAXO-
IUTh, HU300paXaTs M BBEIUHCAATE HUX JHHeHHBIe YIUIRI Hambolee
TTPOCTEIM CITOCOOOM. /

st HAXOMXAEHUS yria ¢ MeXAy ABYMS IepeceKaloniMUCs
IJIOCKOCTAMH ¢, M § yZo0HO HCNOJIL30BaTh CAenyIOM Ui (hakT: ecId
IIJIOCKOCTH O U 3 MepeceKaloTed Mo NpAMOH ¢, a HEKOTOPaA TOUKa
M nsockoerd o yaaJieHa OT ILIOCKOCTH P Ha pacCToAHUE A U OT

- . it
MNIPpAMOH ¢ — HAa PACCTOAHHUE M, TO SINE = b

3aMeTUM, 4YTO NpPHU PeIleEvH OTAeJLHLIX BOIPOCOB 3ajadu
4.055 xenaTellbHO K KAXXJOMY U3 HHX BEINOJHEHUTE CIelLUAJBHBINA
PUCYHOK.

4.039. Toukum A u B nexxaT Ha pasHLIX I'PaHAX JBYIPAEHOIO
yria, BeJJHUHHA Koroporo pasHa 60°. Touku A, u B, — npoexknuu
rouek A n B Ha pefpo gryrpanHoro yriaa. AA, = A;B, = BB, = 2.
Haiigure gnunry orpeska AB.

PeweHune. Ilycrs D — Takas Touka rpaHu A, BB, 4T0 4eThIpex-
yroaeauk A, B,BD — xBagpat (puc. 57). Torga A AA, D — pas-
HOCTOPOHHHH CO CTOPOHOH 2.

Tax xkaxk AA, LA,B, n A\ DI1AB,, to A;B, 1(AA,D). 3uaunr,

BD | (AA,D), noeromy AHABD - npAMOYrojbHBIA, B KOTOPOM
AB = JBD? + AD? = /22 + 22 =2 /2,

A
Ay B,
60° \
D B
Puc. 57 Puec. 58
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4.047. [oxaxure, 4TO BCE ABYIPAHHBIE YIJIEI HPABUJILHOIO
TeTpasgpa papanl. HalinuTe HX BeJHUNHY.

Pewenue. Ilycrs PABC — npaBHJABHBIN TeTpaszp {(puc. 58).
Tak kak PA= PB=PC, 1m0 0A=0B=0C, rge POL(ABC)u 0O —
neHTtp npasmwanHoro A ABC, B xoropom CO1 AB, AO1BC,
BO 1 AC, Ecan upu atom COnAB=K,AONBC = M, BO N AC =
= L, 10 OK = OM = OL.

Tak ragk PK = PM = PLu PK1 AB, PM | BC, PL1 AC, To pas-
B! yrasl OKP, OMP u OLP, apagolnuecs JUHSHHLIMHE YIamMu
JBYIDAHEHBIX yrJIOB npH pebpax coorBercrreHHo AB, BC u AC.
AHQJIOTHYHO JOKA3BIBAETCA DABEHCTBO ABYIPAHHBIX YIJIOB IIPH
apyrux pebpax mpaBUAbBHOTO TETPA3APAa.

O6ozaauum ¢ = LOKP = LZOMP = L QOLP. Eciu pebpo TeTpa-

appa PABC paBHO @, T0 PK = af, OK = aT?/ﬁ_ Toraa cos ¢ = %Ig =
a3

1 1
= =y OTEYOA (0 = arCecos = .

FJ|G
|

4.055. Jlas xky6 ABCDA,B,C,D,, touka M — cepezuna pebpa
C,D,. 3anosrure Tabaumny:

BzanmHoe pacnonoxe- Yron Mexny
MnockocTu HME NNOCKOCTEH NAOCKOCTAMMA
1 | A,BAuD,CD
2 | A,B,C;u DD,C

3 | ABDuB,D,C

4 | BJAC nADC

5 | A\ BDuC,DB

8 | A,BD uCC,A

7 | AB,C, n ADC

8 | A\ MA n B,C,C

9 | A,MA u BB,D

10 | MA,D uCA,D
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PeweHune. 5) Ilycts pebpo Kyba paBHO a. Ilmocxkoctn A BD u
C,DB nepecekaroTcd o npamoit BD, o6pasya ABYIDAHEBIR VIO
A,(BD)C,, mHeitEBIM yrioM Kortoporo sapiaserca £A,0C, = ¢

(puc. 59). B npamoyroxsaom 4O C,00,, e £ 0,0C, = ?, maxo-

2
a2
. _ 0, T2 2 P _ J2 _
AUM: tg§ 0.0 ~— 5 — 5 arctg7. Torpa ¢
=2acrtg%§.

8) IlxockocTy A;MA 1 B,C,C nepeceraroTed Mo NpAMOM, Ta-
paxrersuoit AA,. Tarx xax (BCC,)|(ADD;) (cm. pume. 59), To
Z((A;MA), (B,C,C)) = £L((A;MA), (ADD,)) = o. JIuneltHLIM yriIoM
asyrpassoro yriaa D (AJA)M cayxur L MAD,. B npaMoyroJis-

a
MD, 2 _1 _ 1
AD, & 32 :ba—arctgﬁ.

9) Ilnockoctn A;MA n BB,D nepecerkaroTca 1o npamoun PP
(cm. puc. 59) m obpasyroT aAByrpaHHBIM yrox K(P,P)D, munen-
HBIM YIJIOM KOTOPOTO ciayXuT ~ KPD = . B tpeyronruuke KPD
HaxoauMm: LAKD = arctg 2, £/ PDK = 45°, rorga £ KPD = 135° —

— arctg 2.

HOM & MA, D, paxoqum: tgo =
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10) TI;mockoern MA,D n CA, D nepecekanoTea no npamoit A, D,
obpasys aByrpasHsril yroax M(A,D)C. Ecim FE — cpeaHaa JMHNA
AACD, to MF — mepuana paBHobGenpernoro &N MA,D — mnep-
neagukynspaa A, D. Kpome roro, FE{|CD, saaunt, FE L A, D, no-
sroMy < MFE — nmuHeliHRId yrox AByrpanHoro yraa M(A,D)C =y.
Touka E saBaserca nmeHETpoM Kyba, JexuT B Iuockoctax O,O0M
nA,B,CD, npuuem ME 1(A,CD). Torza B NOpAMOYrOJIbHOM

a2
N FEM naxopum tgy = % = % = /2, orkyna Y o= arctg /2 .
2

§ 15. lNepneHaANKYNRPHOCTL MNOCKOCTEN

Martepnan ¢ NepIeHgUKVIAPHOCTH IIJOCKOCTEH ABJAETCHA 3a-
BEpINAKIIINM B H3JI0KEHNH PA3HEJI0B CTEPEOMEeTPHHN, TOCBAINCH-
HBEIX BOIIPOCAM B3AMMHOIO PACTIOIOKEHUA NPAMBIX H INJICCKOCTEH
B IpoctpaHcTBe. [locie M3yUeHHA 3TOr0 MATEpPHANA YUAIHNECH
JOJIKHBI YMETh PeIIaTh 3aJauyl HE TOJIbKO Ha ONPeIeICHUE B3a M-
HOTO PACTIOJIOEHUSA IIPAMEBIX ¥ [IJIOCKOCTE, HO 11 HA HaXOXJeHHe
YTJOB M PACCTOAHMI MEKAY HUMH, a TAKMKe UHCJICHHBIX XapaKTe-
PHCTHE (AJIMH, IIePUMETPOR, MJoUIajeil U T. .) pasJHUHBEIX Teo-
MeTpuuYecKux QGuryp.

Bce pazzgensr 3agaun 4.067, kpoMe ), HOJNE3HO PEINNTH ¢ IIO-
MOIIBIC efuHOro pucyHka. CoueTanue 3ajfay Ha AOKA3aTelLCTRO,
nocrpoeane 1 uccxenopaune (4.056—4.062, 4.066, 4.069, 4.072,
4.074) ¢ 3azagyaMil BLIYMCIMTEILHOIO XapaKTepa Ha HAXOMXKAeHHe
paccroaauil (4.063—4.065), mepuMeTpoB M IJIOLIAAELH cedyeHHH
MHOTOTPaHHUKOB (4.070—4.071), yrnoB wmemxay NOpAMBIMH H
mrocKoceTAMH (4.067—4.068, 4.073) cBujerTenseTBYET 0 60JBIITOM
MHOTOODPA3HMH BOIIPOCOB CTEPEOMETPMM, KOTOPLIE MOXKHO PEIlIaTh
TIocje N3YUEHNA NPOMISHHOTO MATEPHAJIA,

4.063. IImockocTnn o B B B3AMMHO HNEpPHeHAMKYIAPHBL. [Ipsa-
MadA p IepeceKaeT « ¥ 3 B TOUKax cooTBeTcTBeHHO A 11 B, o6pasys
IIPKA ATOM C KaXJAOH M3 IUIOCKOcTed yrabl, paBHbIe ¢. Haliaure
JUIHHEY OTpe3Ka, KOHIAaMil KOTOPOTO ABIAITCA MPOEKIIN TOUSK A
B B Ha JHHUIO Iepeceue s JaHHbIX IIJIOCKOCTeH, ecJil AJIHHA OT-
peska AB paBHa a.

PeweHue. Oboszsaunm ¢ = an P, A; n1 B, — oproroHajbHbIe

IIpOeKOUH COOTBETCTBEHHO TOUeK A m B Ha npamyie a. Tak Kax
AA la,Aea,alf, a=anf, ToAA, ca(purc. 60). AHaroruvHO
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BB,la, Bef, alfl, a=anp = BB, <p. Torga B npaAMOyToIb-
HBIX TpeyronbHUKax ABB,, AA;B n AA B, noxy4aeM cOOTBeT-
cTBeHHO AB; = AB-cos¢p = a-cosp, A /A =AB-singp = a-sing,

AB, = JAB? — AA? = aJcos? ¢ — sinZ ¢ =a.jcos 2¢.

4.064. Kounzr A u B oTpeska AB, giWHa KOTOPOrO paBHA

IOﬁ CM, TIPUHAAJNEXKAT TEePHeHAUKYIAPHLRIM MJOCKOCTAM COOT-
BeTCTBEHHO O ¥ . YTJIbI MeXXAY NpAMOH AB U NJIOCKOCTAMHU o H 3
paBHBI cooTBeTcTBeHHO 30° m 45°, Haiigure: a) paccTOAHHS OT
KOHIOB OTpe3xka AB no JIMHHH HIepeceueHNs IJIOCKocTed o 1 f3;
6) AUHEBI NPOKIUI OTpeska AB Ha IJI0CKOCTH o 1 .

PeweHue. Obosraunm ¢ = an P, A; u B; — OpPTOroHAJEBHBIE
IIPOEKIINM COOTBETCTBEHHO ToUeK A M B Ha IJIOCKOCTH COOTBeT-
crBeHHO f u &, Taxk kak AA; LB, Aea,alB,a=an P, T0A4; Ca
u AA, La (puc. 61). AmanornuHo jokaseiBaercs, 4To BB,
u BB; | a.

a) HenonksyAa NpAMOyrosbHEBIE TpeyronbHUKU ABB, n AA,B,

HAXOAMM COOTBETCTBEHHO paccTodaHud: p(B; a) = |[BB,| = %AB =

% +10./2 =5./2 (cM) n p(4; @) =|44,| = AB-sin45° = 10./2 - g =

=10 (cm).
6) IIpoeknusamMu oTpeska AB Ha MIOCCKOCTH O U 3 ABIAIOTCA OT-
pe3ku AB; u A;B, AIUHBI KOTOPHIX PaBHLL |AB,| = AB+cos30° =

=10./2- g = 5./6 (cm); | A, B| = AB+cos 45°=10./2- gz 10 (cm).

Puc. 60 Puc. 61
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4.067. ABCD — pom0 ¢ yraaom 60°. [IpamMaa MA nepneBEAnKY-
JAPHA ILJIOCKOCTH poMba, npuueM AB = AM = q. Haigure yroxa
MeXOy iLrockoctamu: a) AMB u ABC; 6) AMB n AMD; 8) MDC
1 ABC; r) MAD u MBC; ) MDC u BCM,

PetleHuKe.

a) AM | (ABC) = (AMB) L (ABC) = Z{(AM B), (ABC)) = 90°.

6) AM L (ABC) = / BAD — J1HeWHBIN YIOJ ABYTPAHHOIO yIJIA
B(AM)D. Tlostomy, ecoim B pombe ABCD /BAD = 60° To
Z((AMB), (AMD)) = 60°; ecmu ~BAD = 120°, To Toraa
Z{(AM B), (AMD)) = 120° (puc. 62).

B) [Inockocta MDC u ABC 06pa3yOT ABYTPAHHKIN YTOX ¢ peb-
pom DC. llycts N — cepeguna DC, BT = AM n BT|AM, ror-
ga /BNT = o — JguHeHHBIA yroJx AByrpaHHoTOo yraa B(CD)T

BT _ a _2.J3 _ 2./3
BN a7 3 = & arcth.
2

(cm. puc. 62). Haxoaum tg o =

r) U3 AD||BC cirenyer, uro npamaa ML, mo xoropoii mepece-
KawTcA miaockoctn MAD wn MBC, napaniennHa cTopoHe AD
(eM., puc. 62), 1. e. naockocTy MAD n MBC o0paayooT ABYTPaH-
HH# yrox A(ML)B.
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Tak Kak BD = DL = AB = a, To BM = BL = a./2. Buaunr,
AN MBL — paBHobGegperssiii. Ecau P u H — cepenuant ML u AD,

t0o £ BPH = [} — nuHelHLIH yroJx AByrpanHoro yrixa A(ML)B.
s AM|PH, AM { (ABC) cneayer, utro A BHP — npsmMo-

YTOABHBIN, B KoTOpoM BH = aﬁ, PH = qa.Torpatgp = J_E’ OTKY-

2 2
J3
5 -

m) Ilnockoen MBC n MDC of6pasyoT ABYTPAHHBIM YTOJX
B(MC)D c pebpom MC (puc. 63, a, 6). Tak Kak guarcsaian pomda
ABCD BanMHO IepPIEeHJHKYJIAPHH W ACIATCH TOUKOH mepeceue-
HuA Honoaam, kpome toro, (AMC) L (ABC), To mmockocts AMC
geauT aByrpauHbi yrox B(MC)D nmonoxam,

IMyers ORLMC, Torpa na CM LBD, CM1OR mnoxyuaeMm
CM L (BRD) = Z BRD = ¢ — nuHeHHBIN yroa ABYTPAHHOTO YIi4
B(MC)D. HaiiaeM yrox ¢.

Ecan ~ BAD = 60° (cM. puc. 63, a), o BD = a, AC = a /3. Tax
Kak B IpAMoyroabHoM ANACM MC = JAM? + AC? = 2¢ = 2AM,

Aa P = arctg

to L ACM = 30°, 3uaunr, OR = % OC = fTﬁ. Torsxa B IpAMOYTOJib-

oM A ORD, B Koropom ZORD = %, maxoguM RD = JOR? + OD?% =

a

83 , 1, . p _ OD 2 2.7
= —_ + - = , ¥ = —_— —_— , =
5% T 19 1 Sing RD - IT —» OTKYA2 ¢
4
=2arcsing¥z.

Puc. 63
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Ecsu £ BAD = 120° (cM. puc. 63, 6), To BD = a./3, AC = a. BHa-
unt, A ACM — paBHOGEAPEHHBIH IPAMOYTOXbHBIN (L ACM = 45°),

oC = g oD = @ Toraa OR = “@, RD = JOR? + OD? =

4
aﬁ
1 ,,.3 , _ af14 ¢ _ OD _ J_z
—_— - +_ s =4 = R =
8a 4a —i 51112 7D —7= OTKYAA
4
=2arcsin-J—:4£.

4.068. Ilnocroctn ABC n ABD
oOpazyior yrox B 45°. MaBectHO,

yro AD = 3, AB = 5, BC = .J2;
DA 1 AB, CB1 AB. Haitgure: a) CD;
6) yros Mmexay npsamoi CD u imiroc-

KocTeio ABC.
PeweHue. a) lIyers DK | (ABC),

45°

K € (ABC) (puc. 64). Torza B npa- Prc. 64
moyroabaoM A CDK gaxogum CD =
= .JCK? + KDz,
Tax xak AD1 AB, to AK | AB u B paBHOOEAPEHHOM TIPAMO-
3J§

yroasHoM A ADK nmeem DK = . Bcxn L — Tarkada Touka oOT-

peska AK, uro AL =BC, 0B HpHMoyI'OJILHOM A CLK naxonum CL =
=AB=5,LK=AK-AL=§.2@ - J2 = g.TomaCK =

= JCL? + LK? = {25+%=E.3Haqnq‘, CD = .,JCK? + DK? =
- B9 - .

2
6) B npamoyro.nbﬂom rpeyroasunke CDK maxomuMm £ KCD = o:
3
DK _ .2 _ 15 /15

sing =

, OTKyAa ¢ = arcsin®_= .

CD J3n 10 10

4.071. B rpeyronsuoil nupamuge MABC 6okoBsle rpaan MAC
1 M BC B3aMMHO IEPICHANKVJIAPHbLI 11 II€PIEHIUKYIAPHbl OCHOBA-
HUI0 IEAPAMI/IB, KOTOPLIM CJYKUT paBHOOEA PEeHHBIN TPEYT OJbHHK
ACB. Yepes Bepiunny C IpoBejeHa IUIOCKOCTh O, IIEPIeHINKYIAP-
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HafA ILIocKocTH rpaan MAB. Haii-
AHTE IepuMeTp H ILIOLLAAL (pUTy-
pbl, TONYUYMBIIIEHCcA NpPH IIepece-
YEHMH TMPAMHALI ¥ IIOCKOCTH O,
eciu MC =10 cm, AB = 20 cmM.
PeweHue. [Iyers Touka D — ce-
peanHA TUIOTeHY3k AB paBHOobe-
peHHOTO npaAMoyroanEore NAABC
(puc. 63) c runoTeny3oii AB = 20.
Torga CD = AD = 10, npu aToMm

AC = BC=10./2 u A MAB sBns-
€TcA PaBHODEAPEHHBIM C BBICOTOM

MD=10,2.

Tax xax AB 1L (CDM), to (AMB) 1 (CMD), 3uaunuT, nepiIeH -
kynsap CH x (AMB) nexur B mrockoetn CMD, He MD, a na
CH 1 MD caenyet, uto H — cepeanna MD (AN MCD — paBHoGe-
PEHHBIN NPAMOYTOJIBHEIN). ITO 03HAUYAET, YTO MCKOMOE CeueHMIe
JAHHOUM IIWPaMUAbLI ILJIOCKOCTBIO Of IPEJCTABAAET coDOl paBHOOET-
peHEiil TpeyronsEnK CKP ¢ oceoBanmeMm PK (PK|AB u PK =

= 0,548 = 10) u ricoroit CH = 0,5MD = 5./2, Ilostomy S, pgxp =
= %PK“ CH = 25./2 (cM?).
B npamoyronseoM A CPH maxomgum CP = JCH? + PH?2 =

= J(5J§)2 + 52 = 5./3. Torga nepumerp Tpeyronsuuka CPK pa-
BeH PK + 2CP =10 + 2:5./3=10+(/3 + 1) (cm).

Puc. 65

§ 16. O6wwmin nepnenankynsap
OBYX CKPEeLUMBaoLWMXCH ApaMbiX

Bonipoc 06 ofleM nepiieHAUKYJIApPE ABYX CKPEO[BAKOIIMXCS
IPAMBIX H O PACCTOAHMM MEXXAY HHUMH OTHOCHTCH K OXHOMY W3
HanboJee CJIOKHBIX B M3YYEHHH BIANMHOIC PACIIOJOMKEHHUSA NIpHA-
MBIX M ILIOCKOCTEH B IIPOCTPAHCTBE. A TaK KaK C HaXOMXJeHH-
€M PACCTOSIHHSA MEXY ABYMS CKPEI{MBAIOIMMHNCAH TTPAMBIMH CBA-
34HO pellleHHe MHOTHX 3aJa4 HA HAXO0KACHHEe HAMOONBIIErO 1 Ha-
MMEHBIIIeTO 3HAUYEHNH IIIOMiaeil ¥ 00HEMOB TeoMeTpuYecKuXx du-
I'YP, TO 3TOT BOIIPOC 34CHAYKHBAeT NOAPOOHOTrC M3N0KeHNA yInTe-
JeM,

YuammuMca caefyeT HOACHUTE, UTO AJIA HAXO0MKJEHNA PacCTOA-
HUA MeXAY ABYMSA CKPEIMBAOIMMHECA IIPAMBIME BOBCE He 00A-

76



3aTEJLHC CTPOHMTL MX OOM[MH NEPIEHIHKYIAP (4TO YACTO HE TaAK
IIPOCTO CAEJATH), 4 MOMKHO IIOCTYIINTL HHAUE.

Ecim a m & — paHHEIE CKpEeIMBAKINUecH IpAMEIE, TO GRIBaeT
JIOCTATOYHO IIPAMEHHATE OAHNH U3 TPEX CIEAYVIOMIHX METO/OB.

a) IlpoBectn (MK «YBHAETh» ViKe IIOCTPOEHHBLIE) Uepe3 IIps-
MbIe @ B b mapannensHbIe 1OoCKoCcTH. Torja paccTosHme OT JIO-
O0H TOYKH OZHOM H3 3THX IIJIOCKOCTEHN JO APYIOH INJIOCKOCTH PaB-
HO PACCTOAHHUIO MeXKIAY a U b.

0) IlpoBecTu (MM «YBHAETHL» ViKe NPOBEAEHHYIO), HATIPHMED,
yepes NpAMYI0 d TIJIOCKOCTL O, mapajmenanHyio npaMmoi b. Torpa
paccToOAHNE OT JIIOO0H TOUKH NPAMOH b 1O IJIOCKOCTH (L PABHO pac-
CTOSHHIO MeXAY @ 11 b.

B) IlpoBecTd IIOCKOCTL «, HNEPHEHAUKYIAAPHYIO IPAMOH a H
IIEPECEKAIOIIVIO €e B HEKOTOPOH TOUKe A; 3aTeM IOCTPOUTEH IIpH-
My b, — OpPTOTOH&JLHYIO IIPOEKHMIO NPAMOH b Ha 3Ty ILJIOC-
rocTe. Torga paccrosHMe OT TOUKM A Ao IpaMol b, paBHO pac-
CTOAHHIO MeXAY a 1 b.

Jla yeielHOro pelleHns 3aJa4, B KOTOPEIX TpebyeTcs HAHTH
PACCTOAHNE MEXAY ABYMSA CKPeIINBAIOMIMMHCA NPAMBIMME, yYa-
IIHecA JOJMKHLI VMETE IIPMMEHATE BCe IepeurcleHHEIe TP MeTo-
za. llesecoobpa3Ho NpeAoKUTE VUAILIAMCA pelllaTh OJHY U TY Ke
3aauy pasJudHEIMI METOJaMHu,

ITpnMeHEeHHe 3THX METOAOB TOKA&34HO B IIPHMBEJEHHLIX HHKE
pellleHHAX 3a7a4 faHHOTo naparpada 1 3ajad K 9TOH IJiaBe.

4.077. Ilxockoctn kBajgpata ABEF 1 pom6a ABCD nepuengy-
Kyxapae; CD = 6, /C = 60°. HaiiaguTe paccTodaune Mexay IpH-
MmeiMu: a) EF n CD; 6) AF u BC.

Pewenwne. a) Ilycrn P — cepeguma CD npasnanuOre A BCD
(puc. 66). Torna BPLCD = EP1CD. Tak xax EF|CD, To
EP | EF, gaauut, EP — 0o0GIIHH NeplleHAUKYJIAD NapajjefIbHbIX
npAaMeix EF n CD, nosromy p(EF; CD) = PE. Haxogum: BP =

=%=3J§;PE=JBE2+BP2= E

2 W

— J62 + (3./3)% = 3.7.

6) llyct, BK — menmnaHa 1pa-
suasHOTO AABD (cM. puc. 66).
Toraa BK 1 AD. A Tak xak

AF { (ABC), o BK | AF, cnrepo- B o
patennuo, BK | (ADF). Ilomyua-

em: BC|(AFD), AF c(AFD) = | P

= p(BC; AF) = p(BC: (AFD)) = A I3 i

= p(B; (AFD))= BK = 3./3. Puc. 66
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4.079. Ha nByx ckpemuBammuxcsa npameix AB n CK Brifpa-
HBL TOUKn A 1 C Tak, uro yrox BAC pasen yray ACK u pasen 90°;
AB = KC = 6. Haitaure BK, eciin pacecTosHAE MEXAY NPAMBIMHA
AB n CK pasuo 3 n AB nepnengukynspaa CK.

PeweHue. 13 yeaoBua 3agaun ciaepyert, 4o AC — obmuit mep-
MTeHANKYAAD CKpermuBaonmxcd npaMeix AB n CK (puc. 67), . e.
p{AB; CK) =AC = 3.

[Iposeaem CH|AB. Toraa AC1(CKH). Ecnu CH = AB, To
BH L(CKH)u BH = AC = 3. B paBHOOeIJPDEHHOM TTPSIMOYIOJbHOM

A CKH naxonum KH = 6.2, a B npaMmoyroasHoM A BKH —
BK = JBH? + KH? = ./3% + (6./2)* = 9.

4.080. ¥Yrox MeRAY ABYMSA CKPEIIABAICIIMMUCS NPAMBIME AB
11 CK paseH 60°, a paccToaane Mexay HuMu pasHO 3, Tourm A n C
BeIOpaHEL TaK, 4To yroi BAC pasen yray ACK u pasen 90°; AB — 4;
KC = 2. Haianure BK.

Pewenue. s ycnosua zagaum caeayer, uro AC — oBmuii nep-
NEeHAUKYIAD cKpenruBaomuica npaMeix AB u CK (pue. 68), T. e.
p(AB; CK) = AC = 3.

[Mposenem CH|AB. Torga ACL(CKH). Ecrm CH = AB, To
BH 1 (CKH)n BH = AC = 3.

Ecmu ~ KCH = 60° 10 8 A CKH umeem KHZ = CH? + CK? —
~ 2CH+-CK+cos60°=16 +4-2+4:2:0,5 = 12; B OpaAMOyTOJb-

HoM A BKH unaxopum BK = JBH2 + KH?2 = /o + 12 = .J/21.
Ecnu 2 K,CH =120°, to B A CK,H nmeem K, H? = CH? + K,C? -
—2CH+K,C-cos120°=16+4+2+4+2+0,5 = 28; B npaAMOYTOJb-

Hom A BK,H naxoaum BK, = /BH? + K, H? =./9 + 28 = ./37.

B

Puc. 67 Puc. 68
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4.084. 13 Touek A 1 B HA ILIOCKOCTH ¢ ONVILEHb] IePIeHIN-
Kynapel AA, u BB, n Hak1oHEEIe AP 1 BT, nepuneHIAKyISPHbIE K
npamoit A,B,. Haitanre paccrosune Mexay npameimu AP u BT,
ecim A, P = 0,5, B,T = 3,5,a PT = 5.

PelleHne, Bo3MOKHEL ABa cJaydad.

Caryuait 1. Ilpoexnnu AP u BT pacnosioeHbl B OJHOM 110-
JIYILTOCKOCTH ILTOCKOCTH Ol OTHOCHTENbHO paAMoii A, B, (puc. 69, a).
Tak kar A,P||B,T u AA,|BB,, To cKpemiuBamiuecs upsmoie AP
u BT sexaT B IapajileJIbHBIX IIJIOCKOCTAX COOTBETCTBeHHO AA P
u BB;T. 910 o3mavaer, 4T0 paccroaane mexay AP u BT paBHO
PACCTOAHNIO MeK Ay IiockocTaMu AA,P n BB, T, T. e. paBHO Jyn-
He oTpeska A, B,.

Hatinem amany A,B,, AnA dero npoBesieM oTpe3ok PK, paBHEIH

1 napasieababii A, B(K € B, T). Toraa B npamoyroaseEoMm A TPK:

TK = B,T - B,K =3,5-0,5=38, PK = J/PT? — TK? = 4. Tax Kak

PK = A,B,, To pacctoaure Mex a1y TpaMeiMu AP n BT pasno 4.
Cryuait 2. llpoexknuu A, P u B, T paciiosoxeHb! B pa3HbIX 110-

JIYILIOCKOCTAX IIJIOCKOCTH ¢ OTHOCHTEJIBHO IIpaMoi A, B, (puc. 69, 0);

AP AH
- _ PH _ 44 —IOT}cy;{aHT=

A B;PT = H. Toraa BT _HT BH 7
= T7PH, B{H = TAH. YunTteBad, uro PT = PH +~ TH = 8PH =35,

nonyuyaem: PH = g, TH = %{’ B npaMOyronbHOM TPEYTOJbBHHKE

A HP nonyuaem: A,H = ,/[PH? - A, P2 = J[é)g — (1)2 = g, TOT A

3 2

B B

Puc. 69
79



B.H = TAH = 22 3uawur, A,B, = 2+ g — 3. TaxuM 06pason,

B BTOM CJy4ae PacCTOAHUE MEXAY IPAMEIMU.AP 1 BT pasHo 3.

4.087. llan xy6 ABCDA,B,C,D, c peGpom a. K — cepeauna
pebpa B,C,. 3anoaaure rabaumy:

Ne Mpambie PaccTofHKMEe MexXay NpamMbiMy
1 | A4, DC
2 | BB, DCy
3 | DC AK
4 | DD, AK
5 | B;D AC
6 | AK BC
7| B,C C.D
8 | AK BD
9 | DK AC,

Pewenve. 1) Pebpo AD saBnsaeTcsa oOGIMIUM MePHeHAUKYIADPOM
npsamerx AA, u CD, noaromy p{AA,; CD) = AD = a (puc. 70).

2) BB,|[(C,CD), DC,c(C,CD); p(B; (C,CD)) = BC = a =
= p(BB,; DC) = BC = a (cm. puc. 70).

3) Cxpemusalompecs npameie CD 1 A K nexar B napajnelb-
HEIX ImockocTsXx ABC u A B,C,, paccToaHNe MexIY KOTOPBIMU
paBHO a, noatomy p(4,K; CD) = AA, = a (cm. puc. 70).

4) IIposesem depesd npamyo A, K nnockocts AA, K (cM. puc. 70),
Koropas napanenoHa DD,. Torga paccroanue p(DD,; A K) =

= p(DD,; (AA,K)) = p(D; (AA,K)). Eciun (AA,K)nBC = F (F —
cepeauaa BC)yu P — cepepwna AB, to DP 1 (AFK)n DL = EDP.

5
Tak xax DP = JAP?2 + AD? = /‘ijl_z +a? = E‘_g to DL = % . @ =
= z.:;;/%_ JTo o3HadaerT, uTo p(DD; A K) = 2‘15“/5 .

59) C moMoiIBEI0 TeopeMbI 0 TPeX MePHeHAUKYJIApax AoKasbl-
Baerca, uro B,D1(ACD,) (cm. puc. 70), smaumr, B;D 10D,

(O = ACn BD), npu atom M = B,D n(ACD,) = B{,D nOD,. Tax
KaK B NpaBHJBHOM TpeyronbHuKe ACD, cnpaseganso OD; L AC,
TOo oTpe3ok OM — oA NepHneHAUKYAAD CKPEIXUBAIOIIHNXCS
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upamvex B;D u AC. Yuureeasa, yro OM = %OD1 = % . Aczﬁ =
= % . aﬁé- NER af, NPUXOAMM K BEIBOAY: p(AC; B,D) = 3_6@,

6) IIpamaa AK nexur B naockoctu AB;C,, xoropaa na-
paniensra npamoit BC (cm. puc. 70). Hostomy p(BC; AK) =

- p(BC; (AB,C) = p(B; (AB,Cy) = BQ = L B4, = &2,

7) CrpemuBaonuecs npavuie B,C u C,D nexar B napaieib-
HBIX TJIOCKOCTAX cooTBeTCTBeHHOAB,Cu A,C, D (c™. puc. 70), no-
3TOMY paccroanue Mexay npavmeimu B,C u C;D pasHO paccrosd-
HUIO MEXJY 9TMMH TtockoctamMu. Eenmm BD, n(A,CyD) = E,

BD;N(ABC) = R, to RE = .BD, = ?_3@ Iokasas, |TO
npamas BD, 1(A,C,D), npuxogum kK BBIBOAy: p(B,C; C;D) =

~ p((AB,C); (4,C,D)) = RE = %2,
8) IIpsimass AP — opToroHaibHas npoeKnusa npamoil AK Ha

miockocte ACC,;, KoTopas neprneHAMKyaapHa upsamoli BD, npu
atom BD N (ACC,) = O = ACn BD (puc. 71). 3To o3Ha4YaerT, uTO
p(BD; AK) = p(O; AP),
Hycte OH 1 AP, H € AP. Torpa p(BD; AK) = OH. Hafizem OH,
Tax xaxk OH 1 AP, to OH|EM, rtne EM — BnlcoTa mpaMoO-
yroasnoro A APE (KP||B,D,, PE|CC,, E € AC). YuuTriBas, 4To

81



Puc. 71 Puc. 72 C

K — cepeauna B,C, 1 KP||BID1, PE'"CCI, 3aKJIIoYaeM, 94T0 F —

3a./2

T M3 cooruomienusa OA =

cepeaguna OC, spauur, AF = gAC =

= gAE noxy4daemM OH = gME. Tak rax AAPE — npaMoyroJb-

« __AE-PE
HBIN, TO MK V-
Haxomum: AP = JAEZ2 + PE2 = {gaz + aq? = a\i3—4; ME =
3a./2 . a
4 _ 3aJ17 _ 2 _3aJ17 _ 2a/17
7 7% . Torga OH 3 17 T Tarkum 06
4

pasoM, p(BD; AK) = zal“,/zﬁ .

9) lpsimeie DK un AC, nepecerarorcsd, noaromy p(DK; AC )= 0.

4.088. MABC — upasuibHEIE TeTpasap ¢ pe6poMm 6. O —
ueHTp Tpeyroabrura ABC. K — cepeguua pebpa MB. P — cepe-
auHa pebpa AC. Sanonuure TAGAUILY:

N Mpambie PacCcToRHuE Mexay NpaMbimMy
1 AC MO
2 BC AM
3 87.4 PM
4 MO KcC
5 BO AM
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Pewenue. 1) Tak vax BP 1L AC u MO 1L (ABC), To OP — obumnit
NePUeHAUKYNAD cKpemuBaomuxca IpaMmeix AC u OM (puc. 72).

3uauurt, p(OM; AC)= OFP = .;.BP = -é. '3J§ = ./3.

2)Ecan E u T — cepeaunnb! peGep coorsercTrenHo AM u BC,

TO AOK&aselBaerca, 4ro TK — obmuil nepnegauxynap AM u
BC, nostomy p(AM; BC) = TE = JAT? - AE? = J(3./3)% - 32 =
=3./2.

3) IIpsamele OK u PM nexxart B oauoil mmockoct BM P u niepece-
katored, noatomy p(PM; OK) = 0.

4) ITposenem KL|[[OM, L <BP. Toraa (CKL)|OM, sumauwur,
p(OM; CK) = p(OM; (CKL)) = p(O; CL) = OH, ruge OH1CL,
HeCL (eM. puc. 72). Cneposatensho, p(OM; CK) paBHO BBICOTE

2SACOL

tpeyronsanka COL. Hatizem oty BBIcOTY IO hopmyae OH = a7

ans storo B /A BCL paxoaumM:

CL=.BL?+ BC2-2BL-BC-cos30° =

=J(J§)2+62—2-ﬁ-6-§=J2_1;S&OCL=%OL'OC-sin12O°=
= la - .A’/‘g-’_——Sﬁ
gt /3:248p =237,

2. 32 N7
2 3.7 3.7
Torna OH = = . Taknm obpasom, p(OM; CK) = "2°,

5) CupoekTupyem I PSAMYIO
OB Ba nnockocte BCE, nepren-
AUKYAAPHYIO AM, a4 dero mpo-
seneMm ON|AM AMITE =
= ON LTE). lycte BNNCE=F
(puc. 73). Torna BF — npoeknus
BO na (BCE). Ecnu HE L BF,
to KEH = p(OB; AM). Haiigem
EH.

Tax xax TE = 3.2, To
ns OT : AT = 1:3 u ON||AM
caeayer TN = %TE = /2. Tor-

A2 B NPAMOYTOJBHOM TDPEYIOJE-
anke BTN wmaxogum: BN =
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= JBT?2 + TN2 = J32 1 (./2)® = /11. Obosmaune ~NBT = o,

BT _ 8 _ 8Jii1
BN /1 11

Tak wakx BC1TE u HE |1 BF, to /NEH = ZNBT = ¢,
H B NOpPAMOYTOJLHOM TpeyronbHuke NEH Haxogum EH =

[oJyuaeM Cos ¢ =

= NE-scosp=2./2- Sﬂ_l = 6{12_2. Taxum obpazomM, p(OB; AM) =
6./22
i1

§& 17. nowanb opTOroHaNLHOW NPOEKUKUK
MHOTI OYIrONbHINKA

TeopeMa o MIOIAAH OPTOTOHAJNBHOW MPOEKITHH MHOTOYTOJIb-
HHUKAa HAXOJHUT CBOE€ IPUMeHeHUe NIPH PelieHUH 3a7a4d Ha HAXO0MXK-
JeHHe IUIONMIAAN CeYeHN A H ILIONIaAH OCHOBAHUA MHOTOI'PDAHHUKA,
yrina npm pedbpe OCHOBAHMSA NMUPAMHALI, YIJIa MEXKAY ILJIOCKOCTEIO
CCYeHHA M ILJOCKOCTRI) OCHOBAHNA MHOTOTPAHHHKA, YTIa MEXKAY
IIJIOCKOCTAMH,

4.096. B mpasuanrHOA TpeyronkHo! nmupamuae MABC mpoge-
IeHO ceucHHe uepes cepeauny pedbpa MC u repmmunt A 1 B, Ilno-

IITaAk 3TOTO CEYeHHNH COCTAaBJIAET g nnomaay OCHOBAHUA ITHPAMH-

ael. OnpenenuTe: a) yroJ HAKJOHA IJOCKOCTH CeYeHU s K ILIOCKOC-
TH OCHORAHUS IMHDPAMHALI, 6) YyIroJI, KOTODBIA 06pasyer NIoCKOCTh
cedeHHA ¢ OOKOREIM pebpom
NUPaMHUALI; B) YTOJI HakJIOHA
OoKoBOrO pebGpa nupaMuAbl K
IIJIOCKOCTHY €€ OCHOBAHUS.
Pewexne. a) MO - BrIcOTa
gaHuOoN nupaMugbl (0 — HeHTD
ocrHoBarusa ABC), touku K u
P — cepeamnpl pebep cOOTRET-
creero MC u AB (puc. 74),
rorga £LCPK = ¢ — yroa
HAKJIOHA TJIOCKOCTH CeYeHUA
K IIJOCKOCTH OCHOBAHHUS IIH-
pamuzasl. IIpm stom S, .z =

= gS,_\_ABC — KP = gPC.
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Eenmn AB = a, TOCPEE%EHKP= g*af =4a9ﬁ.TaRHaR

K sasnsaerca cepepunoiit MC u KH||OM, ro HC = OH = OP = gﬁ,

6
a./3
gHauuT PH = %@. Torga cosg = 1;;{ = 4a3J§ = 2, OTKYZa ¢ =
9
_ 3
arceos .

B) A MCP = o. — yroJa HaKJ0HA GOKOBOro pebpa K IJIOCKOCTH

ocuopanus nmupamMmugabl. B A CKH naxogum tgo = KH _PK-sing_

CH CH
4a.43 T
9 4 _ 2.7 2.7
= » OTKyJa o = arctg—2— .
a3 3 3
6

4.097. B npaBuabHOH 4YeTRIpEXyToaLHONW nupamuge MABCD
yeped pebpo AB u cepeaguny pebpa MC npoeeneHo ceueHue,
miaomases Koroporo B 1,125 paza Gonbllle IJOmany OCHOBAHWA.
HaliguTe BeJUUUHY YIJIa MeXXKAY IJIOCKOCTHIO CEYEHHA M ILIOCKO-
CTHIO OCHOBAHUA, a TaKiKe YroJ IIpH pebpe OCHOBAHUS JaHHOH IIu-
paMHJEI.

PeileHwne, Ilycre AB = a, Toukn H 1 F — cepeaAnHbI OTPE3KOR
cooTBeTcTBeHHO AB u CD (puc. 75). Ceuenune ABKFE — pasnoGen-

M
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DeHHAs TDalenus ¢ ocHoBaHNAMH AB = a n KE = 0,5AB = %. Toraa

a
a+ -
Sank =‘w—;££-PH= 22-PH=%-PH(P—cepenHHaKE).
Umeem: S, prr = %SABCD = %-PH = gaz = PH = ga.

Tak kaxk P — cepesuna MF u PT||OM, o HT = ga, FT = g,

npu stoMm £ PHT = ¢ — nuHefiHBIHA yTOJ ABYTPAHHOTO yTIUIa, 00pa-
30BAHHOI'O CeKVIIel [IO0CKOCTHIO U MJIOCKOCTHIO OCHORAHHU A ITHPa-
MuAbl, £ PFT = o0 — NUHeHHLIA YroJ ABYTPAHHOI'O yIVIa [IpHU peb-
pe OCHOBAHHA IUPAMHUIBI.

HT _
HP

D] =

B npavoyroasaom A PHT naxogum: cos¢ =

bol OJI Rl o
8 =

= ¢ = 60°.
PT _ PH-sin60° _
FpP FpP

B npsimoyroneHoM A PFT Haxogum: tg o =

3 3
39" 3
= - =3J§:>u=arctg(3ﬁ).

4

4.098. K naocxoctu tpeyroiarunka ABC 110 0JHY CTOPOHY OT
Hee poBefeHsl nepunesguKyaspbel AK w BM. Haligurte yron mesxny
nnocroctaMu ABC u CKM, ecnu AB = AC = BC = AK = 0,5BM.

PeweHvne. Tlyecte P = MK NAB = MK ~(ABC) (puc. 76).
Benencreue AK||BM u BM = 2AK, 3armiouaeM, uro AP = AB =
= AC. 3ro ozradaer, 4yTo L APC — paBHOOGeApeHHBIA. A TaK KakK
ZCAP = 120°, to LZACP = 30°. 3Hauur, ~ BCP = 90°. Torga o
TeopeMe 0 Tpex nepunergurkyiasapax MC L CP, noatomy ~/ BCM =
= (p — JIUHeHHBIH yroJ AsyrpanHoro yraa M(CP)B.

Haiigem yroa ¢. Ilyete AB = a. Torga BM = 2a, MC = a /5,
BC _ 1 _ .5 J5

GHAYMT, COS Y = —rr = NG = %, OTKY/a @ = arccos .

4.105. B nparunsHO# TpeyroirHoil mpuame, Kaxjgoe pebGpo
KOTOpOH paBHO 9 AM, mocTpoliTe cedeHNe, TPOXoAAIIee Yepes CTo-
pPOHY OCHOBaHHUA U CEPEANHY OTPE3Ka, COSAUHAIONIETO IeHTPLI OC-
HOBaHHUH npusMmbl. Hafigure: a) yros MeMRAY MJIOCKOCTEIO CeYEHHU A
H IJIOCKOCTBIO OCHOBAHKA IPU3MBI; 0) IJIOHIAAE CeYeHU A,

Petuenwue. ITycte OO, — 0Tpe3ox, coeAnHAKIINN HeHTPEl ABC
u A;B,C, ocnopanuil mammoit mpuamel ABCA,B,C,, K u K, —
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K H
P _ 1 B
I
1/
C
Puc. 76 Puc. 77

cepeaunnl BC n B,C; (puc. 77). Ilepeceyenuem naockoctu BCE
¢ Tpanbio A,B,C, ABnserca orpesok MH, KOTODHIA mapaineneH
orpesky B,C, n B;C;, = 3MH, oTKkyzaa ciaegyer, 4ToO ,S_,,_mlﬂ,fH =
- %S&Alslw sHAWHT, S 5 yyuc = gsmlalcf g . %ﬁ ~ 18./3.
Tak kak A,K,1B,C,, B,C,|MH, to A,K,1 MH, 3nauur,
KL1MH (rpe L = MH n A,K,). Torma mo Teopeme o Tpex mep-
nengukynsapax KL 1 BC, nostomy £ AKL = ¢ — JuHeHHBIA yroJ
JABYTPaHHOTO VINla MeKAY CeKViliell IJMOCKOCTHIO M ILIOCKOCTBIO

Sg MHEC,
OCHOBAHUS IIPU3MBL. DTO 03HAYUAET, YTO Sy e = —
¢

Haitgem yrox ¢.

Tax xak OK = %AK: g“}g = 3“2{5,0E=4,5, To tg @ = _g_fgf =
4,5 18,\f§
= _'7 = . , =60°. T - — _
3.3 /3, anamn ?=6 OTA& Seew = Spmmc cos 60°
2
= 1845 _ 36./3.
3

3anaunm Kk rnase 4

3a/lauy K STOH TJIaBe WMEIOT MHOTOYPOBHEBHIH xapakKTep, IIO-
9TOMY KAaMKIbIH YUANIHIICH MOXKET CAMOCTOSTENEHO HIH IO PeKo-
MeHJAallHH y9uTeJd BeIOpATE AJA DEIIeHUs «HHTEPECHYIO» 3a]a-
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yy. OueHb BaXKHO Ka4eCTBO BBI-
TTIOJIHEHUSA YUYAIIMMHCH PHCYHKOB
K 3a/1a4aM, B KOTOPHIX TpebyeTcs
HAUTHU DACCTOAHNA OT TOYKH [0
IPSAMONA WK 40 IIJIOCKOCTH, YTJIBI
MEXKAY TPSAMBIMI, MeXAy IPHA-
MOH U IIJOCKOCTBIO, MeXKAY JBY-
MsA  IIJOCKOCTAMH. ¥ UYEHUKH
JAOJXHEI TIPUBRIKHYTE TIPABHUIIL-
HO APTYMEHTHPOBATE BBHITIOJIHALS-
MEIe HMH PHCYHKH. BwMmecre ¢
TeM, HEKOTOPHIE 3aJavH, HAIIPH-
_ mep 4.113, 4.115, MoXHO pe-
Puc. 78 OIaTk 6e3 IOMOIIH PHCYHEA.

4.116. Bryde ABCDA B C,D, c pebpoM a HaliANTEe PaCCTOAHME
oT wenrtpa rpasu CDD,C, no mnockoern AB;C.
PetseHue. Ilyers Touka M —— nenrp rpanu CDD,C, (puc. 78). Tak

kak npsimasa D,C nepecekaer mmockocTs AB,C B Toure C u MC =

= %DIC, To p(M; (AB,C)) = %p(Dl; (AB,()). Haiinem paccToasue
p(Dy; (AB,C)).

Tar rak npamble BA, u BD, apadiomuecs npoeknuavmu BD,
Ha IJIOCKOCTH COoTBeTCTBeHHO A AB u ABC, nepneHIUKyJIADHbI

cootrBeTcTBeHHO AB, u AC, To 10 TeopeMe 0 TpeX MePIEHAHKYJIA-
pax BD, |l AB, u BD, 1 AC, snauur, BD, 1(AB,C). Kpome Toro,

npamere B0 u O, D pensar.orpedok BD, = a /3 Ha TpH paBHBIe Jac-

™™, To p(D,: (AB,C)) = 20'3"/:_3, noaromy p(M; AB,C)) = _12. . 20’3“@ =
_ a3
3

4.117. B napamiejbHBIX IINOCKOCTAX P ¥ B, pACCTOAHME MeiK-
Ay KOTOPHIMHU b, JexxaT Ara papHEIX kBagpara ABCD u A,B,C, D,
co cTopoHOH a, npuueM AB||A B,, AA, nepnenaukyisipaa 3, BB,
n DD, He mnepneHJuUKyNApHB [}; Touka K — cepeauna CD.
a) ITocTpoiiTe IpAMYIO IepecedeHns IJIOCKOCTH [}, B ILJIOCKOCTH,
npoxogsaien yeped B, u nepneraukyaapuoi AK. 6) Hdokamxmure,
uyro BD nepneHpukyiaapra naockoctu AA C,. B) Hatizure pac-
croaunsa or Toukn K o minockocreit AA B u AA C,. r) Hafinure
paccrofHue or npamoi BD o nnockoctu B\ D K.

Petwenue. a) Tlycte H; u K, — cepenunnt A, D, u A, B, coor-
BETCTBEHHO, TOT/A CIKIHIAK u H B, 1C K, (puc. 79), a mioc-
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Puc. 79

KOCTh, NpoXoAsAinas dyepes B, H, napanieinbHo AA , sBiAercs uc-
KOMOI1.
B) CD[(AA,B), KeCD = p(K;(AA,B)) = a; KH|BD,

BD L(44,0) = p(K; (4A,C)) = 42,

T) BD“(KBlDﬂa OeBD = p(BD; (KBD,)) = p(O; (KB,Dy))
(cM. puc. 79). Haiigem p(O; (KB, D))).

Tar xar KH 1 (AA|C). o (KB D)) { (AA,C), nosroMy meplieH-
pukynap OT us O wa (KB, D,) pacnonoxien B (AA,C), npu aToM ero
ocHopauue T npuHaglexuT npamoil O,E, no KoTopoil nepecexa-
IOTCA ATH MJOCKOCTH.

ITycre AP — BBICOTA IPAMOyTroabHOTO A AFE, Torga us OF =
= %AE careayer OT = %AP = % . ‘%‘é_ﬁ . Haxogum EF.

W3 mopoGua Tpeyroiavaukor AFE u A 0, F nonyqsaem: AF : FA| =

=AE : A,0,=3:2=AF = 244, = 2b.Torna EF = JAF? + AE? =
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(9,59 3 [25a%+8b% 1 AE AF _
ﬁ,b + ga T e — Tenepy OT = 3
3 3
1, Zaf 5? _ ab
3 3J25a2+8b2 J25a% + 8b2
o8 2
b
Taxum obpasom, p(BD; (KB,D,)) = ¢ :
YR 25a? 1 8pe

4.119. Ocuosanpem napasutenenunena ABCDA,B,C, D, asiader-
cA pomb ¢ OCTPHIM YTJIOM A, PaBHBIM ¢, ¥ CTOPOHOIH a. I3BecTHO,
YTO BepIIMHA A, yaajleHa Ha paccTosgHue a 0T Touek A, B u D, Jlo-
KasKHTe, YTO OCHOBAHHE MepPHeHIUuKYIAPa, NPOBEIeHHOI'0 U3 TOU-
k¥ A, Ha maockocTe ABC, npuaagnexut npamoil AC. Halinute
OIUHY 9TOTO NePIeH IUKYIIAPA.

Pewenne. Tak xax AA, = A B = A,D, 7o ocHoBaHHe M HepieH-
nuKynapa A, M u3 A, Ha (ABC) conagaeT ¢ LEHTPOM OKPYIHHOC-
TH, OHMCaHHOHE oxoJ0 AABD. 3uauutr, M HNpHHAIJIESHKHT Cepe-
OIUHHOMY HeplIeHIuKyJadpy orpeska BD, 1. e. buccexkTpuce AC yr-
na BAD pomba ABCD (puc. 80). Haiinem A, M.

Ilyers K — cepepuna AB, torna MK L AB u AK = g AM
- AKa = % Torga A M = [AAZ - AM? = Jaz- e _

4cos? 2
COoS8 5

1 =_2%_ . [2cosa+1.

2 o
3 2cos 5

4.120. PaccToaune MeKy CKPEIIVBAIIHMICA JTUATOHATIAMHE
IBYX CMeXKHbIX rpaHeil KybGa pasno m. Haiigure pebpo sToro Kyda.
Pewenve. [lunarormane AC,

IIePIeHANKYIAPHA Napajieib-
HbIM IockoctaMm A,BD n
B,CD,, B KOTOPBIX JIS}KAT CKpe-
musaloUiHecs npameie A B n
B,C (puc. 81). Paccrosuue
MEXAY 9THMHM HJIOCKOCTAMH

P&BHO %AC1 = %aﬁ , Toe a —

nnauHa pebpa Kyba (cm, 4.087,
4.1186). 3uauur, p(4,B; B,C) =

i
&
&
S
o
o
£
ba

Dy
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= p((4,BD); (B;CD,)). Torga, ncnoanays yciaoBue m = % a./3, Ha-

xonuM pebpo Kyba a = m /3.

4.121. Hau xy6 ABCDA, B,C,D,. Hepes a6y Toury K peGpa
AB Kyba mpopeneHa HJIOCKOCTb (., HApaIeJbHasd IJIOCKOCTH
BDD,. Haiignre yroja Mesxny npamMoi AD, U IIOCKOCTBIO .

Pewenve. Tak kak o|(BB,D,), TO B ceueHHHU IOIyUaeTCs HPH-
MoyroabHUK TMKE, ¢cTOPOHBEI KOTOPOrO Napajiensisl AA, u BD
(prc. 82).

Ilycrs P=TE m AD,, H = AC n KE. Y6egusiiucs, yro AC 1 a,
npuxonuM K BeiBOoay: AC | PH n (ACD,) | . 3To 0o3HadaeT, UTO
PH - oproroHajibH&adA HpoeKnusa AP Ha miockocTes o. Torga
ZAPH — yron mexny npamoii AD, ¥ OJ0CKOCTRIO . TaKk Rak
A PAH — npamoyronbubiil, &8 AACD;, — DaBHOCTOPOHHUI, TO
ZAPH = 30°.

4,122, Jlan xy6 ABCDA,B,C,D, c pebpom a. Toura K — cepe-
nuHa pebpa BC. Hamignte paccrodaHue mexay npamoeiMyu AC n
C,K.

Pewenue. Ilycts O =AC~BD, 0, =A,C, ~B,D,,P=C,K " B,B,
L = A P AB (puc. 83). Torga KL| AC, suauur, AC|(A,C,K). ITo-
aromy paccroanue p(AC; C,K) = p(AC; (A,CK)) = p(0; (A4,C,K)) =
=OH, rope OH 1 (A,C,K), H € (A,C,K).

Taxk xak A, C, L (BDD,), to (A,C,K) L (BDD,), 3HauuT, IepoeH-
nukyaap OH us O Ha (A C,K) pacnososken B (BDD,) u H € O,P.
Hatpnem pauny OH.
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Puc. 84

Ortpesox OH dABiaseTca BBICO-
TO mpamoyrosasHoro AOO,M, rue

M =O,P KL. Tax xax OM = 1BD =

= “;@, T0o O,M = ,JOM2 + 0,02 =

. aﬁ.a
- 00
= j(a_ﬁ) +a? = Saﬁ. Torpga OH = oM 1 4 =4,
4

JT0 ozHadaeT, 4To p{AC; C,K) = g .

damevanue. B tom, uto pl(AC; C,K) = OH, moxHO ybeguThcd,
paccysRaad MHaue.

IIpamaa AC nepreHpUKyNApHA II0cKocTy BDD, u nepeceraer
ee 8 Touke O, a npamaa O, P — npoexnua npamoit C,K na arty
IJIOCKOCTb. 3HAUHT, p(AC; C,K) = p(0; O,P)= OH.

4.123. B npasBuibHOI geThIpexyroabnoi nupamuge PABCD
BeEIcOoTa PO Basoe Goabllle cTOpoHbl ocHoBauusa ABCD. Halinute
paccToAHNe Mexay HpAMBIMU AB u PC, ecsiu ¢cTOpOHA OCHOBAHHUSA
AHpaMugbl pasHa 17.

Pewenne. Ilpamue AB u CP ckpemusaloresa. llyete M u K —
cepeIUHBI CTOpPOH co0TBeTcTBeHHO AB u CD (puc. 84). Torpa
AB1(MPK), mpu ostoM ABN{(MPK) = M. Kpome mroro,
CD | (MPK), CD(MPK) = K, nostomy PK — npoexuusa CP ua
(MPK). Craszannoe oznauaer, uto p{AB; CP) = p(M; PK)= MH,
rne MH | PK, H €« PK. Haitnem MH.
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IIyers OE — sBeIcOTa npamoyroiasHoro A OPK., Torpa
OE|MH, a tak kak MK = 20K, 7o MH = 20E. Haxogum: OF =

17

—_+ 34
_ 28x0rx _  OK-0P  _ 2 = 2J17. Torga MH =
PK OK? + OPp? J(”)z + 342
2

=2-2./17 =4./17. Takum o6pasom, p(AB; CP) = 4./17.

Fmnaega 5. PaccrtosiHma 8 npoCTpaHCcTBEe

HaxoxneHue pacCTOAHHI B HPOCTPAHCTBE ABIALTCS TOM BaX-
HeHWIIme 4acThI0 CTEepeoMeTpPUuUr, Ha KOTOPOHA OCHOBLIBAIOTCS BCE
MeTpUYeCKUe BOIIPOChl HPOCTPAHCTBEHHON reOMeTpPUU, B TOM UMC-
e — HaXoMXJgeHWe yIJIOB, ILIoimajgell u obObemMoB. MHaUe roBO-
pH, HaxXOo)KJeHWe PACCTOSHHH B IPOCTPAHCTBE ABJIAETCA 3aBEp-
MIAIOI{UM DTAIOM APONeIeBTHKYU K uayveHulo B 10 kKiacce Bek-
TOPHOI'O U KOOPIUHATHOI'O MeTOZOB B IIpocTpaHcTBe, a B 11 Kiac-
ce — MNpeobpazoBaHUM NPOCTPaHCTBA, MHOTOTPAHHUKOB U QUI'yp
BpaleHuda. ITO CBHeTeIbCTRYET O OOJAbLIITOH 3HAUHMMOCTH pellre-
HUA 38784 HA HAXOMKJAEHUWe DA3JIUYHLBIX PACCTOAHWH B IPOCTPAH-
CTBe.

§ 18. PaccToaHue OT TOYKKM A0 GuTypbl

B pannoM maparpade pemaloTces 3aadyd Ha HaXOMKeHUe Pac-
CTOAHHUH OT TOYKH 0 IJIOCKOCTH M 0 IPAMOH.

HAns HaXOXOeHHUA PacCTOAHUA OT TOUKH A OO0 ILJIOCKOCTH «
YAOGHO HOJAb3OBATLCA caenyiomuM haKToM: eciu upamasa AB re-
peceKaeT HJIOCKOCTh & B TOUKe O U U3BeCTHO paccrosanue p(B; o)
p(A4; a) _ OA
p(B; o) OB
_ 0A
= __ - p(B; o) (cm. 5.010, 5.015, 5.017).

OB

g HaxoxaeHHsT paccTOAHHMA OT TOUKH M, He Jearneil
B ILJIOCKOCTH ¢, [0 NPAMOHU a, JeXKalied B 2TOH ILTOCKOCTH, IPO-
BegeM 13 TOYKH M Ha naockocTh o nepueHaukyaap MP (P € a);
Beswunka |MP| = h paBHa paccTOSHUIO 0T TouKH M 70 HJOCKOC-
=TH .

Ecnu Touka P npuHAAJEXUT IPAMOM @, TO PACCTOSIHUAE OT TOU-
Ku M no npamoi a pasHo |[MP| = A,

OT TOUYKU B no 3TOH HJIOCKOCTH, TO » T. €. p(4; g) =
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P Ecan Touxa P He mpuHapgie-
SKUT NPAMOKN @, TO H3 TOUKH P
NPOBOAMM B IVIOCKOCTH ¢l IepHeH-
aukyaAp PK k npamont a, K € a.
Toraga paccrodnue oT TOUKH M 1o
NpAMOI @ PABHO JJHWHE OTPesKa

A _ ¢ MK =./MP?+ PK2.
Pelnlenpe yuyammmucsa 3anady
OAHHOI'O H CJAeNVIOIIErO Haparpa-
M K doB mOMOMeT MM B BBIPaGOTKe
HABBIKOB OCVYIIECTBJIATL Heh-
B XOAUMBIEe B OV VIIEM TIOCTPOEHHA
Puc. 85 Ha M300pa’keHuAX MHOIMOTpaHHH-
KoOR. Ilpm sToMm pemaroTesa crepeo-
MeTpHUIeCKHe 381a4H BBIUHCAUTENBHOM) XapaKTepa; NPOBOLINTCA
MOATOTOBKA& K PeLISHHIO CONEpPMKATE/NBHBIX CTEepEOMeTPHYeCKHX

sagau B 11 kmacce.

5.008. Toura P ynaseHa OT KamoU BEepPLIMHBI IPABHILHOTO
TpeyrobHuKa ABC Ha pacctosiEue /21, a OT Kax ol ero cropo-

HbI — H& PacCTOsSAHHe 2./3. Haupure: a) paccrosinue ot Touxku P
A0 TNIOCKOCTH TPeyTOJbHHUKA; 0) IJIONIaNs AAHHOTO TPeYrOJbLHH-
Ka; B) yros Mmexay niaockoctaMu ABP u ABC.

Pewenne. Taxk rax Toura P paBHOypaJdeHa OT BCEX BEPITUH
NpaBUJIbBHOIC TpeyroabHuKa ABC M paBHOygajeHAa OT BCEX ero
CTOPOH, TC OCHOBaHUe O nmepnengukyaapa PO x (ABC) cosnazaeTt
¢ meHTpoM TpeyroneHuKa ABC (puc. 85).

a) ITyers K — cepeguna BC. Haxonum: CK = ./JCP2 — PK2 =

= J(21)* - (2./3)* =3, BC = 2K = 6,0K = LAK = L. B‘;«’g -
= /3. Torna OP = JPK? — OKZ = (243)% - (,/3)% =
6) Spanc= 2203 = 9./3.

B) Ecoin M — cepe,qnna AB, 10 yroJs Mmesxny miockocTssMu ABP u

OM _ .J3 _
MP 2[ §

ABC paseH ¢ (cM. puc. 85), cosgp = , OTKyna ¢ = 60°.

5.010. Bepmuns A u B kpanparta ABCD jgexar B ILIOCKOCTH
o, & sepmuna C ypajxeHa ot aTon miuockoctu Ha 4. Halinure pac-
CTOAHME OO IIJIOCKOCTH ¢ OT: &) ToukM Dj; 6) Touxkm O mepeceueHUs
auaroHalell kpagpara; B) TOUKN M — cepenwusl DO; 1) Toukn K
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Puc. 86

nepeceueHusa Meguad Tpeyronbauka ADO; n) touxku T mepeceue-
HUS MeguaH Tpeyroabauka DOC.

Pewenune. Umeem (prc. 86):

a) CD|a = p(D; o) = p(C; o) = 4;

6) 0A = %AC = p(0; ) = %p(c; a) = 2;
8) MB~a=RB, MB = gDB:>p(M; o) = gp(l); @) = 3;

1) MA o =A,AK = gAMﬁp(K;a]=§p(M;a)=g-3=2;

n) nyetrs H u P — cepenunbl cooTBeTcTBeHHO AB uu CD. Torna

_ 5 . _ 9 ] _ 95 9.4 _al
TH-—EPH:>p(T,0t) 6p(P,Ot) 6p(C,OL) 5 4 33.

5.015. Bepmmua D Terpasgpa ABCD ypaneHa OT IUIOCKOCTH
ABC =Ha 6. Ha Kakoe paccTOdHHEe OT 9TOH IJIOCKOCTH yhaJeHBI:
a) touxka K — cepegmHa BD; 6) touka M — TouKa mepecedyeHHd
MeguaH TpeyroabHUKAa ABD; B) Touka N nepeceueHuss MeguaH
TpeyroabHUKa BCM; r) cepegnra MK ; o) TOUKa nepecevyeHus Me-
anaH TpeyronbHuka CMK.

PeweHue. O6ozHauuMm o = (ABC); DO — sbICcOTAa TETPasgpa =
= p(D; o) = DO = 6 (puc. 87). Torga:

a) BK= %BD = KK, = p(K; o) = %p(D; a) = 3;



6) DF — mepmana AABD; MF = %DF = MM, = p(M; a) =

= ép(D; o) = 2;
B) T — cepexwna BC, NT = %MT — NN, = o(N; o) =
| C ) 2.
gp(Ms U.) g’
r) E — cepenuna MK; AE = gAK — EE, = p(E; o) = g o(K; o) =
= g '3 =25
1) CE — megmana A MCK, P — 1UeHTPOW 3TOT0O TPEYTOJIbHH-
et 2  pe 2 2 5 _ 2
Ka; PC gEC = PP, = p(P; a) §p(E’ o) 3°5 lg.

dameuarnue. POpMaIbHO peniasd PacCMOTPeHHYE) 3aa4y, MO -
HO He CTPOHTh HepleHIHKYIAPHI, HPOBeAeHHbBIe U3 3aJaHHBIX TO-
yer Ha maockoctbh ABC. Oprako B measx BbIpabOTKM HeoOXOnH-
MbIX HABBLIKOB [OCTPOEHHA HA HOCTPOEHHBLIX H300pPaMeHUAX MHO-
FOrPaHHHUKOB JKeJaTelIbHO, UTO0bI YYEeHHKH MOTHBHPOBAHHO
IIPABUJIBHO M AKKYPATHO M300PA3HUJIN BCe LEPHeHIUKYIAPEL, IJIH-
Hbl KOTOPBIX PABHBI HCKOMbBIM PACCTOAHUAM (CM. puc. 87).

D

Puc. 87
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5.017. B Kybe C, D,
ABCDA, B,C,D, nposeneHo ce-
YeHYe Yepes BepuvHbEl A, C; u
B. Paccrosanve oT Bepiliuabl B, g
N0 IJIOCKOCTH CeUYeHWUs PAaBHO
4. HafiguTe paccToAHUA OO
NJIOCKOCTH CEeUeHUs OT Bep- F
muH: A, C, Dy, D.

PetweHne. O0oznaunm o =
= (A BC)), O, = A, C,nBD,
(puc. 88).

Ecnu M = AB,na
= AB,nAB, To AM = B /M, Puc. 88
8HAYHT, p(A; o) = p(B;; o) =4.

- Eciu F=B,Cna=B,CnBC, toCF = B,F, gaauur, p(C; o) =
= p(By; o) = 4.

B, Do = 0y, rge O; — cepeauna orpesxa B;D,, sxauur,
p(Dy; a) = p(By; o) = 4.

Eecom K = BlDna = BiDnBO,, o DK = 2B|K, 3saynr,
p(D; ) = 2p(B,; o) = 8.

T

M

§ 19. PacctoaHune Mexay dhurypamm

B nannoMm naparpade peHiawTcA 3aJa4Yd H& HAXOMXIeHIe pac-
CTOAHUYA MEMKIY ABYMA IJIOCKOCTAMU, OBYMA IIPAMbIMU, HPAMOU
1 IJIOCKOCTLIO., B 3TOH ¢BA3U ydamuMcA HeobXOquMO HMOACHHTH
cJAenyIONie YTBEPIKICHHAA.

Ecnu npamasi JeXUT B IIOCKOCTU HIU ee HNepeceKaeT, TO pac-
CTOAHUE MEKIY NPAMOH U HJIOCKOCTLIO PABHO HYIIIO.

Ecnu npsamasn napansiesIbHa IJIOCKOCTU, TO PACCTOAHAE MEKIY
HAMYW DPaBHO OJWHE OTpEe3Ka HEePIeHIWKYJIspa, OOVIHEeHHOro H3
AO00H TOUKU NPAMON Ha NAaHHYIO IJIOCKOCTh.

PaccTossEve MeKIy IBYMA NAPAJJISILHBIMU IIOCKOCTAMU PaB-
HO JIUHE OTPe3Ka HepHeHIUKYIAPA, OMYIeHHOro ua Jbol Tou-
KU OJHOU W3 3TUX NIOCKOCTEN HA NPVIVIO.

Ecnu aBe npsaMble @ 1 b napaijeNIbHBI H JeHAT B Hapaljelib-
HBIX INIOCKOCTAX COOTBETCTBEHHO O U [3, PACCTOAHNE MEMXIY KOTO-
DPBIMU PaBHO A, TO BO3MOMKHBI cayuau. 1) Ileprnenguxyiasp, omy-
ITeHHBIA U3 J000H TOYKY OPAMON @ HA IIOCKOCTE [3, mepecexkaeT
npamyio b. Torga paccrosHue Mexay NPpAMBIMU @ U b pasHO f.
2) llepneHpguKynap, OHYIMieHHBIX W3 OO0 TOYUKH NPAMOR @ HA
HJIOCKOCTD [3, IlepeceKkaeT IIOCKOCTD [ B HeKOTOpOH TouKe K, yia-
JIeHHOU OT IpAMoOH b Ha paccTosHue 7. Torga paccTosHUe MeXIy

IPSIMBIMY @ U b paBHO Jh2 + m?2,
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O MeTOZax HAXOMKIEHUA PACCTOAHUA MeXKAY ABYMHA CKperiH-
BAIOIHMHCH NPAMBIMH T'OBOPUIIOCH B YKA3aHHAX K PEITeHUAM 3a-
nayg § 16.

Ilpu pemnreHVU 3a7jaU HA HAXOMJAeHUE PACCTOSHUN yuapyiecs
IOJIPKHBI IPUBLIKATE «BUETh» 3TH PACCTOSHUS B H300PaKaTh OT-
pPesKH, NIHHBI KOTOPHIX PABHBEI HCKOMBIM PACCTOAHUSIM.

5.028. IinocrocTH PaBHOCTOPOHHEr0 TpeyroJabHUKE ABC co
CTOPOHOH 6 B paBHOOeApeHHOTO TpeyroabHuka ABK (AK = BK = 9)
NepHeHIUKYAAPHBI. HallaguTe paccTogsHAEe Mexay: a) ToOUKod K u
neHTpoM O tpeyroavauka ABC; 6) npamMmevu AB u CK.

Pewenve. Iyers Touka H — cepenuna AB (puc. 89). Torpa CH =

— 3./3, OH = %CH ~ /3, HK = JAK? - AH? = 6./2. Torna:

a) p(O; KY = OK = JHK? + OH? = 5./3; 6) umeem: KH L AR,
CH1AB > AB1(HCK)Y=> AB1 HM, rge HM — BHcCOT& HPSIMO-
yroasEOre A CHK. 910 03navaeT, uro MH — obiuil DepoeH u-
KYJIAP cKpermuBaoniaxcea npaMeix AB u CK, noatomy p(AB; CK) =

M — 2Bscwx . CH-KH _  3/3-6/2  _ 666
CK JCH? + KH? J(3£)2+ (6./2)2 11

5.029. ABCD — kBajgparT co cropounoii 4. Touxa M npuHaiie-
sKAT cropore CD u geauT ee B OTHonrenwu 3 : 1, cuuras ot D.
Hpamaa TM nepneHIUKYISpHA HJIOCKOCTH KBaapata. TM = 4.
Hatinute pacctosale Mexay nupasMumu: a) TD u AB; 6) TD u BC;
B)TCuAD; 1) TB u DC.

Pewenne. a) Ilnockoers DCT mpoxoput depes npsamyio MT,
NePHeHIUKVIAPHYIO HIOCKOocTH ABC, nosToMy aTH MJIOCKOC-
TH HepleHIUKYIAPHb. Kpome Toro, AB|(DCT) (puc. 90). A Tak

C T H

9
M
A B
K Puc. 89 Puc. 90
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Kak AD | (DCT), to p(AB; TD) = p(4B; (DCT)) = p(4; (DCT)) =
=AD =4,

6) BC L(DCT)=BC_LCK, rge CK — sricota A DCT. 310 03-
HayaeT, 4T0 CK — OOmIUI NepneHAUKYIAD CKPEITHUBAIOIIUAXCA

28
npameix DT u BC, nosromy p(BC; DT) = CK = ;;CT
DC-TM _ 4-4 _ g9

JDM2+ TM2 /82 4 42

B) AHAJTOTHYHO paccykpuas, noayuum p(AD; CT) = DE =
=2Sr_~.DCT . DCTM _ 44 16

cr JOMEYTM? 12y az AT
r) [Iposena orpesor CH, paBHEIH ¥ napamieabusliit M T, nony-
YUM IJocKocTs ABH, napamensuyio mpamoit CD (TH|CD), u
naocxkocth BCH, nepreHIUKYAAPHYIO oTol npamoii (M. puc. 90).
Tax xak BH — npoexnusa npamoii BT uwa (BCH), to p(PC; BT) =

= p(C; BH) = CP, rqe CP = 2./2 (rax BBICOTA PABHOOEIPEHHOIO
npamoyrosgbsaoro A BCH, ¢ KaTeToM, paBHEIM 4).

5.031. B npasusnsuom Terpasgpe PABC ¢ pebpom a@ Touru M U
K — cepepunnr peGep coorBercrsenno BP u CP, Touxa O —
1eHTp ocHoBaHuA ABC, Halimute paccTosHne MeXIY NPAMBIMA:
a) MK n OP; 6)AP u BC; 8) ABu MK.

Pewenne. Tlycts T — cepeguna AP (puc. 91). Torza
(MTK)(ABC), sraqut, OP L (MTK). O60osuauus F = OP N (MTK),
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E = PHn MK, nonyyaem EF|OH. Iostomy n3 AH | BC u
MK| BC cnegyer EF 1 MK, a us OP L (MTK) cnenyer OP L EF.

Jdro osHavaer, dto EF - o0lHIA HDepHmeHIUKYJIAD CKPEIUBai0-
muxca npamblx OP u MK, orkyza p(OP; MK) = EF = %OH =
_ 1 - a3

s~ 13

0) B papHoGezpenrom A TBC umeem TH | BC, a B paBHO-
oeapenom A APH — TH 1AP. 3maunr, p(AP; BC) = TH =

- s _ (a3’ _(a\? _ ay2
JAH? - AT A/(T) (5) =%
r) CkpemuBammuecsa npamble AB 1 MK nexXaT B mapaJjjefib-

HEIX IockocTax ABC u MTK, paccrosgue MeXAy KOTOPBIMH

1,p _ 1 — 2=1«/2*2_a\/§2:a6
pasro 3OP = 1 JAPZ - 0A : (§ T) 28 Bro

ogHayaer, 4To p(AB; MK) = p((ABC); (MTK)) = acﬁ'

§ 20. NeomeTpuueckmne MecTa ToHeK,
CBA3AHHbLIE C PACCTOSHWAMKU B NPOCTPAHCTBE

Pemnas 3agayi Ha reOMeTPHYECKHE MECTA TOUYEK B CTEDPEOMET-
puH, yYammecd HUCIOJB3YIOT paHee H3YYeHHBIH MaTEepPHAJ O Iep-
MEeHIUKYJIAPHOCTH TIPAMBIX U ILJIOCKOCTeH, a TaKiKe O Haxomae-
HMM PacCTOSHUH B IIpocTpaHeTBe. KpoMme Toro, opu pelleHHH
TAKUX 3aJaY V YJam(UXCA DPA3SBHBAETCA KOHCTPYKTHBHOE IIPO-
CTPAHCTRBEHHOE BOOOpaXKeHHe, a UX pedh, o00CHOBAHKSA pPelIeHHI
mpuo6peTarnT HeoOGXOAMMYIO MATEMATHYECKYIO KYJALTYPY. K Tomy
JKe, ec/IA YYECTh, YTO XapaKTepPUCTUYECKOe CBOHCTRBO reoMeTpruYe-
CKOTO MeCTa TOYeK MOXKHO cOpPMYJIMPOBATH He €JUHCTBEHHBIM
crocoboM, TO TPYAHO MEePEOIeHHTh POJIb PellleHuda 3azayd TaKoro
poJa Ha Pa3sBUTHE TBOPYECKOI'O MEIIIAEHHA yUal[UXxco.

5.033. [lansr nepecexawinyecsa miaockocTu o u . Haiizure
MHOX€ECTBO BCe€X TOYeK IIPOCTPAHCTBA, IPUHAIJeKaluX ILJI0C-
KOCTH O U YIAJEHHBIX Ha pPaccTOAHUE M OT ILIOCKOCTH .

Yrazanue. MHOXKECTBO BCeX TOYEK IPOCTPAHCTBA, YEAMCHHEIX
OT JAHHOW IIJIOCKOCTY HAa JaHHOe PACCTOSIHWE, MPEACTABJIAET CO-
6oil obbesHHeHHEe OBYX TMJIOCKOCTEH, TapaaielbHBIX JaHHOM
IJIOCKOCTHA U PACHOJIOKEHHRIX B PA3HBIX IOJYIPOCTPAHCTBAX OT-
HOCHUTEJIBLHO 3TOH IMIOCKOCTH.
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5.034. Janwu mepecexaromuecs ockocTH o B . Haligure
MHOYKECTBO BCEX TOYEK IIPOCTPAHCTBA, KAXKJaA H3 KOTOPBHIX yaa-
JieHa oT o, 4 } cooTBeTCTBEHHO HA paccroaHua a u b (a # 0, b = 0).

Vrkaszanue. Ilpu nepecedednH ZBYX ILJIOCKOCTEM, Iapajjeilb-
HBIX ILTIOCKOCTH O, M YIAJTeHHBIX OT Hee Ha pPaccToAHUE ¢, C ABYMA
ILUIOCKOCTAMHE, llapaJJje/lbHbIME [ B yaaJleHHBIMK OT Hee Ha pac-
crosidue b, 06padyroTcs yeThIpe IIPAMEIE, NapalieNlbHbIE TPAMON
nmepecedyeHnsT JaHHBIX I1JIOCKOCTeMH.

5.036. [[aHn NA0CKOCTE ¢. ¥ He TPUHAAJNEKAIIKE € TOUKH A H
B. Ha nyiockocTH ¢ HANAUTE MHOMKECTBO BCEX TOUYEK, PABHOYIA-
JEeHHBIX OT ToYeK A u B.

Vrasanue. HcKkoMoe MHOMXECTBO TOYEK MOXKET IIPeICTaBIATH
coGoii: a) MIPAMYIO, II0 KOTOPOH IINIOCKOCTE ¢ IePeceKaeTcs ¢ IJIoC-
KOCTBIO CEPeIHHHEIX NEepHeHAUKYAAPOB oTpe3ka AB, eciau Ips-
Masa AB He nepneHAUKYASPHA IVIOCKOCTH ¢ 6) IIJIOCKOCTE ¢, €C/IN
npsaMass AB nepuneaIUKyJSpHA IVIOCKOCTH (L ¥ TOUKKH A 1 B pasHoO-
VAAJIeHEI OT 3TOM IJIOCKOCTH; B) IyCTOE MHOXKECTBO — BO BCEX OC-
TAMIRHBIX CIYYaax.

5.039. Touka M He IPUHATIEKUT IIOCKOCTH O, 4 TOUKA B 510l
IIJIOCKOCTH NPHHAMJEXKHUT. UT0 co00M NpeACTABAAET MHOMECTBO
OCHOBAHHUM Bcex NEePHEHANKYJIAPOR, IPOBEeA€HHBIX U3 TOUYKK M KO
BCEM NIPAMEIM IIJIOCKOCTH ¢, TPOXOAAMINM yepes TouKy B?

Yraszarnue. JJocTaTOYHO BOCHOIL30BATRCA CBOMCTEBOM BIHCAH-
HOT'O B OKPYSXHOCTh YIJIa, OMHPAIOIETOoCA Ha ee JTUaMeTp.

5.040. Toyka A yzaneHa or IJIOCKOCTH ¢ Ha 4 cm. B niockoce-
TH O HAHJUTE MHOXKECTBO BCeX TOYeK, YAAJEHHBIX OT TOUKKA A Ha
paccrosiHue, paBHoe H CM.

Yrazanue. Ecnin M — so6as TouKa HCKOMOr0 MHOMKecTBa T
ToueK, B — OCHOBaHue NepHnedgUKynspa us A €Ha o, To BM = 3.
CrnexoBaTennHo, T —— OKPY:XKHOCTb paguyca 3 ¢M ¢ neHTpoMm B.

3apnadu K rnaese 5

Kaxk u B mpeAniavIUX IJ1aBax, 3aJa4YH K 3TOW rJjiaBe MHOTO-
yposHeBhie. IloaToMy KamabIill yUAMMCSA MOXKET CAMOCTOATENb-
HO HJIY II0 PEKOMEHIANH YUYUTEJA BRIOPaTh XA pelieHud 3aJaqy
«aas apymu». OueHb BaXKHO KAuyeCTBO BBHINONHEHHA YYaNIMMHUCS
PUCYHKORB K 33aXa9aM: YYeHH K JOJKHBI BEINOJHATE 'PAMOTHO ap-
TYMEHTUPOBAHHLIE PUCYHKU.

ABTOpPBI IPOIOJIKAIT HIPHAEPHKUBATHCA KOHIENIUU HU3YYAThH
CBOIICTBA B3aMMHOIO PACIOJIOMEHHA IIPAMBIX H IJIOCKOCTEH B 3a-
nrayax ¢ MCIOJL30OBAaHMEeM Mogeneiln u uaobpa)keHHI Kyba, npa-
BWJIBHOTO TeTpasipa, MPWU3MBbI, NUPaMHAbLI, Oapasselellllena,
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TaK KAk pelleHne Takux 3agav dGpexTUBHO GOPMHUPYET ¥ YUEHU-
KA KOHCTPYKTHBHBIE IPOCTPAHCTBEHHBIE OPEICTABIEHNA.

Has ycnemiHoro peHieHUs 3a7a4 Ha HaXOoXKZAeHHe PacCTOSAHMI
Hesecoo0pas3sHo MpexjaaraTh y4alUMCA PellaTh OXHY H Ty Ke 3a-
navy pa3sfiNYHBIMH METOXAMH.

5.044. Bce Bepminaer Kyba, KpoMe AByX MPOTHBOIOJI0KHBIX A 1
C,. mexamux Ha OJHOHU JHATOHAIH, OAHHAKOBO YAAJIEHH OT HEKOTO-
pou nnockocTH ¢. Haliinre paccTogane OT KA 0 U3 3THX BEPIINH
(uckmogas A 1 C,) 1o OJIOCKOCTH @, ec/ii pedpo Ky6a paBHO 6.

Pewenve. ITyere M, P, K 1 H — cepeguHkl pedep COOTBETCTREH-
uo AyDy, A,B,, BC u CD (puc.. 92). Torga Touxku A,, B, D;, B, Cn
D paBHOyzaneHul OT NNOCKOCTH ¢ = (M PK), xoTropas nmepueHAnKYy-
aspHa guaronany AC; Kyba 1 MPOXOIUT Yepes ee Cepeanny.

Obosnayum E = ACHK,E; =A,C; " MP. Torga CE : AE =

= AE,:CE, = 1:3. 3to o3Ha4aer, 4T0 p(A;; o) = p(C; a) =
= %p(A; a) = ép(cl; 0). Tak Kak p(4; o) = %A(}1 = %-Gﬁ ~3./3,
10 p(Ay; o) = p(By; @) = p(Dy; &) = p(B; ) = p(C; o) = p(D; o) = /3.

5.045. MABCD — npaBuJbHaA YeTbIpeXyroJbHas nupaMuia.
Pe0po ocHOBaHua nupamMmugsl paBHo 6, a ee Bercora pasda 4. Haii-
AHUTe pacCcTosdAHHe OT BepmuHbl A 70 naockocTH MDC.

PeweHwne. Iyets P u K — cepegHHbl CTOPOH COOTBeTCTBedH0 AB
1 CD ocuooBarma oupamuiasl (puc. 93). Torma (MPK) L (MDC),

D, M A,

~
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modToMy neprneHIuKyaAps OH u PE us O u P na (M DC(C) pacno-
noxeHnl B (MPK) u nepecekaior MK. Ua PK = 20K crneny-
er p(P; (MDC)) = 2p(0; (MDC)) = 20H, Tax wkax OH =

- _OK-OM _3°4 _ 94 1o p(P; (MDC)) = 4,8. Vuurnsas,
JOK? + OM? 5
uyro AB||{(MDC), saratouaem: p(4; (MCD)) = 4,8.

3amevarue. MoXHO BOCIIONIB30BATRCA U TeM, uTo U3 AC = 20C
u AC N (MDC) = C caenyer p(A; (MDC)) = 2p(0; (M DC)).

5.046. I[Ipamaa AB nmepneHaukyJasapHa npsamodt CP, npamas
AP nepnenxuxyiaapia npamoit AB. llpavaa AP nmepmeBINKyIsAp-
Ha npamoyt CP; AB = AP = CP = 4, Hajizure paccTosHIe MEXIY
npameiMu AP u CB,

PeweHwve. U3 yerosug cregyer, uro AB 1 (APC) u CP L(ABP)
(puc. 94). Ilposegem 4depead npaAmMyio AB nJI0CKOCTE ¢, DePHeHIN-
KyIsapayio AP u mepecerkamllyio miIockocts APC nmo npamon
AK|CP, npu atom AK = PC. O1pesok BK — oproronairHas mIpo-
exnuA orpeaka BC na (ABK), opu stom AP N (ABK) = A. 370 03-

Havaet, 4YTo p(AP; BC) = p(4; BK) = AH = 2./2 (kaxk mMeamaHa
pPaBHOOEAPEHHOTO TPAMOYTOJEHOTO TpeyronkHHKa ABK ¢ KaTe-
TOM, PaBHEM 4).

samevanue. Ecan depez BC npoBecTH ILIOCKOCTL, IIAPAJLIIENb-
Hy10 AP (Ha pucyHke 94 — sto minockocts BCK), T0 HCKOMOeE pac-
cTOsIHNE paBHO paccerosiHuio mexay AP u (BCK), xoTopoe onATh
e pasHo gaude AH. HarkoHel, MOXXHO Ha JaHHLIX OoTpe3Kax AB,
AP u PC nocrpouts KvO (Ha pucyHKe 94 aT0 ¢«ZocTpauBaHue» 1M0-
Kal3aHo INTPUXOBEIMH JIMHHAMM), TOrZA 3ajada CBOAUTCA K Ha-
XOXEACHUIO PACCTOAHUSA MeXAy pedpoM Kyba U CKpeIURAIOIIENCS
¢ HUIM ero JUATOHAJBI0).
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5.062. Pebpo kyba ABCDA,;B,C,D, paBHo a. Kakrywo =Ha-
MMEHBIIVIO IIOINaAb MOMKeT HMeTh Tpeyroamamyk ACM, ecan
ToyKa M /1exxuT Ha npamoii B;D,? Haligure oTy nioimans.

PeweHnwne. Haomaae Tpeyrossauka ACM Oyzer HauMeHLIle,
KOTJIA BLICOTA 3TOT'O TPEYIoJALHUKA, IpoBexennas us M ua AC, 6y-
AeT HauMenbme#. A rak Kax npameie AC u B D, ckpeuuraoTed,

TO 9TA BREICOTA JAOMMKHA OBITH OOIUM MEPTEHIUKYIAPOM IPAMEIX
ACu B|D,, 1. e. Touka M — ecTb TOUKA OepeceYeHUA Aaronanten

A,C; u B;D,. B rakom csyuae BBICOTa TpPeyroJbLHHKA paBHa 4,

a?./2
o

5.063. Pe6po xyba ABCDA,B,C,D, paBHo a. Kakyo HauMeHb-
IyI0 TMAOMAaXh MOXKET UMETh TpeyronbHuk BDT, ecnu touxka T
JIeXKHUT Ha npamoit A,C?

PeweHne. Odogaayum O = AC m BD., Yto6bl IIOMAAB TPEYTOE-
Huka BDT 6nina HaumeHbllledl (OIPpH IOCTOAHHOM ocHOBaHuH BD),
HAUMEHbIIEeN AOJKHA OBHITh BBICOTA 3TOTO TPEYTOJBHUKA, IIPO-
BegeHHaa ud T BHa BD. Taxk xak mcKomas BeicoTa, C OGHOH CTO-
pOHBI, TepneHZUKynapHaA BD, ¢ apyro#l cTopoBH, Touka 7T
JOJIXKHA JiexxaTk Ha npamod A;C u ObITh Gmmxaliinedl K npamoit
BD, To ncxomas BpicOTA fABJfeTcH OOMKMM NEepIeHIHKYJIAPOM
cKpemuBaomuxed opamuix BD u A,C. Hajinem sTOoT nepueHau-
KYaAD.

IIycre M = A,C n (BDC,). MosxxHO goKa3aTh, uyro A,C 1 (BDC,),
orkyna A,C 1 OC,, mpu satom M = A,C~ OC,. YuuTeiBas, 4YT0 B pas-
HocropouHeM A BDC; umeem OC, 1 BD, npuxoauM K BEIBOJIY:
OM — o0mui ODepIeHAUKYJISAD CKPEIIUBAIUXCA IpAMEIX BD
u A,C, r. e. roura T coBnagaer ¢ M (puc. 93).

IInomanaes aToro TpeyroAbBHHKA

a ero ILJIoIafhk —

>

B, Oyner paBHAa % BD-OT =

_ 1. 1 (aJé).Jé)=a2J§
5 a2 3 ( 2 6
5.064. PeGpo npasBuJbHOrO TET-
pasapa MABC paBaO a. Tourka K —
cepenqunaa pebpa AC. Ha npamoit AB
B  HaWauTe Takywo Touky T, 4TOOH mJIO-
maab Tpeyroasanka TMK 6plia Ha-
uMensbltert, Haligure sTy niaomans.
PelweHne. ITlpumHHEMaA oOTpe3oK
MK 3a ocHOBaHHE HCKOMOrO Tpe-
Puc. 95 yroapHuka MTK ¢ HauMeHblnei
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MJ0IMAaARI 1 BepmnHOd T Ha AB, mpuxoguM K BBIBOAY: BbICOTA
TE (E ¢ MK) tpeyroapauxka MTK, nposexgenHast us Touyxku 7T € AB
Ha MK, aBaserca oOIHM OepPOHEeHIUKYJIAPOM CKPelUBaIoMUXca
npameix AB 1 MK (puc. 96). Haiigem TE.

Yepes OB mnpoBezeM ILIOCKOCTH o, IEPHeHAMKYAIpHYyI0 MK
(mrockocTh o nepecekaer (AMC) oo npamoit OP, npoxoasimeil uepes
O mapasnensno AC) H cOpoeKTHpPYeM Ha o upamyio AB (ans aToro
yepes A mposexem mnpamyio AP, napannensnyio MK). IHoayuaem:
BP — mpoexknnda npaMmoil AB Ha ILTOCKOCTE O Tak Kak MK ma = 0,
o p(MK; AB) = p(O; BP)= OH, tne OH — Bricora A BOP.

B npamoyroseHom A BOP naxomum OH = OPB' POB =
= _OP OB  Tax wax OP = AK = &, OB = JAB? - OA? =
JOP? + OB? 2
' a. a6
- Ja2—(ﬁ_@) = 9_..9, ro OH = 23 = aJ2_2. 3Hagur,
3 3 Jﬂz + 2 2 11
T 3

p(MK; AB)=OH = “ff_‘“’.

Iposeass HT| AP u TE[|OH, 3akntouaem: TE — BhiCOTA UCKO-
moro TpeyroiasEuka MTK u TE = OH. 910 o3HavaeT, 9YT0 S 5 yyrp =

B %MKoTE=1-”§-“~/2_2= a?,/86

2 2 11 44
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9.065. B npamoyroasaoM napannenenunene ABCDA,B,C,D,
pebpo AA, = a, AB = 3a n AD = 4g. Kaxkyio HaUMeHBIIYIO NJI0-
IIaAE MOKET UMETh TpeyTonsHuK AD M, eciu rouka M neur Ha
npamoit DC,?

Pelenne. Tlnomaae S, 4py TPeyronasEuka AD M Oyner Ha-
UMeHBIIEH NPpU HAaUMeHbIIeH BhICOTE, NpoBeaeHHod H3 M € DC, Ha
AD,. 910 03HaYaeT, UTO BBICOTOH HCKOMOIO TPEYTONBHUKA ABIIAETCH
OOIHMY HePIeHANKYIAP CKpelnuBaomuxca npaMeix AD, u DC,. Tax
Kar (AB,D))(C,BD), To p(AD,; DC,) = p((AB,D,); (C,BD)) (puc. 97).

Auaroraans A,C nenures AB, D, u C;BD nnockocramu AB D, u
C,BD na tpu paBHble Yactu AP = PQ = QC, no3ToMy HMeeM
p((AB,D,); (C;BD)) = p(C; (C;BD)). Haiinem p(C; (C,BD)).

Eciu CK 1 BD, to BD 1(CC,K), sgaunT, (CC,K) L (C,BD). Ilo-
sromy nepuesaurynsap CH, nposeaennrrit ns C k (C,BD), pacno-
noxeH B (CC,K), a ero ocHoBaHue H npunamaemxur C,K. 310 03-

navaer, ytro CH — BeicoTa npamoyroasHoro A CC,K. Hafipem
CH = p(AD,; DC)).
2
B opamoyrossaom A BCD waxomum: BD = 5a, KD = %%
= ga. Torxa B npamoyronsiom A CKD: CK = JCD?2 - KD? =

= [9a2 - %az = l—ga. Haxonen, B npamoyronasaoM A CC, K Haxozum

)
12

‘CK . a a
CH=CC1 CK__CG-CX | 5 =Ea. Taxum obpa-

C: K JC,C? + CK? ’az R %az 13
25
12

soM, p(C; (C,BD)) = p((AB,Dy); (C1BD)) =p(AD; DC))=CH = y3a.
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Eern MF — ofmui neponeHZuKynap B
ckpemuBaromuxca npameix AD, u DC,

12

(MeDC,, FeAD,), Tro MF = i_?;a' Torza
_1 . N 12 _

Snaapy = 3AD " MF = 5 aJ17 154

_ 6a2./17 P

13

5.066. PeHpo ocHOBAaHHMA TPaBUALHOM
TpeyrojbHoH npusmbl ABCA B,C, paBHO
a. BokoBoe pebpo OIpu3MEI paBHO 2a; TOY-
ra P — cepeagnHa pedpa BB,. Kakyw Ha-
WMEHLIUYIQ ILIOIAXL MOYKET HMETh Tpe-
yrosieHUK AB K, ecan Touka K Jexur Ha
npamoii CP?

PelleHne, BricoToli HCKOMOIO Tpe-
yroneHHEa AB,K aBiserca obmmi mep-
MeHAUKYAAP CKPEInUBAIOINUXCA IIPAMBIX
CP nu AB,. [lnuHa sToro NEePHNeHAMKYJAAPA DPaBHA DACCTOAHHIO
Mesxay npsamon AB, u mapajnensHol e miaockocteio CPF (F —
cepeauna AB) (puc. 98).

Tax kax CF L(ABB), To (CPF)L(AB,B). Ilosaromy nepoeHu-
kyasap BH, nposeneHnsiii ua B Ha (CPF), nexur B (AB,B) u nepe-
cexaer AB; B HeroTopoH Touke T. Yuurnsad, uto PF — cpexaas
1 AB-BB; _

_ _ 1 _
nmuausa A AB.B, saxomum HT = BH :Q:BT 5 A,

B

AB-+BB .
. 1 - 1, _a-2a = 2. Takum oGpasom,

2 JaB2+B,B: 2 Jai2+4a2  .J5
p(AB,; (CPF)) = p(AB,; CP) = HT = %

Ecan K — nckomasa Touxa npamoit CP, KM — oGuuii nepmoeH-

auKynap npameix CPu AB,, o KM = HT = £ . Toraa uckomas

J5

JIoIIAAE TpeyronbHuKa AB, K paBHa %AB1 +KM = % ra. 5 % =

a2
E‘

5.069. Toura A DpUHAZNIKHUT OKPYAHOCTH paguyca 1. Orpe-
30K AB 1JWHH 2 MepneHAUKYASIpeH IJIOCKOCTH 3TOM OKPYKHOC-
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B tn; C — Taxkas TOYKA OKPYHHOCTH,

yro aauHa ayru AC paBHa X

(0 < x < m). 3agaiiTe HYHKIUIO pac-

CTOAHUSA Mexay ToukaMu B u C or x.

C i PeweHne. auua I gyru oKpyX-
v HOCTH paguyca R, CoOTBErcTBYIOIIAS
HeHTPAJbHOMY VIVIY 0., BBIYHUCJASIETCH
oo hopmyne l = R+ a. Hyecrs £ AOC =
= ¢ (puc. 99). Toroga x = o. 3HaYuT,
Puc. 99 AC? = OA? + OC? - 20A+0C-coso =

= 2+(1 - cosq) =4s‘1n2.g. Torga B A ABC: BC = JAB2 + AC?
-9 | in2 ¢
2 /1 + sin 5"

Fnasa 6. BekTopHbIA MeTOA B NPOCTPAHCTBE

BexTopHOE pelreHMe MHOTHX CTEDEOMETPHYECKHX 34184 3HA-
YUTEJNBHO IPOINE UX PEINeHUN CPeICTBAMHU BJIEMEHTAPHOH reoMer-
puH, OpPH STOM MOMKHO 000MTHCE 0e3 TeX AOMOJHUTEJILHLIX IIO-
CTPOEHU, KOTOPhIE HHOrAA 3aTPYIHSAIOT IIOMCK PeINeHUd 3aJaYHu.
Bonee toro, mpuMeHeHHE BEKTOPOB IIPH PEIIEHHH TEOMETpUYe-
CKUX 2a7a4 cHoCOOCTRYET PARRHUTHIO MHMIIHATHBBI VUAIIIUXCA B
noucKax 3p(PeKTUBHBIX NMYTEN PEIIeHIAA 3THX 3aKaYd, HHTEPECHbBIX
0000IIeHHE, KOTOPBIE OHH MOTYT CZEJIATh, AHAMIUIUPYS MOJIYUEH-
HEI€ PellleHHA, UTo0bl BEKTOPBI CTAJAH AIHNIAPATOM DEIIEHUS Teo-
METPHYECKHUX 3aJad, HeoOX0aMMO, MPeXKIe BCEro, HAYYUTH y4a-
U XCA MePEBOAUTE YCIOBHE IeOMETPUYSCKON 38484l B BeKTOD-
HYI0 CHMBONUKY (HAa <«BEeKTOPHBIH A3BIK»), 3aTéM TI'PAMOTHO
BHITTOJIHSATE COOTRETCTRYIOIMUE anrebpanyecKue olepanHu Hax
BEKTOPaMH U, HAKOHEI], NOJYUYEHHEIY B BEKTOPHOH (hopMe pes3yib-
TAT IIePEeBOAUTH BHOBEL Ha SI3hIK 3JIEMEHTAPHON T€OMETPHH.

§ 21. lNoHAaTue BekTOpAa.
JlunenHsblie onepauvin Hal BeKTopamMmu

Jl1a pemrteHus reoMeTpuyecKux (11 axrefpandyecKux, u Gpuanye-
CKUX) 3a7a4 KayKAbIN YUamuica ZOJKEH YCBOUTh BEKTOPHBIE TEP-
MHHOJIOTHIO U CUMBOJIMKY, HAYYUTHCA 0e30MIHO0YHO BBRIMOJIHATE
BCe ZIE€UCTBUSA HAJ BEKTOPAMH.

Yuamumesa CleXyeT HOSACHHTb, YTO B CTEPEOMETPHH CYMMY
IBYX HEKOJJHHeAPHBIX BEKTOPOB d ¥ b MOKHO HAWTH, KAK U B
ILIAHUMETDHH, 10 OPABHJY TPEYrOoJbHHKA HJAK II0 TPABWIY IIa-
panJiesorpaMMa, a4 IpU CJIOXKEHHWH TPeX H GoJiee BEKTOPOB ITPUMeE-
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HAETCS TPaBUWIO MHOIOYIrOJIBHHKA (WU B
IIPaBUJIO JIOMAHOH JuHUK). Ecau Tpu BeK- \

TOopa Ofi, Oé, OC OTNOMEHB OT OJHOMH M
TOUKH, HO He JIeKAT B OJHOH ILIOCKOCTH,
TO MX CyMMa HAXOJHTCHA II0 IIPABMIY IIa-
panaeJIenIunesa.
Briunranue BEKTOPOB MOMKHO CBECTH
K CJIOYKEHHIO BEKTODOB: @ — b=ad+ (- b) Puc. 100
Onepanus yMHOMXKEHHA BEKTOpa Ha THC-
Jo ofJs1azaeT OXHUMH H TEMHU JKe CBOHUCTBAMHK KaK B ILIAHUMETPUH,
TAK ¥ B CTE€PEOMETPUH. ¥YUalllHecs AONMKHBI IIOMHUTh, ITO TOYKA

M nexxur Ha npamoiil AB Torja ¥ TOJABKO TOTZA, KOIAA BHIIOJHS-

— —
ercsa yeaosue AM = xAB.

«PaGounMu» Opu peleHuH 3aiad sToro naparpada (U B 1aib-
HeliieM) SIBJSIOTCS BEKTOPHAaA «hopMyJa IJs CepefUuHLL 0Tpes-
Ka» ¥ BEKTOpHas «(popMyJsa AJAs TOUKH NOepeceueHuA MeauaH
(meHTpOKIA) TPEYTONBHUKA» .

A K C

6.016. JoxaxuTe, UTO €ciau Touka M —— [HMEHATPOU] TPEYyroib-

-

—_— >  —
Huxa ABC,to MA + MB + MC = 0.
PeweHue. Ilycers Touka P — cepegura BC (puc. 100). Tor-

— 1.2 — . ey 1
ra MP = §(J\/IB’ + MC). C gpyroii cropoasl, MP = _EMA'

— > > > >
Torga monyuaem —% MA = %(MB + MC), otrkyza MA + MB +
_) o
+ MC=0.
6.018. B rerpasgpe PABC rouxku M, u M, — OeHTPOUbI I'Pa-
Heii coorpercTBeEHO0 PAB u PBC. [okaxwure, uto M M,|AC n

MM, = ; AC.

PeweHnue. Ilyctes O — TIpOM3BOJILHAA TOUYKA NPOCTPAHCTBA
(puc. 101). Torza:

— 1 — > >
OM, = 5(OA+ OB + OP),

— 1 > > >
OM, = §(OB + OC + OP).

> > > 1.2 — 1 7
Hoosromy MM, = OM, — OM = (OC - 04) = 3 AC. 9o

> ) —
osHavaer, UTo BeKTOpl M, M, u AC ronnunaeapssl u |[M M, =
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Puc. 101

—
= %lAC[, OTRyZa #aas orpeskoB M, M, m AC copaBeanHBO:

M M| AC u MM, = 3 AC.

6.024. ABCDA,B,C,D, - napanjielennIes. ¥ KaXKNATe TAKYIO

Touky M, 4To cpaBeAIUBO PaBEHCTBO: MA+ MB + MC + MD +

+ MA,+ MB, + MC,+ MD] = 0.
Pewenwe. Ilycts O = AC N BD, O, = A,C, n B, D, (puc. 102).

Torpa MA + MC = MB + MD =2MO u MA, + MC, = MB, +

+MD1 = ZMOi.TaR xak MA + MB + MC + MD + MA; +
: — — —

¢, + MB, + MC, + MD; = 0,

> > —
o MO + MO, =0, orkyna MO =

—
= —MQ,. 9ro o3Havaer, 4TO TOU-
Ka M — cepeamua orpeska 00,

COEIMHSAIOIEr0 MeHTPhl rpaHeit
c ABCD uA B,CD,.

6.030. Jlnsa pmanHol Herwto-
CKOM 3aMKHYTOH JOMAaHOH, CO-
CTOAIEH H3 IIIeCTH 3BEHLEB, ITO-
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CTPOEHBI JBA TPEVIOJbHHKA, BEPIIMHAMH KAXKJJOTO M3 KOTODPBIX
CJIYKAT cepeluHbl HeCMEXKHBIX 3BeHbeB. Jlokamure, 4TO [EHTPO-
MBI 9THX TPEYIrOJBHUKOB COBIIAIAIOT.

Pewenue. Ilycrs ABCDEF — HenJlocKas 3aMKHYTad JIOMaHAas;
ToukM M, N, P — cepequHnl 3BeHBEB cOOTBeTcTBeHHO AB, CD,
EF; roukn @, R, S — cepequusl 3BeHbEB cOOTBeTcTBenHO BC, DE,
FA; M, u M, — neHrpouJsl TPEeyTOJLHHKOB COOTBETCTBEHHO
MNP n QRS. Torga nns noboit Toukn O, nenrpongos M, u M,
TPEeYroJBHHUKOR COOTBeTCTReHHO MNP 1 QRS nmeeM:

— 1 > > >
OM, = 3(OM + ON + 0P),

— 1 > > >
OM, = ;(0Q + OR + 09).

— 1 ; > > 1 = > >
Tax xax OM = E(OA + OB), ON = E(OC + 0OD), OP =

- L(OE + OF), 06 - %(oé +0C), OR = 1(OD + OF), 05 =

1, 7% . rna o
= 3 (OF + OA), To mocse 3JIeMeHTapHBIX IIpeodpaszoBaguil moJy-

— 4 > > > > > 5 —
vaem OM, = 6(OA+ OB + OC + OD + OE + OF) = OM,, or-

KyJa ciaeayer, 4ro Touku M, u M, coBnaaaimor.

§ 22. Pa3noxeHue BekTopa no Hasucy

YuaiguMes HeoOX0oguMO MOSACHUTE JIRA BAXKHBIX BEKTOPHO-Te0-
MeTprnyecKux paxra:
» ecau Touka O He JeXuUT Ha IpaMoll AB, To Touka M JeXXur Ha

9TOH NPAMOI TOIJA U TOJBKO TOrAA, KOI'ZAa BBEIIOJHIETCH BEKTOD-

— — —
Hoe paBeHcTBo OM = x - OA + y+ OB npu ycaosun, 4to x + y = 1;

« ecqIn TouKa O He Jexur B mockoctn ABC, To touxka M Je-

SKHT B 9TOH ITOCKOCTH TOrIa M TOJBKO TOa, KOI'Ja BhIIIOJHACTCH

— —> - —
BeKTOpHOE paBeHCTBO OM = x+ OUA + y+ OB + 2+ OC npu ycio-

Bum, yto x +y +z=1.

Ecawn npu permesuy niaadsuMeTpHYECKHX 38/1a4 BRHIOMPAIOT 1Ba
HeKOJIuHeapHEbix (0a3ucHBIX) BEKTOpPA, TO AJA DeIIeHHWA 3a4au
CTEpEOMETPUYECKIIX BBIOMDPANT TPH HeKOMILJIaHApDHHIX (0asmuc-
HEIX) BeKTopa. IIpu aroM, ecim 0a3ucHeIe BEKTODHI [OIADHO He
NepneHANKYASPHEL M HMEIOT IIONAaPHO PAa3IMUHbIe JINHBL, TO Ta-
Kol 0asuc Hasplraercd ahPuHHEIM, a KOO(DPHUIIMEHTH B Pa3JI0Ke-
HuH JI000I0 BEeKTOpa IIPOCTPAHCTBA 110 DABHCHBIM BEKTOPAM — €TI0
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adppuHEHEBIME KoopArHATaMi B 9aToM baanuce. 06 3TOM MOMKHO cKa-
3aTh VUANIAMCH YiKe Tellepb, 4 MOXKHO H UVThH MTO3THEE,

Ecan r 3anauve TpebyeTcsa A0KA3aTh, UTO TPH JAHHBIE MNPSAMEIE
apaJijaelbHbl HEKOTOPOH ILNIOCKOCTH (ee MOJIOKeHMe OIIpenesTh
HEe HYMHO), TO JOCTATOYHO HA KAKIOH M3 9THX IPAMBIX BBIOpATH
BeKTOD (HalpaBJIeHHBIHA OTPE30K) U JOKAa3aTh, BOCIOJL30OBARBIIHCH
OPHUSHAKOM KOMILTAHAPHOCTH TpPEX BEeKTOPOB, YUTO BHIOPAHHELIE
BEKTOPBI KOMILJIaHAPHEL,

6.046. /Tans! 18a mapasnenorpamma ABCD u A B,C,D,. Toukn
M, P, K u H — cepenHHE OTPe3KOR COOTBeTCTReHHO AA,, BB,,
CC, u DD,. lloxaxure, uro otpesku MK u PH nepecexaioTcd B
QA HOU TOUKE U JEJATCA €10 MOIO0JIaM.

Pewenue. Ilycte O — awobad Touka npoctpadctsa, T u T, —
cepeanHbl OTPEe3KOB cooTBeTcTBeHHO PH m MK. Torma mmeem
(pmc. 103):

— ] =2 = 171, =2 —= 1, -2 ——
OT=§(OP+OH)=E(E(OB+OBI)+§(OD+OD1)]=

1, == —2 — —
= 1((OB + OD) + (OB, + OD)));

Puc. 103
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1 1/(1,~72 .~ 1 = @ —
OTI—E(O +0K)=1 (E(OA+OA1)+§(OC+OCI))=

= Z((OA + 0C) + (04 + OC1)).

—
Tax xax ABCD u A,B,C,D, — napannenorpammsel, 70 OA +

+ OC = OB + OD u OA, + OC; = OB, + OD,. Yuurspas oru
— =
paBeHcTBa, noxydaem OT = OT, otkyaa T, = T, 7. e. oTpesKHu

PH u MK, nepecexadacs, JeJATCA MOIIOJAM.

6.047. B rerpasape PABC rourku K u M — cepegussl pedep
coorBercrBeHno PA u BC. J[Joxaxwure, uro npameie AB, KM u PC
napajajebHbl HEKOTOPOH (0AHON) ITIOCKOCTH.

—— — =y —
PeweHne. C oaHOMH CTOpOHbI, KM = KP + PC + CM

—y
(prc. 104), c npyron CTOPOHEL, KM KA + AB + BM. Toraa

—3 e = —3 ==
2KM—(KA+KP)+(BM+ CM) + PC + AB= PC + AB, orky-

— > -
hig:| AB = -—PC + 2MK 3HAUMNT, BeKTOpel AB, PC u MK xommna-

HapHbui. [losTomy npsambie AB, PC u MK napannenbHbl HEKOTO-
POH MIOCKOCTH.

[Tpesxae ueM KOMMEHTHDPOBATH pellleHud sagau 6.048—6.057,

ITPOBEIEM CJIeIVIONIHEe PACCYIKIEHHA.
—_
Ecnn touka K gexxur B naockoct ABC, To cupasegnuBo AK =

— —>
= xAB + yAC. IIycte M — nmobad ToOuKa OPOCTPaHCTBA, He IIPH-

Haamexxamniaa miaockoctn ABC (puc. 103). Torpa us nmocnegaero
paBeHCTRBA HOJIydYaeM:

— — —> — —
MK - MA=x(MB—- MA)+ y(MC - MA)=
— > >
=—(x+yyMA+xMB +yMC =
— — > >
>MK=(1-x—-y)MA+xMB +yMC.

Ecam oboszmaunrsaa =1 - x —y, p = x, y =y, TO CcIenyer:

T — 5 )
MK =oMA+BMB+yMC opua+pf+y=1.

OkaspiBaeTCcs CIIpaBeAJIHBO OOpATHOE YTBepKAeHne: ecan M —
mo00ad TOYKA TIPpOCTPAHCTBA, He NPUHAANEKAINAA ILJIOCKOCTH

—_— P —> —
ABC, n ciipapeanueo MK =oaMA +BMB +yMC opua+ pf+y=1,
70 Touka K jgexuT B mnockocTt ABC.
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Puc. 104

B caMoM nesne, H3 BEKTOPHOI'O PABEHCTBA

— e > >
MK —aMA +BMB +yMC
moJyHaeM:

— — R ) — — —> —>
MA+ AK =aMA +B(MA + AB)+y(MA + AC) =
_ — —_ —
= AK =(0.+B+v— 1)MA + BAB +yAC =

—> —
= BAB + yAC,
— —
T. €. BeKTOPEl AK, AB u AC KOMILTaHAPHBL. A TaK KAK 3TH BEK-
TOPBI OTJICIKEHEI OT OAHOM TOUKM, TO TOUKa K JIEIKHT B ILIOCKCCTH
ABC.
TaxmM obpazoMm, mas awdoE Toukd M, He mpuHamne:raleii

— —> — —>
nnockocrn ABC, paBercrBo MK = oMA + BMB + yMC (npu
a + B + y=1) cipaBefJIHBO TOTA U TOJBKO TOTA, KOTAA TOUKA K
JIEKHUT B IIOCKOCTH TpeyroabHnuka ABC.

> > —

MoxxHO 10Ka3aTh, YTO eclu B paBedcTBe MK = aMA + BMB +
—

+ yMC BeImonaaercs: o+ B+ vy > 1, To rouku M u K paznenesHsr

naockocTeio ABC; ecnra + f +y < 1, o rouku M u K nHe paszne-
JneHbl II0cKOoCTRI0 ABC. Tlpuuem ecnm nmpamas MK Oepecekaer
(ABC)Brourke P, mpustoMma+ B+y=m,roMP: PK=1:(m - 1)
nmpum > 1u MK : KP=m:(1-m)oprd<m <1.

Kpome Toro, Touka P JeHT BHyTpH TPeyroabHuka ABC mnpu
YCIOBHH, eclu Bce KOa(pdULIHenTs o, f U ¥ IOJTOKHATEIBHEI.

Tenepr MOMKHO NOPHCTYIATE K KPATKUM PeIIeHMAM 3ajad
6.048—6.057.
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— —
6.048. Bexropat MA, MB u

—
MC HerkoMILIaHApHBI, TouKa K

JIEPKHT B ILJJOCKOCTH TPEyroJbLHH-
ka ABC. Halinute 3HaueHNne YHC-

— —

aa x, ecau: a) MK = 0,1 MA +
— — —

+ 0,4MB + xMC; 6) MK =

—> —> —>
=TMA +xMB + 0,38MC.
PeweHue. Mcmoab3ysa MpHIHAK
ONPpHHALNEHKHOCTH UYeThIpex TO-
YyeK OnHOH IJIOCKOCTH, 3aKJIIoYa-
€M, UTO TOUYKAa K JEXKHT B ILJIOC-
koct ABC, ecan: a) 0,1 + 0,4 +
+x =1, orxyga x = 0,9, npuueMm
K nemxuT BHYTPH TpPeyTroJILHHKA
ABC;0) T+ x+ 0,38 =1, orkyga
x = —6,38, nprnuem K JIe:RUT BHE
Tpeyronsaura ABC. Puc. 106

B,

6.057. Ha npoaoaKeHHH pe-
oep MA, MB u MC npasmiasHoro rerpasapa MABC B3ATHL COOT-
BeTCTBeHHO TOUKH A,, B, um C, rakune, utro A — cepeaguna MA,,
MB,=3MBuMC,=1,0MC. K — nearpoug (Touka riepecedyeHus

—
MeaHaH) TpeyroasHuka A, B,C,. a) Paanoxure extop MK 10 BeK-

TOpaM MA, MBu MC. ©) B kakom oTHOIIIeHWH MIocKocTh ABC

meant orpesok MK, cumraa or M? B) Haiigure paccroaHmne or

Touku K o niaockocTu ABC, ecau pebpo Terpasapa paBHO @.
PeweHue. a) Touka K — nenrpoma A A B,C, (puc. 106) =

—_— 1 > > > 1 > v —
= MK = L(MA; + MB; + MCy)= 2(2MA + 3MB +1,5MC) =

42 > > 1—)
~ - MA+ MB+ ; MC.
6)0&+B+7=§+1+%=}B§>1.HyCTBP=MKm(ABC).TOP-

,uaMP:PK=1:(1T3 ~1)=6:1.
B) Ilycrs O — menrpoung A ABC. Torpa p(M; (ABC)) = OM =

= #. Tak kak KP: PM=7:6, 7o KP = gPM. JTO O3HAYAEeT,

a0 p(K; (ABC)) = L p(M; (4BCy) = T+ 48 — Ta 6
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§ 23. CkanspHoe npou3BegeHne BEKTOpPOB

CransapHOe IpOH3Be/IeHHE IBYX BEKTOPOB MO3BONAET HAXOIHTD
IJIAHY OTpe3Ka, BeJWUYUHY yIJla, CJAeJOBATeNbHO, HAXOMAUTH DAC-
CTOHHUS, ILICIIAAM H JPYTrHe MeTPUYEeCKHe XapaKTepPUCTHKY I'eo-
METPHYECKHX QHUTYD.

Ecnu B 3aymaye TpebyeTcs HAWTH AJHHY OTPE3KA, TO B KAYECTBE
0asMCHBIX BRIOMpAIOT TaKWe BEKTOPhI, AJAWHBI KOTOPHIX W YIJIBI
MeXIY KOTOPBIMH YiKe U3BeCTHHL. [IpK aTOM AJUHY OTpe3Ka Haxo-
AAT KaK AJIHHY COOTBETCTBYIOII{Er0 BEKTOPA, KOTOPBIM PaaiaraioT
110 0aB3HCHBIM BEKTODAM, 3aT€M HAXOMAT ero CKAIsAPHbIN KBaapar

M MOJAYYAIOT AJAWHY 9TOT0 BeKTopa o dopmye: |d| = Jaz.

Ecnu B pagaue TpebyercAa HaUTHU REJIHYHHY yIja ¢ MEXIY
NPAMBIMH, TO B KauecTBe OA3NCHLIX BEIOMPAIOT BEKTOPHI C M3BECT-
HLIMH OTHOINEHHUAMH UX NJIHH U H3BECTHBLIMH YIJIAMH MEXIY HU-
Mu. Kpome Toro, BEIGUDAIOT BEKTODHI d | b Ha CTOPOHAX 3TOTO yI-
Jla C HAYaJoM B €r0 BEePIIWHE M pas3jaraloT X o basucy, a 3aTeM

—

a-b
HaXOAAT KOCHMHYC HCKOMOIO yria ¢ 1o QopMyme: cosp = —
|al - bl
AJIH COS (P = | l . [Tpu 3TOM MONB3VIOTCH aNredpayyeck MMHA U I'eo-

jal + |5]
MEeTPHYECKHMHF CROHCTBAMU CKAITPHOTO ITPOU3REIEHNUS BeKTOPOR.

Jlna nokasarennLcTBa MEePHeHINKYIAPHOCTH MPAMEIX, OIPAMON
7 IIJIOCKOCTH, IBY% ILIOCKOCTEeH yn00HO IIOJL30BATHCS IPH3HAKOM
MNEPIEHIUKYIAPHOCTH ABYX HEHYJ/IEBEIX BEKTOPOB.

6.067. B rerpasape PABC pebpa AP u BC, a raxkxe AB u CP
B3AMMHO MePHNeHIUKYJIAPHBL. JIOKa)KHATe NepneHIWKYJISAPHOCTD

pebep AC 1 BP, nenonb3y s BEKTOPHL.

-e) — . =
PeweHue. Ilyers AB = a, AC = b, AP =

= ¢ (puc. 107). Ucxoas 13 ycJOBHA 3a/a9H,
ITOJIy4aeM:

—  — —> —
AP1BC = AP1BC = AP BC = 0 =
:>E-(b—&):0:>3-b—5-&’=0:>fi-é
=§-E,ABLCP:;»ABLCP:>AB ch -
=O:>d-(ci—b)=0:>a’-é—ab 0=
4 C ~G-é=a-b. . R

Taxnum o6pasoM: d*b=b¢ = b (c—a)=

— — —>
=0= AC-BP=0= AC1 BP = AC1BP,
Puc. 107 UTO U TPeOORAJIOCE JOKA3ATh.

o

Rl

B
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6.069. HaHJJ;HTe CKaJAPHOE npouaneneﬁne BGKTOpOB au 5,
ectu: a) |d| = =2, |d+ b| = 3;_6) @] =3, |6] = ~ bl = 5;
B)|d+bl=|d - b| r)|d + b= =1; 1) |a+2b| — 2b| = p.

Pewenne. a) |d + B = J((i +6)2 = Jaz+2a g pe =
=J1+23b+4=83=2db=4=db=2;

mla + 28 = |@ - 28 = p = Ja2i44db+452 =

: 2 2 _ 5
~ JEECag e 4 - p o (LA vAR=D g o

*9—4ab+4b2—"p
= db = 0. .

Tak xkak B 3agagax 6.074—6.080 SasucHEe BeKTODE! 4, b, ¢ —
eANHUYHBIE U TOTADHO B3AUMHO TePIIeHJUKYJADPHbIE, TO y4ua-
mHMCH .}KEJIELTEJILHO _HATIOMHUTDL, YTO G°b = heéd = @G-8 = 0,
|b\ b2 = ¢2 = 1. YuurwBas aTo, AJ4 TI060T0 BeK-
Topa p = xa + yb + 2¢ HMEIO'I‘ MECTO CAeAYIOIUEe VTBEeDIKJISCHHA:

a)prd=x; p-* b= y,p c:z

6)p* avlpI COS L, P b +cosPB,prc=|plecosy, rmea, B,y —
YTIIEL MEKIY BEKTOPOM P ¥ COOTBETCTBEHHO 0A3UCHEIMH BEKTODA-
Mu d, b, é. R

CrasaHHOe 03HAYaeT, YTO eclH 6A3UCHLIC BEKTODHL d, O, ¢ —
eIUHWYHLIE 1 MMOTIAPHO B3aUMHO NEepPHeHAWK YISAPHEIE, TO KAMIAA
KOOpAMHATA JI000r0 BEKTOpA B 3TOM Dajuce papHA TPOUIBENEHUIO
MOJYJISA TAHHOTO BEKTOPA Ha KOCHHYC yIJla MEMKAY STUM BEKTO-
POM U COOTBETCTBYIONTAM 6asHCHLIM BEKTODOM, T. €. X = |p|+ cosa,

Yy =p|-cosB, z=|p| - cosy.

6.075. Haiigure KOCHHYCEL YIVIOB MEAY BEKTOPOM 6d — 3b +

+ 2¢ ¥ KaXKbIM U3 BEKTODOB a, bud .
Pewenue. Iyers 6a — 3b + ¢ = p, Z(p d) = o, Z(p, b) = P,
2=1

e

> -3 24
Z{p. ¢) = 0. Torga, yurnsas, aro d-d =d?=af=b2=¢2=
Gb—aG-é=b-¢-0, TOAy4YaeM:

cosg— D@ _ (68-3b+28)-d _
(6@ - 3b+ 28)2- 1
= 6a? _ 61 _6.
3632 + 952 + 402 A/36-1+9-1+4-1 T’
cosp= D b _ (6d-3b+28)+b _
J(6a — 36 + 26)2+ 1
~3h2 _ -3-1 _3,
7!

J36d% + Op2 + 442 361 +9-1+4-1
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Pré _ (64-3b+28)-F _
cosp = . =
pl-1el Ji6a—3b+ 28)2-1
2¢2 _ 2.1 _ 2

/3632 + b2 + 4¢2  f36-1+9-1+4-1 7
Tlocne perenus aToH 3a7aun rjegecco0passo o0paTuTh, BHUMA-

2
HHe yuamguxcs Ha ToT dakT, uro cos?o + cos?P + cosle = (g) +

()

6.081. a) Caeaver U U3 G.b= a ca,} qTo b = @7 Q) HaBeCTHO,
4YTo AJIA TI060r0 BEKTOpap BEPHO d+p=>+p. Bepro au, uro d = b?

Pewenue. a) 3 d+b = d+¢ cnegyer d+(b — ¢) = 0, orkyzna
al (b - c)

0)Us G+p = be «p crenyer pe (a - b) 0. Ecam BexTOp p He
TePIeH K IADEH BeKTOPY g = a - b TO BEINOJHEHHE YCIOBUA
pA@a—-5=0 AN T1000r0 BeKTopa P BOBMOJKHO JIMIID IIPH i — b= o,

T.e, upud = b,

6.089. B mpasunsaom terpasape PABC Ha pebpe PC Basita
touka K rakas, vro PE | EC =1 : 2, n Ha Mmeguane AF rpaau APB
orMevesda touka M — menTpona rpaau APB. Halizute njiuay oT-

peska ME, ecnin giinaa pebpa TeTpasapa paBHa a.

A A e SN
Pewenune. O6osuauum PA =a, PB =), PC = ¢ (puc. 108). Tor-

;LaML"=M15+PE'=~§PK+
-5+ 3.

7 d 7 d 3 > 2
VUYHTEIBAsA, 4TO d*b = d+ ¢ = b+¢ = |d|- |d| - c0s60° = %, oIy-

ME - |ME| - «/—E—Q—J +8) =

a@

qaem:

*—J&,’2+b2+62+2a b—23+¢—2bh«¢ =2

6.090. B npaeunbHoit TpeyroabHO# npusMe ABCAlBlC1 CTO-
pOHA OCHOBAHHA paBHa 4, BeicoTa BB, passa k. Haligure yroxn
Mexay NpAMBIMH AB, u BC,.

—2 - — - — -

Pewenune. Obosaunm AB = p, AC = g, AA; = r (puc. 109),
_— = e I . L. _
Z(AB,, BC;)=f. TornraAB, =p+7r, BC,=-p+qg+r,cosff~=
_ —
AB]_'BC]_

[aB]TBel
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Puc. 108 Pue. 109

—+ > > az

- —
VunuTeIBadA, UTO p*F = q+7F =0, prq = 5 » HAXOZMM: |AB,| =

—
2h% - g2
—2 .

— e -+ - - — -
AB,+BC, = (p + P (-p+qg+7) =
_. |2h% - a?

2(a% + A%’

Torga cosfl =

3aga4uu K rnase 6

6.106. Mo)xHo /K COCTaBHTD: 4) TPEYIOJAbHUK H3 MeJHMas JaH-
HOT'O TPeyroJbHKHKAa; 0) 3aMKHYTYIO JOMAHYIO M3 OTPE3KOB, HAY-
IIMX U3 KAXKI0M BEPUIMHLI TETPAYAPA B TOUKY [I€PECEUESH M ME/H-
aH MPOTHBOMOJICIKHOH rpaHm?

Pewenue. a) llvers AM, BK 1 CP — MenHaHbL TpemeILHHRa
_ —>

ABC Han,uem cymmy BERTOpOB AM, BK u CP: AM + BK +
-+ CP == _(AB +AC) -+ _(BC + BA) + _(CA + CB) == _((AB +

u—)——)

+ BA)+(BC + CB)-I~(CA+AC))+ 1.6 = 6. 9ro osmauaer, uro

— —
ecJH BeKTOp BK ornoxuTE oT ToukH M, a BekTop CP — OT ToUKH

K, ro Touka P copnager ¢ Toukoll A, T. e. IoMaHas, COCTOAIIAA U3
TpEeX 3IBEHbLER, OKAMKEeTCA 3aMKHYTOH, UTO M CBHIETEJIBCTBYET O
TOM, YTQ U3 MeAuaH TpeyrodbHHKAa ABC MO HO COCTABUTEL HOBBIH
TPEeyroJIbHAK,
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6) Ilyers M, K, T u H — TO4YKH nepeceueHNd MeAuaH (LeHT-
pouael) rpardei rerpasapa PABC, nporrHBone:&camnx ero BepmH

HaM COOTBETCTBGHHO P A, Bn C Tor,qa PM + AK + BT + CH =
= _(PA + PB + PC] + _(AB + AP +AC) + _(BA + BC +

+ BP) + _(CA + CB + CP) == _((PA + AP) + (AB + BA) +

+(AC+CA)+(BP +PB)+(BC+CB)+(PC+CP))— +0=0.

Paccyxaenns, aHaJIOTUUHBIE TPeIBIYIIIUM, ITIPUBOIAT K BbIBO,IIy:
n3 oTpeakos PM, AK, BT n CH MOKHO COCTaBUTh 3aMKHYTYIO JIO-
MaHVIO.

6.107. Tourku A,, B, u C, B3ATLI Ha CTOPOHAX COOTBETCTBEHHO
BC, AC u AB tpeyronsanka ABC rak, uro AC, : C;B=BA, : A,C =
= CB, : B;A. [lokaxure, uro orpeakH, pasumnie 4AA,, BB, u CC,,
SBAAKTCS CTOPOHAMH HEKOTOPOI'O TPeYIoJBHUKA.,

PBLL!BHMe HyCTb AC; CIB BA,:A,C=CB,:B,A =k Toraa

C =kC, B BA1 —kACl, CB1 = kBlA
> - —>
Haxogum: AAl = AB + Bzﬁl1 = AB + kAC, = AB + kAC -
—
— kAA| nim

—_— — —
(1 +k)AA, =AB + RAC.
— = —
Ananoruuno (1 + k)BB, = BC + kBA,

— — —>
(1+ k)CC, = CA + kCB.
Hocxe CHOKEHHA IIOAYICHHBIX TPeX PABEeHCTE HOJAyYaeM:
> > > > > > — =
(1 +k)AA, + BB, + CC,)=(AB + BC + CA) + k(AC + CB +

—> -3 -3 — 7 * > -
+ BA)=0+k-0=0.Takkak k #-1, 10 AA; + BB, + CC,; =0,
910 03HaYaeT, YTO U3 OTPE3KOB, paBHbIX AA,, BB, u CC,, MOXKHO
00pasoBaTh TPEYTrONbHUK.

6.110. Ompesok, coedunsawuiull eepwuny mempas3dpa ¢
yenmpoudopom npPomMuUBoNeENHAuLeiL 2panl, HA3bl6aenca medua-
noit mempasdpa. Joka:kure, 4T0 MeJIHaHBI TETPa3/Ipa IepeceKa-
IOTCA B OJHOH TOYKE 1 T4 TOYKA JeJHUT KasKAYi0 U3 MeJuaH B OT-
HomeHnu 3 : 1, cuuTad OoT BepLiuHEbI.

Pewenwe. Ilycre M — TouKa, geinamas mefuany PIH | TeTpasi-
pa PABC B ornomenun PM, : M\H, =3:1, rge H; — neurpons
rpaau ABC (puc. 110).

120



Pnc. 110

Hna noboit Tourkn O 1pocTpaHCcTBA BHIIIOIHIETCS

— 1 > > >
OH, = g(OA + OB + 0Q).

> > > ? 3—) — 3——"7‘* 3—)

12 .3 1 > > 21 5 > > >
_ZOP+Z -E(OA-i-OB-I-OC)—Z(OAJrOB+OC+OP).
AHanoruyvHo goxkasblBaeTcs, aro aiad touek K, T'u E, geiasmiux

OCTAJIbHBIE TPH MeAHAHLI TETPA3JApa B OTHOLIEHHUH 3 : 1, cuurad

OT COOTBeTCTBVION[UX BeplinH, Bunonuasaerca OK = OT = OK =

= %(Ozi + OB + O(:‘ + Ofl’) = OM. JTO O3HA4YaeT, 4yTo TOUKH M,
K, T u E coBuagaior, 4To H TpeGoBaIOCEH TOKA3ATS.

6.116. KABC — rerpasap. Kaxkyio ¢urypy obpasyior To4KH
M raxme, uto: a) KM = KA + KB + xKC; 6) KM =KA +yKé +
—> > > > >
+xKC; B) KM =2KA +yKB +xKC,rpe 0 < x<1,0<y<1,
0<z<1.
—> —> 5 > > —
Pewenwve. a) Ilyete KA + KB = KP, KC + KP = KH

—  —
(puc. 111, a). Ilpu x = 0 nonywaem KM = KP, 1. e. Touka M ¢os-

nagaer ¢ P; upu x = 1 moay4uaem KM = KA + KB + KC = Kﬁ,
T. e. M cosuagaer ¢ H. Ilpu nwbom x € (0; 1) xoHmoM BexkTopa

—
x K C apasercda BHYTPEHHAA TouKa orpeska KC, a KOHIIOM BeKTO-
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> > > e > —_
pa KM = KA+ KB +xKC=KP +xKC — BHYTpeHHAA TOUKA
orpeska PH. Takum obpazom, HCKOMOE MHOMKECTBO Touek M —
orpesox PH.

> 5 y > > > — -
6) Iycr, KB+ KC=KT, KA+ KC=KE,rorma KB + KC=

> > > > —
= KT = AP+ AE = AH (puc. 111, 6). Ecin KA = 0, Tonpu x =

=1, y = 1 nonyuaem KM =KB + KC = I{Cf’, T. €. Touka M coB-
nagaer ¢ sepmuHol T napasenorpamma BKCT, a npr mo0bIX
xe[0; 1], y € [0; 1] rouka M «3arojHsAseT» STOT 1apajiieJorpaMM.

—T
Torga npu KA # 0 u mobuix x €[0; 1], y € [0; 1] xonen, M BeKTOpa

KM =KA + yK B + xKC «sanonuser» napaunenorpamm PAEH,
paBHBIH napanaenorpammy BKCT, npuuyem cOOTBETCTBEHHEIE CTO-

POHBE 3THUX HapaajdeaorpaMMOB DABHEL M NTapalijleibHBL.

— —
B) [lpu mobom z e[0; 1] women M Bexropa KM = zKA +

+ yKB + xKC «3anosHseT» 1apaijiejiorpaMM, CTOPOHBI KOTOPO-
ro paBHLl W NMapajyenkHBl CTOopoHam uapasuienorpamma BKCT.

Torga npu Bcex z € [Q; 1] mHOMKECTBO BCEX TOueK M, 1A KOTOPBLX
— —

KM =zKA + yKB + xKC, obpasyer napannejenunes, OCHOBa-
HHUAMU KOTOPOro sABIAwTcA napannenorpamvul BKCT n PAEH
(cM. puc. 111, 0).

K

Pre. 111
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6.119. B ocuoBanum mupamuabsl MABCD jeuT Tpanenus
ABCD (AD|BC, AD = 3BC). Ha pefipe MD oTMeTHIN TaKyio
TouKy K, uro KM : KD = 2:3; P — cepeauda MB. B raxkom
OTHOLIEHWH, CYATAS OT TOUKHU M, nmnockocets AKP genur pebpo
MC?

Pewenne. Ctpoum Tourku Q = BDNKP, T = BC nAO, H =
= PT nMC. H — HcKoMasa TOUKa IIepeceyenus Iiockocra AKP
u npamot MC (puc. 112). Hatimem otnowtenue M H : HC.

—_— L = L —

ITpumem BekToprlr MA =a, MB = b, MD = ¢ B KauecTBe 0a-
— —

3UCHBIX BeKTopoB. Tak rar H e (APK), to MH = x-MA +

—7 S
+y*MP +z-MKupux+y+z=1.
YuuThIBad yCJAOBHe 3aJaul, IIONyUYaeMm

—*

ﬁ=x'&+y-(%b)+z-(§§)=

= x4+ (%y)5+(§z)3
mpux +y+ z=1.

—> —>
Tak kak MH|MC, o MH = t+ MC. Haiinem 3aauenme £,

Pue. 112
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\

> > 1-—-—) —_— 1'—‘}
B+BC$MB+_AD:MB+_(MD—

HUmeem: MC

— 1 1= ——) —
*MA)EME a+b+ EC W3 yenosusa MH = t+ MC naxognam:

i

__1
x Et, x=-lt,
1 3
Eymt = {y=2t,
2, _ 2= 24,
-5-Z—t 6
Torna us YCJIOBHHx+y+Z=1IIOJIY‘-I&€M—%$+2£‘+ gt =1, OTKY-

nat= %.BTO o3HauaerT, uro MH = gMCHJII/IMH!MC'—“225:>
=MH :HC=2:3.

6.120. PABC — TeTpasnp; b, by, by — 6HUCCeKTPHUCHL COOTBET-
ctBeHHO yrinoB BPC, CPA, APB. [forka:nTe, 4TO eCIH ODUCCEKTDH-
Chl by, by BAAUMHO NEPIEHAUKYISPHEL, TO KAaXK[ad U3 HUX MepneH-
AUKYJIAPpHA bHucceKTpuce b,

Pewenwve. Ilycrs &y, dy Gz — €JUHNYHbIE BEKTOPHI ¢ OOLHM

nauanoM P (puc. 113), 1. e. a2 = d2 = d2 = 1, Toraa BekTopsL ¢; =

Dl Cl
n
LY
~ 1 ‘Bl
s l\ !
~
\l \ i
\l,‘ 11 !
i~
' ~ 4
y OR))|Y
L
!,(1
Vi *
i ~
4 I\B N o
/1 § U
Vo by N
&/ ! : ‘bl b
/ D*:———"-——:.’ C
/e \!.--\""—-
- -
- . - ~
B
Pue. 113 Puc. 114
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= d, + dg, C'2 g+ dy, 63 i, + d, HaIpaBJieHs! 10 GUCCEKTPUCAM
COOTBETCTBEHHO by, by, b,
- — — —

Ecinu b, 1 b,, T0 ¢, L ¢y, 1103TOMY €, * ¢y = 0. ITO O3HadaeT, 4TO
(g, +dg)(dg+a)=0,T.e.d, d, +dyradg+ag+dy +1=0. Takum
06pasoM, u3 yCIOBUA 3aJauM CHENyeT, YTO HJif BBENEHHEIX elIU-
HUYHEIX BeKTOPOB d,, O, Oy CIPABEJUBO DABEHCTBO: d,*d, +
+dycdy+dg-a, +1=0.

— - -

Terneps, ¢ yueToM 3TOrC paBeHCTBa, IoJiyuaeM: C,°Cgq = (@5 +

-4 . -} — :-;!.—) —).-; b2 —>.—>:—).—> —>.—>
+a;)(a; + a,) = a; alfa34a2+a1+a1 Ay =00y T Ay° Qg +
+ag+d, +1=0, orrygacylcy = by Lb,,

AnaJIornuHo JjoKaspiBaeTeH, 4To by L b,

6.121. Tpu pebpa NpAMOYTOJLHOTO Iapajieienniesa, TMeo-
e oBIIIyI0 BEPITUHY, «BHIHBI» H3 TOUKH [1ePECeUSHUA ero JUaro-
HaJIeH IOJ YyIriaMu o, |3 1 y. JoKaskuTe, 4TO cOs & + cosfd + cosy = 1.

—> .
PeiteHue. OBosaauum: OA = d, OB = b, OC = ¢ (puc. 114);
|0A|=10B|=|0C|=p; ZAOB =0, 2 BOC =B, £ BOB, = . Torza:

> ’ j.e _ bee b- OB,
coso = L0 =a.2b;cos[3: bre b'zc;cos“{: ——7 ~
{d]| - || p 1ol « |l p 6] - |OB,

=g 4 e — . —= — —
_b(OB+BBy) _p-(b—a-¢)_b2-b+da—-b-c
2 2

P B P
Geh bBd B2—_Bed—heo B
+cosB+cosy=a2b+bgc+b b‘; bre_b _y,
P Y P P

6.124. 13 sepruHel napaijieiellnne 8 IPOBeIeHbl TDY THATO-
HaIH ero rpadeii. Ha orux guaromanaax (kaxk Ha pe6Gpax) nocTpoeH
HOBBIHU napaJulejienuiien. JOKaXuTe, YTO IPOTHBOJIEKALIAA Bep-
IIUHA JAHHOrO I1apaniefienne/a ABAACTCS CepeAWHOH AuaroHa-
JIM NOCTPORHHOIO Hapauejeniena.

Peiuenne, JJaHHBIE M MDOCTPOECH-

HbIM NDAapaJLiejlelIUIeabl UMelT o06- C, B,
myto BepinuHy A. Ilyers C, — Bep- /\\ .
IIMHA NOCTPOEHHOTO napajuieienn- L1 = 4,

neza, IPOTUBOINOIOMKHAN BePIIHHE A. ' R
—* A c
Ilpumem BekTOpPEl AD = d, AB = \ N

? ) C
, AA;, = ¢ B KauecrBe 0asmc- P SER N

\
=
!
¢
[

—5 ’ >
HeIX (puc. 115). Torma: AC, = d + D A
— - —_— —= = — - o
+b+ ¢ AB, =b+ ¢; AC=a + b; Puc. 115
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— > I Lo,
AD,; =a + ¢. Haxogum ACy, = AB; + AC+ AD, =2(a+b+¢)=

—
= 2AC,. Do osHauaer, 4TO Touka C; — cepeanHa AuaroHamn AC,
IIOCTPOCHHOIO TTapasaeseniiie/a.

Nnaesa 7. KoopanHaTHbIA MeTOA
B NPOCTPAHCTBE

§ 24. JekaproBa NpaMoyronbHas cucrema
KOOpAMHAT B NPOCTpaHCTBe

Marepnaa n. 24.1—24.3 asasgerca npoJoIKeHNeM TeMEI IIpe-
ABIAYIITEH T'JAaBbl ¢ TOH JIHIIb pPasHUNEH, YTO 104 JObLIM BeKTO-
POM MPOCTPAHCTRA MOHHUMACTCA VIODALOUEHHAS TPOHKA JeHCTBH-
TEJBHBIX YHCeJ — JeKapTOBBIX IIPAMOYTOJBHEIX KOOPAHHAT 9TO-
IO BeKTOpa B OPTOHOPMHPOBAHHOM Gaguce.

Teneps yuaniuecs JOJAMKHLL HAYVUUTECSA ONIpeIes ATk KOJJIHHE-
ApHBI BEKTODH WJIH He KOJAJAWHeapDHBI, NEPNEeHIHKVIASAPHBI OHHA
WIHN He MepHeHIUKYIAPHBI, KOMIIJIAHAPHEI TPH JAaHHEIE BEKTOpA
UJIH He KOMILIAHADHBI, €CJAN H3BECTHH KOOPIUHATHI 3TUX BEKTO-
POB; JOJI’KHBl YMETh HaXOJHUTEh YIJABl MEKJY BEKTOpPaAMH, 3aJaH-
HEIMH CBEOHMH [IPDAMOYTOJBHBIMY KOOPJAMHATAMH, & TaKyKe JAIHHY
BEKTOpPA W €T'0 NPOEKIIMU Ha OCH KOODAWHAT, 3HAHA KOOPJUHATHI
3TOTO BEeKTOpa.

24.4, 24.5. /lekapToBbI IIPAMOYTOJbHBIE KOOPDAUHATHI TOUKM,
Pemrenue NpPoCTeHIINX 3aJa4 CTEPeOMETPHH B KOOpIHMHATAX

B manHOM pa3sgene npemiaraiorcsa yuedDHBIe 3a7auM, NPHU pelie-
HHUHY KOTOPLIX YYallluecsd OIIPeIeaAIoT TY Wil HRYIO UHCJIOBYI0 Xa-
PAKTEeDHCTHRY reOMeTPHYeCKOME QPUryphl, NOJNB3YACh GPOPMYyIaMHU
PAcCTOAHUS MEKAY JBYMSA TOYUKAMU U JejieHNA OTPEe3Ka B JaAHHOM
oruoliledn. Ilpu sToM yualniumcsa clieayeT NOACHHUTHL, YTO PEYb
HAeT O JeJIeHHMH HalpaBieHHOTO OTPe3Ka.

r

7.037. Haiizure KOODAMHATH Takod TOYKH (C ILTOCKOCTH
Oxy, KOTOpasA JieXKUT HA OAHOH NpAMOM ¢ Toukamu A(3; —8; T) u
B(-1; 2; -7). Kakaa u3 touer A, B, C neXUT MeKAY IBYMSA APY-
TUMHA?

Pewenue. ITycrs nckomas Tourka C(x; y; 0) mirocxkoern Oxy ge-

AC T4+ he (T
JUT OTPe30K AB B OTHONIeHUHN A = E Torpa 0 = m—l—-_-;-(xw—! ,
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oTKyZa A = 1. 3naunr, rouka C Jeur Me>x1y A u B, siBissch ce-

pegnHON oTpe3ka AB, npruueMm x = 3-1_ 1,y = —8+2 _ -3,

2 2
T. e. C(1; -3; 0).

7.038. CymectryeT 51 Ha ocu Oz ToukKa, jnexxanmas HA OJHOH
upsaMoli ¢ roukamu A(—1; 3; 8) u B(2; 2: 8)?

Pewenne. Eciim Touka C(0; 0; z) npamoit AB IpURALJIEHHT OCH
AC
CB
BOBATE €IHHCTBEHHOE 3HAUEHHE A, Y/JOBICTBODAIONICE CHCTEME
ypaBHeHUH

Oz u geyiUT OTPe30K AB B oTHOIDEHUU A = , TO TOJIPKHO CYLI[ECT-

-1+ 25 _
1+ A 0,
3+ 2A
=0
1+ A
Haxogmm A = 0,5 — peineHHe nepBoro ypaBHeHUsA CHCTEMEI,
A = —1,5 — pellleRHe ee BTOPOro ypaBHeHUHA. ITO 03HAUYAET, UTO

npamas AB He nepecekaer ocs 0z.

7.042, Jlexar au Ttouku A, B, C u E B 0HOH IJIOCKOCTH, €CJIH:
a) A(—2; —13; 3), B(1; 4; 1), C(-1; —1; —4), E(0; 0; 0); 6) A(0; 1; 0),
B(3; 4; -1), C(=2; —3; 0), E(Z; 0; 3); B) A(5; —1; 0), B(-2; 7; 1),
C(12;-15; —-17), E(1; 1; -2)?

Pewienue. a) Toukn A, B, C u £ nesxar B OJHOH IJIOCKOCTH, €C-

— — —
Ju aJia BeKTopoB AB(3; 17; —2), AC(1; 12; ~7) u AE(2; 13; —3)
CYIIECTBYIOT TaKne (OLHOBPEeMeHHO He DABHBIE HYJIO) UHCAA X U i,

— — —
uro AC = xAB + yAE. 910 03Ha4aeT, YTo JOMKHA UMeTL HeHYIe-

Boe peineHne CUCTeMa ypaBHEHHfI

| 3x + 2y =1,
(17x +13y = 12,
|-2x ~ 3y = 7.

Tak Kak ypaBHeHHe 17x + 13y = 12 aBasercd anrebpandecKoit
CYMMOI YpaBHeHHus 3x + 2y = 1, yMHO:KeBRROro Ha 5, m ypaBHe-
HuA 2x + 3y = 7, TO BTA CHCTEMA DABHOCHJILHA CHCTEMe YpDABHe-
HUU

3x +2y=1,
2x +3y =17,
¥ w11 _ 19
peifenieM KOTOPOH ABJAACTCH [1apa YHCeJ: X = VT 5 Tagum

— —> — .
o6pagom, nonydaem 5AC + 11AB — 19AE = 0. 38auur, BeKTODPHL
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— - —
AB, AC n AE roMIIanapHe, 105ToMy Touku A, B, C u E nexar

B OAHOMH IIJIOCKOCTH,
AHATOTHYHO pellalTesa 3agauun 0) 1 B).

7.059. Hausr rourn A(—1; 3; 8) u B(—1; 2; 9). HaiigiTe Bce Ta-
KHe Toukn C miaockocrn OQyz, uTo TpeyroibHUK ABC — paBHOCTO-
POHHHIA.

PeweHue. Ilyers C(0; y; 2) — uckomas rouka. Tak kak BC? =
=AC?2=AB2=(-1+ 12+ (2 - 8)2 + (9 — 8)2 = 2, 70 monyuaem
CUCTEMY YPaBHeHHH

1+(y—3)Y2+(z—8)y =2,

1+ @y —22+(2—-9)2=2,
pellieHIIEeM KOTOPOR ABASIOTCA TpoliKu urcen (0; 2; 8) u (0; 3; 9).
3HaYuT, HCKOMK MU ABJsAI0Tea Toukn C,(0; 25 8) mimm Cy(0; 3; 9).

7.066. OcuoBanue A BC npaunpHoro terpasapa PABC nesxur B
nmnockocTH Oxy Tak, uyro BepmiMHH A 1 C HMeIOT KOOPANHATHI:
A(0; 0; 0), C(4; 0; 0). HaiiguiTe KOOPINHATHI: a) OCTAJILHBIX Bep-
INHH TeTpasapa; 6) IeHTPOUJ0B BCEX €ro I'paHel.

PeweHwe. Ilyere M — neurpoung A ABC, K(2; 0; 0) — cepegu-

na AC (puc. 116). Tax xax BK = A(;’@ = 4;'5 = 2./3 u BK LOx,

10 B(2; 2./3; 0). MsBecTHO, uTo 1715 sii060ii TOUKK S TPOCTPAHCTRA U

— 1= ==
nearpouga M rpeyroapauka ABC umeer Mecto SM = g(SA +SB +

— — 1 —

4+ SC). IIpunsaB B KauecTBe S TOUKY A, noayuyaeMm: AM = 3 (AA +
— — —

+ AB + AC), snaunr, AM(2; %@; 0), oricyna M( 2; z__f; 0).

YunTLIBasg, YTO BLICOTA IIPABUJIb-
HOTO TeTpasapa ¢ pedpoM a paBHa

$ 1 MP 1{Oxy), HAXOIHM KOODIH-
2./3, 4.6 )

s’ 3 7

Ecmun M,, M,, M; — LeHTPOH/LI

rpadeii cooreercTBenHo PAB, PBC,

—_— 1 —>
PAC, 10 cooTHOIIenue SM = 3 (SA +

HATEL BEPITHHLL P P[ 2;

- —>
+ SB + SC), cipaBefiTHBOe AAA JIIO-

00 TouKHM S TPOCTPAHCTBA U IEHTPO-
uga M TpeyroabEnKa ABC, mpuMe-
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HeHHOe NOoCHeJoBaTelLHo Ans nap: M, u A PAB, M, u A PBC,
Ms; u A PAC 1 TOUKH A, T03BOIAET HANTH KOOPAWHATHI [[eHTPO-

umos My, M, m Mg M, 5 %; _49_3/6], My( 33 %; 47—;@),
MS(Z; @; 4_;)@)

7.072. [laubl Touru A(2; 3; 1) u B(—1; —2; 3). Haiiaure Bce Ta-
ke ToukH C Ha ocu Oz, 9T0 TpeyrodbHHK ABC — npAMOyroJib-
HELIH.

Pewenwue. Ilycrs C(0; 0; 2) — nckoman touka. Torza nmeem:

— C ey —3
CA(2; 3;1 —2), BC(1; 2; 2 —3), BA(3; 5; —-2).
s Tpeyroapauka ABC BO3SMOXKHELI VYA

— = —  —

1) ZACB = 90°. Umeem: CA 1 BC = CA+BC=0=2+6+
+(1—-2)(z—3)=0= 2, =-1, 2z, = 5. Torga nonyuaem A8 TOY-
xu: (0; 0; —1) u (0; 0; 5);

—  — — —
2 L BAC =90°. Imeem: CA1L BA=>CA-BA=0=6+ 15—
- 2(1 —2) =0 = z =-9,5. Tlonyuaem rouky (0; 0; -9,5);

—  — —_— —>
3) LABC = 90°, Umeem: BC L BA = BC+-BA=0=3+ 10 -
~ 2(z - 8) =0 = z = 9,5. Tlonyuaem roury (0; 0; 9,5).

§ 25. 3apanune Ppuryp ypaBHeHUaIMuM
1N HEpPABEHCTBaMMK

25.1, 25.2. ¥paBueHue cheprl. YpaBHeHue IJIOCKOCTH

IlepBrle gagaul »TOro unaparpagpa — onopunle (DasmcHLIE).
Yuamumca cieyeT NOACHUTL, UTO AJA COCTABICHUS YPaBHEHHA
cepsl J0CTATOYHO HAUTHU KOOPIHUHATLL ee IeHTpa ’ pajunye. s
coCcTaBJIeHUA ©O0Iero ypaBHeHHMA MJIOCKOCTH AOCTATOUYHO HAWTHU
KOODJAUHATHI #0060l ee TOUKHU U KOOPAHMHATLI 1100020 BEKTOPA,
I1ePHIEeHJUKYIAPHOTO 3TOU NAOCKOCTH (BeKTODa HOPMAIN K ILI0C-
KOCTH), IPH 3TOM B KAUECTBE HOPMAJLHOTO BEKTOpAa BEIOMpaercH
TOT, KOOPAXHATEI KOTOPOTo Hanbomee «yAOOHLI» MPH BBEIUMCIEHIH-
SIX, BOSHUKAIOUIHX ITPH COCTABACHUN YPABHEHMA,

Ecau n10cKocTs MPOXOIUT uepes JaHHYI0 TOUKY My(xy: Ygs 20)
HapaieyibHO JaHHOE naockoctd Ax + By + Cz + D = 0, To
ee YpaBHeHHE MOXKHO 3amucarb B Bufe A(x — xy) + B(y — y,) +
+ C(z — z4) = 0, 3aTem nmpeobpa3oBaTh.

Ilpu cocrapiiennr o61Iero ypaBHeHUs LAOCKOCTH O, IIPDOXOIM-
el depes ABe AAHHEIEe TOUKK K U H nepneHINKyIApHO TaHHOH
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TJIOCKOCTH MM AaHHOH UpaAMoil, miodyio u3 Touek K u H npnom-
MaeM B KauecTBe My(X,; Yos 2,). Koopaunarei (a; b; ¢) BeKTopa n
HOPMAJIH IJIOCKOCTH O ABJAAIOTCS PeIlleHHEM CHUCTEMbBI ABYX OTHO-
POAHBIX JHUHEHHLIX YPABHEHHH ¢ TpeMA HEH3BeCTHBIMH a, b, ¢ (CM.
7.117, 7.118). Taxk KaK BCce BeKTOPHI, NEPIEHIUKYVIAPHLIE ILIOC-
KOCTH O, KOJUIMHeaApHbI MexAy cobol, To OTHOH U3 KOOPAUHAT a,
b, ¢ MOXHO TIPHJATEH JAOTYCTHMOe 3HAUeHHe (B 3aRUCHMOCTH OT
KOHTEKCTa ), MOC/e Yero pelaeTcsd cucTeMa AByX JHHeHHbIX ypas-
HEeHUII ¢ AByMA HeuspecTHBIMHA. Ilonyuennyio Tpoiiky uncen (a; b; ¢)
MOJYKHO «HODMUDOBATL», YMHOKAA HA OJJHO M TO e UHCA0, OTIHU-
HOe OT HyJs,

Ilepen pemnrennem 347349 HA B3AHMHOE PACHOJI0KEHUE JBYX
cdep, cheps m wiockoern (7.107, 7.108, 7.110, 7.111, 7.127,
7.128, 7.129, 7.130), OoTHeCEeHHRIX B JAHHOM pasjese K CTepeo-
MeTpPUUYEeCKHM 38JaYaM IOBHIIIeHHOH CIO0KHOCTH, CHAEAYET II0sC-
HHTbh yUAIMMCH AHAJOTHUYHYIO CHTYVAITHIO IPHA PELICHHH MAAHH-
MeTpHYEeCKHX 3a/a4 Ha B3aWMHOe PACTIOJIOXKeHHEe ABRYX OKPYHHOC-
Teil, OKpy:HHOCTH M Upamoil. ToabKo Iocie TAKOro AaHAJIH3A
PEOMETPUUYECKO CUTYALMH (Ha HAIMIAZHOM YPOBHEe) MOXKHO IIPH-
CTYNATH K PEIIeHHI0 YKA3AHHBIX 3a7a4 KOOPAUHATHBIM METOLOM.

7.102. Ha mnockocru 2x + 3y — 52 — 1 = 0 malimguTe TaKkyio
TOUKy My(x; y; 2), 4UTO oTpesok MM, IepUeHIUKYIAPEH JTOMH

ILTOCKOCTH, ecan M(1; 2; —1).
—
Pewenve. Tak xak Bextop MMy(x — 1; y — 2; 2 + 1) Koaaune-

apeH BeKTOpY 71(2; 3; —H) HOpPMANH JaHHON WIoCcKoCTH o (pre. 117),

TO HX OZHOMMEHHbIE KOODJHHATHI NPONIOPIHOHANLHEL, T. €. — ; 1_
_y—-2 _z+1 _ _ _ B
=ty T ~tomymax=1+2t, y=2+31 2=-1-5t

M 3HaueHne it HAHIEM M3 YCIOBHA TPH-

| HAJJICKHOCTH TOUKH M, IJIOCKOCTH O
(xoopaunaTH TOuKH M, yIOBAETBODS-

- 10T YPABHEHHIK 2TOH maocKocTH). TTo-
ayugaem 2(1 + 2£) + 3(2 + 3¢) — 5(—1 -

6 7
— 5¢ ._.1—— — = ] — ,
5t) 0=t 15 Tom[a;vc—h%19

M, 20 11 ‘720, 11)

y:Tg’z:‘fQ’T‘e‘MLi‘g’i‘g’i‘g

7.105. Cdepa zamana ypaBHeHHEM
Puc. 117 (x — 3)2 + (y — 3% + 22 = 4. Haiignare
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KOOPAWHATH TOUKH 3TOH cepsl: a) dnuaxatimeit Kk navany O cuc-
TeMbl KOOPAHHAT; 6) caMoii xaieKoii o Touku O; B) OaHKaiIIeH K
KAy A0 K3 KOOPAHMHATHLIX ILJTOCKOCTEH; I') caMoOd majleKoH OT
KaKJA0¥ N3 KOOPAWHATHEIX IJIOCKOCTEN; M) OAMMKAHIIEH K Kax-
o0# M3 KOOPAHMHATHBIX OCei; €) caMoil JaJeKoH OT KAk a0 N3 Ko-
OPAHHATHBIX Ocell; k) OaHxKaiileii K Touke (3; 3; 6); 3) camoii ga-
AeKOH oT TouKH (3; 3; 6).

Pewenne. Ileurp A(3; 3; 0) ranHoi chepbl TPUHALIEHKUT KOOD-

AUHATHOH Wiockoetu Oxy, ee paauyc R = 2, upuuem OA = 3./2
(puc. 118).
a) Bnomskaiimeit kK O Toukoil cdepsl ABIsAeTcH TouKa B ee ue-

peceueHHus ¢ oTpeskoM OA, pu sToM OB = 0OA - R = 3./2 - 2.
Tax xkax abcimcca U OpAHEATA TOYKH B pasnbl, TO H3 ypaBHe-

pust 2x2 = (3./2 — 2)? maxomum x = 3 — J2. Oro os3HAUAET, UTO
B(3- J2:;3- 42:0).

6) Camoit jamexoii oT Touxku O TouKolk cdephl sIEJASAETCS BTOPAS
TOUKA nepeceuenus nyua OA co cdhepoir — Touxa C. OHa ymaneHa

ot O Ha paccrogaun OA + R = 3./2 + 2 u uMeeT KOODAHHATH X =
=y=3+ ﬁ,z:O,T.e.C(3+ Jé;3+ JQ;O).
B) Camoit 6an3koit K (Oxz) asaserca rouka P(3; 1; 0), k (Oyz) —

rouxka K(1; 3; 0), x (Oxy) — Bce TOUKH OKpy:xuocTH (x — 3)% +
+ (y — 3)% = 4, 10 KoTOpOIi chepa mepeceKaeT 5TY MIOCKOCTD.

A Z

Puc. 118
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r} Camoii manekoil Toukoil cdepnl or (Oxz) ABIAeTCA TOUKA
E(3; 5; 0), or (Oyz} — Toura H(5; 3; 0), or (Oxy) — Touxn M(3; 3; 2)
u S(3; 3; —2).

n) Camo#t 61u3K0W TOUKOH chepsl K ocu Ox ABAAETCA TOUKA
P@3; 1; 0), x ocua Oy — Toura K(1; 3; 0), ¥ ocu Oz — TOuUuKa

B(3 - ./2;3- 42;0).
e) Camoii ganeKoi Toukoi cdepsl oT ocn Ox ABIAETCSA TOYKA
E(3; 5; 0}, or ocu Oy — Touka H(5; 3; 0), or ocm Oz — Touka

C(3+.2;3+./2;0)

) Bamxkafinei Touxko# ceprl K ToukKe (3; 3; 6) ABagerca Tou-
ka N(3; 3; 2).

3) Camoii manero# Toukoi cepbl oT ToukH (3; 3; 6) aBnaeTcA
Touka S(3; 3; —2).

7.107. Halignre anauHy jJMHUHN, cOcTOAell M3 BCeX OOmux
ToueK AByX chep (x — 12 + (y +3)2 + (2~ 5?2 =196 u (x + 3)2 +
+ @ + 6)2 + (2 + T)2 =225,

PewneHne, [JapHbIe YpaBHEHHA 34JAl0T COOTBETCTBeHHO cdepy
pamayca R, =14 ¢ nentpom A(1l; —3; 5) u chepy paguyca R, =15 ¢
neHTpoM B(—3; —6; ~7).

Ilyers C — oaHa u3 Todek mepecedennda cgep. Torga nonyaa-
eM TpeyronsHUK ABC, B KOTOpOM

AB=J(-3-1)2+ (-6 + 3)2+ (-7 - 5)2=13, AC= 14, BC =15.

ITpn Bpamesun TpeyroabHuka ABC Bokpyr AB Touka C «1po-
OeXUT» OKPYHHOCTB, pajgHyC KoTopoi#l pasen BbicoTe CH aToro

25raBc _ 2/21+6+7+8 _ 168 _

TpeyroibHuKa. Tak kak CH =

AB 13 13
= 12%, TO IJAAHA OKPYKHOCTH NepeceueHUA JaHHBIX cdep pasHa
168 11
27 i3 25-1_3. mT.

7.109. HanummnTe ypaBHeHHe IJIOCKOCTH, Kacamoniehca cde-
pol 22+ 2x + y2 + 2y + 2% — 42 = 0 B HAUATE KOODAMHAT,

Pewenne. Mexoasoe ypaBHeHHe cdepbl NPHBOIHTCA K BHUIY
(x + 12+ (y + 12+ (z — 2)2 = 6, U3 KOTOPOrO CAEAYET, YTO TOUKA
A(-1; —1; 2) — menTp »T0ii chepHl.

Tak Kak IJOCKOCTH KacaeTcd c(epsl B Hauajle KOOpPAHMHAT,
TO OHA UPOXOAUT uepesd Touky O(0; 0; 0) nepneBAUKYISPHO BEK-

—>
Topy OA(—1; —1; 2). 3HauuT, ee ypaBHeHHe HUMeeT BHI X + y —
—2z=0.
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7.110. Hauninure ypaBHeHnne cdepsl ¢ iiearpom (1; 1; 2), Ka-
catoreiica cheprr x2 + y2 + 22 = 24,
PeweHue, Yparaernue x2 + y? + 22 = 24 3zanaer cepy paauyca

R = 2./6 ¢ nerrpom O(0; 0; 0). PaccTosEne MEX LY IIEHTPAMY STOH
cheprl U Kacaronelcsa ee chepsl paBHO J6. 3uauwr, pazuyc Ka-
carorelica cdepbl MOXKeT ObITH PABEH HIIH 2./6 — /6 = J6, nin

2./6 + ./6 = 3./6. IloaToMy ypaBHeHNA 5THX cdep TAKOBBL: (x — 1)2 +
+(y-12+ (-2 =6ummm(x— 12+ (y - 1)2+(z - 2)2 = 54.

7.116. Hatizure BCce TOUKH A0CKOCTH 5x + 3y — 2 — 2 = 0, paB-
HOYJAJIEHHBIE OT KOOPAWHATHBIX MJIOCKOCTEN.

PeweHue. Ecan rouka M(x; y; 2) paBHOYIATEHA OT KOOPAHUHAT-
HEIX IJ0CKOCTEH, TO OHA MMeeT paBHBIE IO abCOMIOTHOHN BeJIHUYKHE
KOODAHHATH, T. e. x| = |y| = |2|. Boamoxnn cayuan:

1) x = y = 2. Tak kak Touka M(x; x; X) JIeMKUT B ILJAOCKOCTH U,
3aaHHol ypaBHeHmeM Hx + 3y — 2 — 2 = 0, TO €€ KOOpAUHATHI
YAOBJETBOPSAIOT 3TOMY YpaRHeHUw. UMeem bx +3x —x - 2=0=

2 2 2 2
= x = = Torga moayuaem ML?, = 7,].
2)x=-y=-z.Hvmeem bx —3x +x - 2=0 = x = g.Toma
(2. 2 2
HOJIYI&GMMLE, 33 5]‘
3)x=y=—z.HmeeM5x+3x+x—2=0:>x=g.Tor;_:a

nojaydaem M(g, g; —g)
4yx = -y =2 Hmeem bx -~ 3x —x - 2 =0 = x = 2, Torpa
nonaygaem M(2; —-2; 2).

7.117. Haunmiure ypaBHeHHe ILJIOCKOCTH, IPOXoxdrnieli uepes
Touku M(—1; 2; 7) u N(1; —9; 5) mapannensno ocu QOy.

Pewenuve. Ilycets n(a; b; €) — BEKTOp HOPMAIH MIAOCKOCTH O,
npoxonanieil ueped rouku M u N napannenbso ocu Oy. Tak Kak

. — = > L, L=
nlMN(@2;-11;-2),nLlj(0;1;0), Tfon- MN=0,n-j =0, no-
9TOMY KOODAUHATHL @, & B ¢ BEKTODA 7 MOJIY4YaeM, PELIAa CUCTEMY
ypaBHEHWH:

j2a— 116 — 2¢ =0,
116=0.
Haxonquma = ¢ = 1, b = 0. 35aunuT, NIJ0CKOCTEL (. IMEET YpaBHe-
HHe 1<{(x+ 1)+ 0(y-2)+1-(2-N=0nmx+2-6=0.
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7.118. Hanmuinure ypaBHEeHHNE MJIOCKOCTH, MPOXOAAlIeH yepes
Touku M(1; 3; 8) u N(2; 5; —1) nepueHAUKYJIAPHO MAOCKOCTH
2x—y+2=0.

PeweHne. Tar Rak ILJIOCKOCTh O IIPOXOAHT uYepe3 TOUKH
M(1; 3; 8), N(2; 5; —1) u nepueHAHKYJAPHA IJOCKOCTH 2X — Yy +
+ 2 = 0, 4715 KOTOPO# BeKTOp 5(2; —1; 1) sBAsieTCs BEKTOPOM HOP-
MaJHi, TO B KadecTBe BeKTopa 7i(a; b; ¢), NepIeHAUKYIADHOrO

ILIOCKOCTH (1, MOKHO IPHHATH BEKTOP, NePUCHANKYJIAPHBIA BEK-

—_— N
TopamM MN m j} Hatifgs xoopHEATH. BEKTOpA 1, VPAaBHEHHE ILIOC-

KOCTH ¢ MOKHO 3allHCATH B BHAe

a(x—1)+b(y—3)+ec(z—8)=0.

SN SN
Tak kak AL MN(1;2;-9), A1p(2;-1;1), Ton* MN=0,7+p=
= 0, T03TOMY KOODAHHATHI @, b H ¢ BEKTOpA 71 IIOJIyUaeM, peunras
CHCTEMY VPABHEHHH:
la+2b—-9c=0,
2a-b+e=0.
OgHNM N3 pelIeHHil 9TOH CHCTeMbl ABIACTCH TPOHKA YHCEI

(7; 19; 5). Torga ucKOMOe YpABHEHHE IIJIOCKOCTH (. HMEST BHA:
Nx—-1D+1%y —3)+5(z—8)=0man 7x + 19y + 52 — 104 = 0.

7.119. H306pasnTe MHOMKECTBO TOUEK IPOCTPAHCTRA, AJA KO-
TophIX |x| + |y| + |2| = 1.

PeweHne. BoaMoKHEBI 8 pasfIUYHEIX CAYYAER PacIONOKEeHUA
TOUEK MPOCTPAHCTBA B KAXKJAOM U3 BROCHME KOOPAWHATHBEIX OKTaH-
TOB.

Ilyere x 2 0, y 2 0, 2z > 0. IIpu 3TOM yCIOBHH HCXOJHOE VPaB-
HeHHe DAaBHOCHJIBHO YPABHEHUIO X + y + 2 = 1, KoTopoe 3azaeT
ILIOCKOCTD, IIEPECeKAINyIo KO-
OpAWHATHBIE OCH B TOYKaXx
A(0; 0; 1), C(0; 1; 0)u D(1; 0; 0),
A KOOPAMHATHHE IIJIOCKOCTH IIO
orpeskam AC, AD u CD (pwuc.
119). CaenoBaTensro, ipu x = 0,
y 20, z 2 0 ypaBHeHHE x + ¥y +
+ z = 1, paBHOCHUJIbHOE HCXONHO-
My, 3agaer TpeyroasHuUK ACD c¢
BEPINHUHAMH Ha KOOPAWHATHBIX
OCSIX, PACIIOOKEHHEIN B MIEPBOM
KOOPAMHATHOM OKTAHTE.

PaccmvaTpugas oCcTAJIBHBIE CEMb
CIAYYAER, IMOAYYNM eII[e CEME Tpe-
YTOMIEHUKOB ¢ BePITHHAMH HA KO-
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OPAHHATHBLIX OCAX. JTHMH BeplInHaMu, kpome A, C u D, apaaror-
ca touku B(—1; 0; 0), K(0; 0; —1) u E(0; —1; 0).

Takum 006pazoM, HMCKOMOE€ MHOXKEeCTBO TOYeK IpeacTaBAHAeT
co00il IMOBepXHOCTh BOCBMHUI'DAHHMKA (IIPABMJABLHOIO OKTARADA)
ABCDEK (cmM. puc. 119).

7.123. Haligpmre KOCHHYCHI YIVIOB, 00PA3SOBAHHBIX MJAOCKOCTHIO
3x — by + 2z — 8 = 0 1 KOODAUHATHBIMH IIJIOCKOCTSIMU.

Pewenre. OBo3HAYHM O — TJIOCKOCTH, 3aJAHHYIO yYpaBHEHHEM
3x — b5y +2—-8=0; Z(u, (Oxy)) =B, L(a, (Ox2)) =7, ZL{a, (Oyz) = ¢;
7(8; —5; 1) — BeKTOp HOPMAJHK K ILTOCKOCTH .. B KauecTBe BEKTO-
poB HopManeii k miaockocTaAM Oxy, Oxz m Oyz gpumeM COOTBET-
CTBeHHO 0a3UCHLIE BEKTODEI k(O 0; 1), _;(0 1; O)u z(l 0; 0). Toraa:

cos p = nkl _18-0+(-5)-0+1-11 _ 1 —

k| J32 + (-5)2 + 12-1 - 735

1
= B = arccos —;
NET)

_13-0+(5)-1+1-0 _ 5
}I J32+(-5)2+12-1 /35

—» ¥ = arccos i,
35

_81+(-5):0+1-0/ _ 3

In

Cos P = il =
il J32+(-5)2+12-1 .35
3
= (= arecos ———.
J/35
Ha sToM mpuMepe MOMKHO yOeauTbcsa, uTo cos?B + cos?y +
+ cosZ¢ = 1.

7.137. Jaus1 Touxu A(2; 0; 0), B(0; —2; 0), C(0; 0; 2). Hatigu-
Te: a) TOUKH, PABHOVAANEHHbIe 0T Touek A, B, C u orcrodamniue oT
miaockocT Oxz Ha PACCTOAHHHN, pPaBHOM 3; 0) KOOpAUHATEI EeHTpa

chephl pazuyca J19, npoxoxaniei uepes Toukn A, B n C.

Pewenne. a) Ilyers M(x; y; 2) — mobas ToUKa HCKOMOI'O MHO-
skecTBa Touek. Torma AM = BM = CM, caenoBaTenbHo, AM? =
= BM? = CM?2,

Tak KaKk HCKOMOE MHOMKECTBO TOUEK IMPHHANJICKHUT IIOCKOC-
TAM y = L+ 3, TO KOODAHHATHL 3THX TOUEK HaiaeM, pelllas CHCTeMY
ypaBHeHHIl:

[ (x - 22+ 2+ 22=x2+ Y2 + (2 - 2)%,
(x—22 +y?+ 22 =x2+ (y + 2)% + 22,
y=3,

[y =-3.
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Pemternem aT0# CHCTEMBI ABAAIOTCA TPOUKHU umcen (3; —3; 3)
A (—3; 3; —3).

0) Taxk kak merTp K(X; ¢¥; 2) chHephbl, IPOXOIANEH Uepe3 TOUKH
A, B u C, paBHOyJa/JeH OT 2THX TOYEK, TO [JS €ro KOOpIHHAT
CIPABEIJIHNBO X = 2 = —}/.

IMosTomy, naiina KA? = 19 u yyuTLIBadA, 4To X = Z = —y, MOJAyua-
eM ypaBHeHme 3x2 — 4x — 15 = 0, KOPHAMHU KOTOPOrO ABAAIOTCA

Xy = *g ,» X, = 3. 3HAUHT, NEHTPaMH cep, IPOXOISANIHX uYepes
Touku A, B u C, ABAAIOTCA TOUKH (——g; g ; ——g) u (3; —3; 3).

25.3, 25.4. lIpaMan B NIPOCTPAHCTBE B KOOPIHHATaX.
BizauMHoe pacno/iokeHue IPAMOH U TMAOCKOCTH
B KOOpPMHATAX

[Tpn peileHVH 33434 HA B3aWMHOE DPACIOA0XKEHHUE JBRYX TIpA-
MBIX @ B b B IPDOCTPAHCTBE yyanjaecs JOIKELl « YBUAETL» HAIIDAB-
AAOMME BEKTOPBI COOTBETCTBEHHO Py(ay; @5 G3) U Po(by; bys by)
3THX NOPAMEBIX M3 HX NapaMeTPHUECKHX YpABHeHHI M oIpeje-

a a
JIATh, TAPAJLIETbHB] T OHK (chom.syﬁ NpHHAK: allb < EE = EE =
1 2
a3
=) a TAKMKe MePINeRANKYISPHEI I DTH ONpAMbie (HCIOIB3YSI
3
npusHak: a Lb < a.b, + azb, + azby = 0). Eciin npamble He na-
pannenbHBI H He MePIeHIUKYAAPHSEI, TO YIoa MeXXaAy HUMHU HaXo-
AUTCSA ¢ TIOMONIBIO (POpMYABL:

@b, + azby + asby
Ja? + a2 + af+ [b} + b} + b}

cos p =

AHaToruyeo, 3Hadg HANPABRIAOIHIT BeKTOD p(a; b; ¢) npamoii [
1 BeKTOp n(A; B; C) HOpMaaIn IJIOCKOCTH O, MOKHO ONpPe/ejUuTh,
napaiielbHbl U OHHE (C TOMOIbio TpusHaka: l|la <> a-A+ b+ B +

+ ¢+ C = 0), a TakKe NeplIeHIUK VISPHLL JU (c IIOMOTIBIO [IPU3HA-

. a _b_c
Ka.lJ_a<:>E BE- 0

pannennLHBI H He MePIeHIUKYAAPHEL, TO YrOJd MEXJAY HUMHA HAXO-
JHTCA ¢ IIOMOIBIO (POpPMYIIbI:

). Eciau JaHHBIE IIPDAMaA H IIJJOCKOCTE He TIa-

sins (I; o) = jcos Z(p; n)| = la*A+b+B+c-C _
Ja2 + b2 + 2. JA2 + B2 4 2
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KoopauHaTe: TOUKH NepecedYeHn s NPAMOI ¢ IJIOCKOCTHIO HAaX0-
OAT, pelllasg CHCTeMY H3 YpaBHEHHH IIJIOCKOCTH U IIPAMOHN:

Ax+By+Cz2+ D=0,
X = x4+ a,t,

Y= Yo+ ayl,
z=zo+ aSt.

.

7.148. ITpu kakux sEatdeHnax o # § touka M(1; 5; 8) mexur
Ha IPAMOK

x =3+ 2¢,
x=17—qat,
z=8+ ft?

x=3+ 2¢,

Pewenwve. Touka M(1; 5; 8) npuramIeKUT IpamMoH (y = 7 — af,

]z =8 + fit,

€CJIH CYIIECTBYIOT TAKHe 3Ha4eHud £, o U 3, YTO BRINOJIHALTCH

1=3+2¢,
{ 9=17-at,
'8 =8+ ft.

IToncTaBuB 3HAYeHHe { = —1 — pellleHHe IePBOr0 YPABHEHU A CHC-
TEMBI — BO BTOPOE H TPEThe ee ypaBHeHNd, HaxoquMm a = —2, B =0,
T. ¢. TOUKa M NpUHAAMEKUT NAaHHOH npamoii npu a = -2, 3= 0.

7.149. Hannimnre napaMerpruecKHe YPaBRHEHHA KaMKIOHE U3
MTPAMLIX, 0 KOTOPBIM ILTOCKOCTE 3X + 8y + 2 = 11 nepecekaeTcs
¢ KOOPAUHATHBIMHU TIJAOCKOCTAMH.

Pewenwe. ITnockocts a(3x + 8y + z = 11) nmepecekaeT KoopIu-

HaTHBbIe ocH Ox, Oy u Oz COOTREeTCTBEHHO B TOUKAX A(%; 0; 0),
B(O; %1; 0) u C(0; 0; 11), sEAYUT, 3Ta MIOCKOCTE MlepeceKaeT KO-

opauHaTHEle WocKocTn Oxy, Oxz mw Oyz COOTBETCTBEHHO 110 IIPH-
MbIM AB, AC u BC, HanpaBASIOHIUME BEeKTOPAMH KOTOPBIX CAY-

— —
JKaT BEKTOPBI COOTBETCTEeHHO AB (—1_31 ; % ; 0), AC (-1_31 ; 03 11)

—>
n BC (O; —%; 11). Toraa, npuaumas Touka A, C 1 B B xauecTse

«HadaJbHBIX» IJs NPAMBIX coOTBeTcTBeHHO AB, AC m BC, noay-
YyaeM nX lIapaMeTpHUYeCKHNe PAaBHEHUA:

1111 _ 11 jx =0,

oRE S SN E R JoU_ 1 e
Co1 y=0, T g gk '
y= gt 2 =11+ 11 |z = 11z

z = 0;
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7.157. Onpenennre B3aMMHOe PACTIONOMKeHHNe TIPAMEIX

‘x=5+Tt, x=3-2u,
y=2-t wuily=>5+3u,
2=9 z=8—-u.
PewerHne. Tak KaKk KOOPAHHATEI HAUPaBAAIOIIUX BeKTOPOB
JAAHHBIX IIDAMBIX He NTPONOPIHUOHANBHBI, TO 3TH IIpAMEIe THOO IIe-
pecekawTcA, A0 CKPeniuBAIOTCA.

Hna orBeTa Ha ROUpPOC, UMEIOT JIH IIpAMbBIe O0MIVIO TOUKY, J0-
CTATOYHO BLIACHHUTEL, HMEET JIH PelIeHHe CHICTEeMA YPABHeHHH:

5+ Tt=8-2u,

{2-t=5+3u,
9=8-u.

s ypaBrenusa 9 = 8 — u Haxoxum 3Havenue u = —1, koropomy

cooTBeTCcTBYeT Touka (H; 2; 9) BTopoit mpAMoii, ABNgOMmAdICcs IIPH

t = 0 TouKoil IepBO# NpsAMoli. CKA3aHHOE 03HAYAET, UTO IMPAMBIe

TepecerKaxTcAa.

7.165. OupenenuTe B3aNMHOE PACIOIOKEHHE IPAMOIT

Jx=1- 3¢,
y =2+ 2%, u chepsl x? + y2 + 22 = 25,
z2=4 +1

PeweHne. Ilpamasa moxxer mepecexkaTh chepy B ABYX pasamu-
HBIX TOYKAX, KAcaTbeA chephl UM He UMeTh ¢ Heil 00IHX ToueK.
B xKoopanBHATHOM BHIe CKA3AHHOE 03HAUAET: CUCTEMA YDABHeHHI,
cocTaBjJeHHAd N3 ypaBHeHHH UpAMOU u cdepbl, HMeeT COOTBerT-
CTBeHHO /[BA PA3AWYHBIX pellleHHuA, OJHO pPelileHHe UJIH ABIAeTCA
HEeCOBMECTHMOI.

TakuM 00pasoM pelaeM CHCTEMY VPABHEeHH!

|x® + y* + 2% = 25,

|x=1—3t,
y=2+2¢,
z2=4 +t,

IToacTaBMB B MepBoe YPaBHEHHE BMECTO X, §J U 2 HX BhIpaKeHH#A
uepes ¢, nonydaem ypasaenne (1 — 31)% + (2 + 2¢)2 + (4 + t)2 = 25,

KOPHAMH KOTOpOro apnsaiorea t, = —1, &, = ?7. JTO O3HAYAET, YTO
IIpsaMada nepecexkaeT chepy B IBYX TOUKAX (%, 2%; 4%) u (4; 0; 3).

7.168. Hanumiure napaMmeTpuvyeckue ypaBHeHHA NPAMOIH, W0
KOTOPOH IlepeceKarnTed MIOCKOoCTH 2x + 3y —2=6 B x +y+ 2z =1,
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Pewenune. IlyeTts fagHbIe II0CKOCTH a(2x + 3y —2=6) u B(x +
+ y + 2 = 1) mepecekaroTea o IpaMoit m; p(a; b; ¢) — HANIDABISIO-
IITUE BeKTOD IIPAMOU M.

KoopauHATH BeKTOpa p HaiileM M3 YCIOBHI €ro MepIeHIHKY-
JISIPHOCTH KaKJI0MY H3 BeKTOpPOB 71,(2; 3; —1) n ﬁz(l; 1; 1) gzopMa-
Jieli COOTBeTCTBEHHO ILJTocKocTel a 1 . MMeeM:

]ﬁlfil,:’ ;S-ﬁ_}=0, 2a+3b—c=0,
\pLn, pln,=0 " la+b+c=0.

Ecainmc=-1,10a0 =4, b= -3. Taxk Kak Touka (1; 1; —1) npuna-
LIEeXKHT KaXKJ0H U3 [IJIOCKOCTE! o B 3, TO OHA NPUHAAJEKHAT IIPA-
Moit m. Torma mapaMerpuuyeckmne ypapHEeHUA 9TOH IPpAMOIA MOMKHO
BAIINCATE B BUAE:

‘x =14 4¢,
ly=1-3t,
z2=-1-1¢

damevarnue. Tak kak Toura (—3; 4; 0) IpHHAAIESKHAT OIPAMOI
m, TO YpaBHEHUA 3TOH TIPAMON MOYKHO 3alIHCATHL B BUE:

{y=4-3t,
2=t

7.176. HafinuTe paccToAHNE MEXAY IPAMBIMHU

x =, Jx=3+t,
y=3+2t, miy=-1+2¢
12=2+t z2=2+1.

Pewlenure. Taxk xak obe npaMble

{x=L lx=3+1t,
a:iy=3+2¢t, u briy=-1+2t,
2=2+1 2=2+1

HMEIOT OLHH U TOT ke Hanpasiasmomniaii sextop p(1; 2; 1) u cucTe-
Ma ypaBHEHHH

t=3+1,

13+ 2t=-1+2¢,

2+t=2+1

He IMEeT PelieHni, 1o allb.

st HaXOKIEHNA PACCTOAHUSA MEXY STUMU TPAMBIMIU TpOBe-
nem depesd TouKy A(0; 3; 2) npaMO# a IIIOCKOCTD O, IIEPIEHIHKY-
nAapayio b (puc. 120). Torma paccrosgane Mexay ToukaMu A u B =
= oL M b PABHO PACCTOAHUIO MY MPAMBIMH q U .
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Tax kKax ol o, TO HAIpPaBAAOIIUH

/ BEKTOD p NPSAMOi @ ABJIAETCH BEKTOPOM

a 1 HOPMAaJ! TIIOCKOCTH .. HoaToyy MO-

--/ - JKeM COCTABUTL ypaBHEHHe 3TOH IIJIoC-
°B

p,. woctu: x + 2(y — 3) + (2 — 2) = 0 unu
x+2y+2z-8=40.
Koopguumaramu Touku B = oM b aB-

/ JNHeTCsA pelleHne CUCTEMbI YpaBHEeHHH
x+2y+z—8=40,
x=a+1t,
Puc. 120 y = —1 + 2¢,
z=2+1,
COCTABJEHHOH W3 YpPaBHeHUH IJIOCKOCTH o U npamoil b, Penraa
23 2 17
ee, TTOAYyUaeM: B(_; =; __..). Torna
v 6°3° 6 A
23)2 (2 )2 17 )2 5./30
s by = :B)= [[22) +{Z - ol- = 228,
p(a; b) = p(4; B) J(ﬁ 2-3) +(H -2 A

7.179. Hanmuniure napaMeTpuiecKkie yparHeHNs IpAMOH, 1Tpo-
xogsmeit yepes Touky M(3; 8; 1) nmapanneianHo mjaocKocTy 2x +
+ y + z = 0 u nepeceralomeii ocs Oy.

Pewenne. Ilycts o0 — agagHas IJIOCKOCTE 2x + y + 2z = 0,
r(2; 1; 1) — BexTOp ee HopManu. JloTycTUM, UTo IIpsiMas b IPoxo-
nut yepesd Touky M (3; 8; 1) 1 mepecekaer ock Oy B Touke A(0; a; 0).

—_—
Toraa pextop AM(3; 8 — a; 1) aBaAsieTcsa HANPABAAIOIIUM AJIS

— —
upawmoii b. Tak kak b|o, To AM 1n. 3uaunt, i+ AM =0, T.e.2-3 +
—
+1(8~a)+1+1=0, orxkyna a = 15. Torna sekTop AM uMeer

KOOpAUHATHI (3; —7; 1), a HapaMeTpHYeCKe YPABHEHUA IIPAMOM b
3ATTNCHIBAIOTCSH B BHAE:

x =3+ 3¢,
<y=8~—7t,
lzﬁ1+t.

§ 26. PaccTosHMe OT TOYKK A0 NAOCCKOCTU

Ilonksysack ¢opMynoi pacCTOAHHA OT TOYKH A0 IIJIOCKOCTH,
MOKHO HaXOAWUTh PACCTOSHHUA MEKAY ITapaldJelbHBIMH ILI0CKOC-
TAMHA, MEXIY NapaleJbHbBIMUA IPAMOHA U ILIOCKOCTLIO, MEXKAY
CKPeIUBaI0NMMUACS IPAMBIMH.

Ecnn npaMmble ¢ 1 b cKpemnuBawTCs, TO AJIA HAXO0MKICHUSA Pac-
CTOAHUA MeXKAY HUMH JOCTATOYHO COCTABHTH YPaBHEHHE ILIOCKOC-
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T 3, IpoxonAmei depes ogHy W3 HuUX (Hanpumep, dyepe3 ) IIa-
PAJLIeNEHO Apyro# npaMo# (mpaMon b); opu 9ToM KOOpAHHATE BEK-
TOpa 71 HOPMANM IUIOCKOCTH [ OlipesessitoTcs M3 YCJIOBUA €TO
TepTeHAVKyASPHOCTH HAPABAAIONIHM BEKTOPaM Py W D, JAHHBIX
npsMbIX. Hafiasi paccrodune OT «HadaJbHOM» TOYUKU TpAMOR b
IO TIMOCKOCTH [3, TTosiydaeM HCKOMOE€ pPacCTOsHUe MEXIy TPAMEIMUI
aunb.

7.186. HanummuTe ypaBHeHWe ILIOCKOCTH, COAepXXamei oCh
Oy, ecan paccTodHHE OT 3TOH IJIOCKOCTH A0 Toukn M(—-3; 8; 1)
paBHo 1.

PeweHre. TLnocKkoeTs o, cogep:xamas ocsy Oy, 3agaeTcA yparHe-
HueM Ax + Cz =0 (B = D = 0). Tak rak p(M; o) = 1, To monyuaem:

=34+ Cl _ 4 2 2 . AZ 2 _
L =12 08A-06ACH+ Ce=A* 4+ (C* < A(4A - 3C) =0 <
JAZ + C2

E g — 3.4 JT0 O3HavYaeT, 4T0 UCKOMBIMH SBJSIIOTCA ILJIOC-

KocTH 2 = 01 3x + 4z = 0.

7.188. HaiinuTe reoMeTpruecK0e MECTO TOUEK, VAAJEHHEIX OT
TIOCKOCTH X + 2y — 22 — 5 = ( Ha paccrosHue 2.

Pewenwe. Ilycts x + 2y — 22 — 5 = 0 — paguas IIOCKOCTH O,
M(a; b; ¢) — nwbasd ToOuKka UCKOMOT'0O MHOMKecTBa TodeK. Torza
UMeeM:

o(M; @) = 2 & |a+2b;2c—5l

[a+2b—2¢~—5x6, [a+2b-2c:11,
“la+20-2c-5=-6 7 |la+2b— 2c=-1.

Ilpu b = ¢ = 1 noayuaem @ = —1 uan @ = 11. 3HAYUT, UCKOMOMY
MHOXKeCTBY TOHEK IpHHaAnexar Tourn M,(—1;1; 1)n M,(11; 1; 1).
Tak KaxK MHOXXeCTBO BCeX TOYEK IIPDOCTPARHCTBA, PARHOYIAJIEH-
HEIX OT JaHHOH TIOCKOCTH, TIPECTAaBaAeT cO00OU ABe IIJIOCKOCTH,
napaniessHEle AaHHOH, TO OAH& M3 HUX INIPOXOAUT ueped M,
a apyras — depe3 M,. 3TH INIOCKOCTU UMET ypaBHEHU A:
(x+1)+ 20y~ 1)~ 2z-1D)=0unux+ 2y —22+1=0,
(x—1D+2(y—1D—-2(z—1)=0nnmux+ 2y -~ 2z-11=0.

=2

3Janaywn K rnase 7

3azauamMi K 2T0H IJIaBe 3aBeplliaerca MaydeHrue Kypca reoMerT-
pun 10 wjacca KOOpAWHATHHIM MeTogoMm. Cpeay IIpelsaraeMbIX
IJIsl PelleHusd 3a7ayu BCTPEUaIOTCA 3aJaud pasiIudHOU CcTelleHU
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CJA0XKHOCTH. BoJbllell MareMaTHYeCKOM HOATOTOBKH VYAIHXCH
rpedyior 3axauu 7.210, 7.211, 7.212, 7.213, 7.214, 7.216.

7.194, Hafignre KOOPAMHATH LEHTPA W Paiuyc chephl, OITH-
CAHHOM OKOJIO TeTPasApa, BepIIMHLl KOTOPOTO MMEI0T KOOPAWHATEI
(0; 0; 0), (8; 05 0), (0; —2; 0), (0; 0; -6).

PeweHre. Herarpom cdepnl, oOMCAHHON O0KOJIO TETPA’sApa, SAB-
JsAeTCA TOYKa IlepecevyeHMA IIJIOCKOCTeH CepeaHHHBIX MNepleHmu-
KVJISPOB Tpex MioOLIX pebfep TeTpasapa, He JeXKANMX B OAHOH
ILJIOCKOCTH.

Ilyers ., B, ¥ — OJAOCKOCTH CepeAHHHLIX DepOeHANKYAAPOB pe-
6ep cooTrercTBeHHO AB, BC, AP rerpasapa PABC; K, H, M — ce-
PeAMHEI COOTBETCTBEHHO aTUX pebep, npuuem A(0; 0; 0), B(8; 0; 0),
C(0; —2; 0), P(0; 0; —-6).

—> — —

Haxoaum: AB(8; 0; 0), CB(8; 2; 0) u PA(0; 0; 6) — BeKkTOpHI,

NepHeHANKYIAPHLIE COOTBETCTBEHHO IIJIOCKOCTAM o,  H ¥;

K(4; 0; 0), H(4; —1; 0), M(0; 0; -3). Toraa yparHeHHA IIJOCKOC-

Tel ¢, J ¥ ¥ COOTBETCTBEHHO TaKoBbl: x —4 =0,4x +y — 15 =0,
z2+3=0.

x—4 =0,
Pemrasa cucremy ypasHeHHuil (4x + y — 15 =0, nonyuaem ucko-
z2+3=0,

Mble KoopauwHAaTHl (4; —1; —3) menrpa S cdepsi. Torga pazmyce
R = SA sroit cepsl paser /16 + 1 + 9 = ./26.

7.209, Hafinure Bce TOUKH Ha ocu Oz, Yepes KOTOpble IPOXO-
AUT XOTs Obl 04HA IpAMasd, Kacawmasaca chepsl (x — 1)2 + (y + 2)2 +
+(z + 2)2 = 9 B rouxe P(3; —1; —4).

Pewenwne. ITycres M(0; 0; 2) — HcKoMad Touka ocH Oz. Tak kak
npavaa MP kacaerca cdepnl ¢ meatpom A(1; —2; —2), 70 BeKTOPHI

— —
AP(2; 1; -2) m» MP(3; —1; -4 —- 2) nepneHAHKYIAPHLI. Toraa:

— —
AP MP=0=>2:-3+1-(-1)-2:(-4-2)=0>=> 2z=-6,5. Ta-
KHUM o0pasoM, Touka M umeer KoopanHath! (0; 0; —6,5).

7.210. U3 Hayana KOOpAHHAT IPOBEAEHE] BCEBO3MOMKHBIE TIPS-
MEle, Kacapommeca chepnl (x — 4)% + (y — 3)2 + (z — 12)2 = 144,
HafiguTe ypaBHeHHe NJIOCKOCTH, KOTOPOH OPHHAMJIEKAT BCE TOY-
KU KacaHHuH.

Pewenne. Ilycre M(x; y; 2) — TOUKA KacAHUS NpAMOH, IPOX0-
AATIEH Uyepes Hauaa0 KOOpAUHAT, ¥ ¢heprl paguyca 12 ¢ menrpom
A(4; 3; 12). Hatinem ypaBHeHHe, KOTOPOMY YAOBIETROPSIOT KOOP-
AUHATEI TOUKHA M.
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Taxk xax xacaTenhHasa K chepe DIpaMas NepHIeHIAKYIISAPHA pa-
IUYCY, IPOBEIEHHOMY B TOUKY KACaHUHA, TO TpeyronLHuK OAM —
OpAMOYTroJEHEIH ¢ runoTedy3oi OA. Torga OM? = x2 + y? + 22 =
=042 - AM? =169 — 144 = 25.

—_—s —

U3 yenosua OM L AM caeagyver OM «AM =0, 1. e. x(x —4) +

+ y(y — 3) + 2(z — 12) = 0. Ilocne npeobpasosBaHuiil, ¢ y4eTOM pa-

sencrsa x2 + y? + 22 = 25, noayuaeM MCKOMOEe ypaBHEHHE ILIOC-

kocta 4x + 3y + 12z — 25 = 0, KOTOPOMY YAORIETROPSIOT KOOPAU-
HATHI JIIO00H ToukH Kacauna opamoil OM u chepsl.

7.211, Halinure ypaBHeHus BceX cdep ¢ IIeHTPOM B Havaje
KOODIHHAT, KACAIOIIHXCH IPAMOH

x =3 - 2t,
y=1+1,
|z = 5.

Pewenne. Paguyc cheprl, kKacamwnedca Aaadoi OpaMoi ¢ Ha-
NPaBAAOIAM BeKkTopoM p(—2; 1; 0), paBeH paCCTOSHHIO OT HEHT-
pa O(0; 0; 0) chepsrr go aroit npamon. [loaToMy HaxoguM TOUKY
IepecevyeHUs1 JaHHOU NpaAMOI u minockoctw 2x — y = (), npoxogs-
el yepea MeHTp MAapa DepOesIHKYAAPHO 3Tol npamoii. Koopau-
HATHI (1; 2; 5) 2TO# TOUYKH ABIAAIOTCA PEIIeHNEM CHCTEMBI YpaBHe-
HUN:

x =3 - 2t,
‘yzl-l-t,
2z =5,

2x —y=20

Toraa paauyc cdepst paser /12 + 22 + 52 = /30, a cdepa, sB-
JAKILIAACH €IHHCTBEHHOH, VIOBJETBOPSIOUICH YCIOBHIO 3aAa4H,
umeer ypasHedne x2 + y? + 22 = 30.

7.212. B nnockoerd x + y + 22 = 0 HalguTe Bce IpsMble, Ka-
caomueca cepn! (x — 2)2 + (y — 4)2 + 22 = 8 u npoxogAle Yepes
HAYAJI0 KOOPAWHAT.

Pewenne. Ilapamerputdeckue ypaBHeHHA Jio00d Opamoill m,
npoxoAsAmleH yepes Hauauo xoopauuar O(0; 0; 0), umeroT Buj:

x =at,
y = bt, te . (1)
2z =ct,

JIrobon Tpo¥ike uucen (a; b; ¢) cOOTBeTCTBYET HEKOTOpaAA IpAMad
cemeiicTna (1).
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TpeboBaHUE «NeXKATH B IAOCKOCTH X + y + 2z = (», HaAKJIa4bI-
BaemMoe Ha IpaAMyIo (1), o3HauaeT BLITOJIHEHHE PABCHCTBA: af + bt +

a-+b

5
Taxum obpaszom, ecan npsaMad (1) JesKUT B IJIOCKOCTH X + y + 22 =
= (), TO ee MapaMeTPHYeCKUe YPABHEHUS IIPUHUMAIOT BU/:

+ 2¢t = 0, OTKY[A HOJAYVUaeM CBS3h MEXKAY &, b U ¢ B BULe ¢ = —

’xzat,

<y=b1’f,+b teR. @)
‘z=—L_t,

l 2

Hanee, npamasn ceMeiicrsa (2) kacaercs cdepsl (x — 2)? + (y —
— 4)? + 2% = 8, ecau cucTeMa ypaBHeHHMN

;(x—2)2+(y—4)2+22=8,

‘x=at,

{y =bt, teR
. _a+b

-;2 5 t,

UMeeT Ba COBOABIINX pPeIleHUus, T. €. AUCKPHMHHAHT KBaJPaTHO-
I'0 YPaBHEHUSA

mt—2ﬁ+(m—4ﬁ+(?;b@2=8

paBeH HYJIIO0.
Tlocne nmpeoGpazoranuii 570 YpaBHEHHUE IPUBOAUTCH K BUAY:

(a2 + b2+ %)52—2(2%4@” 12 = 0.

Haxoaum IZ) — (2a + 4b) — 3(4a? + 4b% + (a + b)) = ~11a2 +
+ 10ab + b2 U3 yenoBus %I) = () pelllaeM OJHOPOJHOE VDPABHEHHE

11a? - 10ab - b2 = 0. Ecan % = i, TO [oJy4aeM ypasHeHNne 1112 —

- 1 _
= 10u — 1 = 0, KOpHAMH KOTOPOTO ABJIAITCH U, = Ty He T 1.
Torga umeem coorseTcTBeHHo: b=-11a, ¢c=Ha; b=a, ¢ =—a.

Tlocnennue cooTHOMIEHUA MEXKAY @, b 1 ¢ BEIASTAIOT U3 MHOMe-
CTBA BCex NIPAMBIX ceMelcTBa (2) ABe IIPSIMBIe, KOTOPLIE IIPOXOLAT
Jepes HaYaJ0 KOOPAWHAT, JIeXKaT B ILIOCKOCTH X + iy + 22 = 0 u Ka-
carorcd cdeps (x — 2)2 + (y — 4)% + 22 = 8. IlapameTpuvueckue
YPaBHEHUA 3TUX IPAMBIX TAKOBBI:

x=1, lx = ¢,
iy=-11¢t, u y=t, teR.
z=15¢ Z=-t;
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7.213. Hanunmure ypaBHEeHUA IPOEKIUH IIPSIMOLt

lx =3 - 2¢,
y=1+ 3¢,
2=3

Ha KOOpPJAWHATHLIE TLJIOCKOCTH.

Pewenne. Ilyers m — pauHaa npamad, p(—2; 3; 0) — ee Ha-
HPaBJAAIOIME BEKTODP, KOTOPBIH IIepIlleHAUKYyaApeH ocu O2. Ecnu
npsaMBIe d, b U ¢ ~—— TPOERIIAY NPSAMOA M HAa KOODAWHATHEBIE TLIOC-
KOCTH cOoOTBercTBeHHO Oxy, Oxz w Oyz, TO KOOpAMHATAMHU Ha-
ITPABJAIINX BEKTOPOE 3THX TIPAMBIX ABJAIOTCA COOTBETCTBEHHO
rpoitku gmces: (—2; 3; 0), (-2; 0; 0) u (0; 3; 0). Touru, aeagr-
IIHECHA TPoeKIIuaMi Touku A(3; 1; 5) gaHHON IIpPAMOIM Ha KOOPAU-
HaTHble rockoctu Oxy, Oxz u Qyz, UMET KOOPANHATHI COOTBET-
creenno (3; 1; 0), (3: 0; 5), (0; 1; 5). Torga npsmele a4, b u ¢ 3ana-
I0TCH  COOTBETCTEEHHO  CJeAVIOIUMH  IIapaMeTpPHUYeCKHMM
ypaBHEeHUAMU.

|x=3- 21, Jx=3—2u, x=0,
ly=1+3t, teR; Iy=0, ueR; {y=1+3v,veR.
12=0, |2 =5, |z=5,

7.216. Halianre reoMeTpruecKoe MECTO IE€HTPOB TAKUX MIA-
POB, 4T0 BCE TOUKH IIPAMBIX

lx=3—1t, x =2+ 3u,
y=2+2t,tcR uiy=_2u, uckh,
\2=1+t, z=0,

s koropbix £ €{—1; 3] u u €{0; 6], npuHazeKaT NMapaM, a BCe
ApyTAe TOYKH 9THUX IIPAMEIX OIapaM He IPUHAAJECKAT.
Pewenue. IlyeTs ypaBueHUA

x=3—t, x =2+ 3u,
y=2+2¢,teR u y=_2u, uvekl
z2=1+1, z =6,

3a7a10T IIPAMBIE COOTBETCTBEHHO b U C.

ITpomemxcyrok £ € {—1; 3] sagaeT ua npsamol b 0TPe30K ¢ KOHIA-
mu A(4; 0; 0) u B(0; 8; 4), a rpomexxyToK u € {0; 6] 3agaer Ha np#A-
MO ¢ 0Tpe3ok ¢ Kouuamu H(2; 0;: 6) u K(20; 12; 6).

TeomeTpuueckumM MeCTOM I[€HTPOB BceX cdep, MpoXoasIax
1yepe3 A u B, ABIs€TCA IOCKOCTD €€ CepPeIHHHbBIX TTEPIIeHAHK VIIA-
poB oTpeaka AB. [Ind Becex mIapos, olipeaensieMbIX 3THMH cepa-
MU, BCE TOYKH OTpe3Ka AB ABNAIOTCA BHYTPeHHUMH. AHAJIOTHYHO
reoMeTpHYeCKHM MeCTOM 1€HTPOB BCEX CPep, TPOXOAANINX Yepe3
H u K, apnsiercs IJIOCKOCTD [ CEpeJUHHEIX IIEPIEHIUKYIASIPOB OT-
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peska KH. [lona Bcex n1apos, onpeleNseMbIX 3THMHE cepaMi, Bce
TOUKH OTpeska KH aninawrca sayrpenHuMu. [Ipamaa m = o3
COZEP:KUT LEHTDPHI BCEX TEX MIAPOB 3THX CEMENCTR, 1A KalKI0ro
U3 KOTOPBIX SABJAIOTCA BHYTPEHHUMHN JMO0 BCE TOUKH OTpPe3Ka
AB, a1nbo Bce Touku orpeska KH; ocTaabHble TOUKH IPAMBIX b 1 ¢
He TIpUHaAJIeXKAT IIapaM dTUX CeMeHnCTs.

Haiinem ypaBHeHHUd IPAMOI m.

I[InockocTs 0. onpenendaercea Toukoit P(2; 4; 2) — cepeauHoii oT-
pesxka AB — u BeKTopoM n,(1; —2; —1), KOJJIHUHEADHBIM BEKTOPY

—
BA(4; —8; —4), u umeer ypasHenne x — 2y — 2z + 8 = 0. [LaockocTh
B onpenensercs Touxoi Q(11; 6; 6) — cepegunoit orpeska KH —

11 BEKTOPOM 11,(3; 2; 0), KonanHeapHEBIM BexTopy H K (18; 12; 0),
U uMeeT ypasHeHUe 3x + 2y — 45 = 0. Torga nupamas m nepeceue-
HHUA 3TUX ILIOCKOCTe MOKeT ObITh 3a/JaHa CUCTEMOM o0IUX ypas-

HeHUN
x—2y-z+8=0,
‘8x+2y-45=0

AN ITapaMerpriUeCKIMU YPaBHeHUAMH

lx =15+ 2¢,
y = —3t, teR,
2z =23 + 8¢,

B KOTOPBIX KoopauHAThel (2; —3; 8) HampasIAwmEero seKTopa
g(a; b; ¢) IpAMOit m ABIAIOTCA pPelIeHHUEM CUCTEeMbl YPaBHeHHIH

la—2b—c=0,
|3a + 2b=0,

RLIDAKAICIIMX YCAOBHA MEPIIeH WK YISPHOCTH HATIPARIIAIOIIET0 BEK-
Topa g(a; b; ¢) oTHocHTeTbHO BeKTOPOB 71,(1; —2; —1) 1 71,(3; 2; 0).

TaxkuM 06pazoM, HCKOMOe FeOMeTPHUECKOe MECTO TOUEK eCTh
IpAMad



KoHTponbHbie pabGoThbl

KoHTponbHaa padboTa
Ha NOBTOPEHWE Kypca 9 knacca

3agauM A NOATOTOBKH

Touknu A, B, C u D nocnenoBaTeJbHO PACION0KeHbl (IIpu 06-
xX0[e 10 YaCoBOH CTpeNKe) HA OKPYKHOCTU paaguyca R Tak, 4To
Kaxkgad u3 gyr DCB u CBA pasma 80°, a ayra DCA pasHa
100°. Hanaute yrael dyersipexyronsunka ABCD u gnuny OT-
peska BC.

B npamoyroasHOM TpeyroabHuke ABC mposegeHa BeicoTa CN
K M'HII0OTeHy3e AB, ipu 2ToM mI0INaAX TPeyronbHUKOB ACN u
BCN pasubI cooTBercTBeHHO 6 cM2 1 54 cm?, HalinuTe CTOPOHEI
TpeyroJaeHuka ABC, a TaKKe paauychl BIMCaHHOH M OITMCaH-
HOI OKPYIKHOCTeH AN 5TOT0 TPEyroJibHUKA.

Ha cropouax AB, BC, CD u DA npamoyronsuuka ABCD BbI-
Opadnsl TouKn cooTBeTcTBedHo E, F, M u P tak, uto EFMP —
pom6, a AP : PD = 2 : 3. HaifinuTe oTHOIlIIeHHe ILa0oInaae mpa-
MOYTOJBLHHUKa U poMba, ecnin AD : AB=5: 3.

Otpeszok CH — Ouccexrpuca rpeyrogbEuxa ABC. Touku F u
D — ocHOBAaHHUA NepHEHAUKYASIPOB, ONYINEHHBIX U3 TOUKU H
Ha cTopoHEl AC 1 BC cooTreTcTBeHHO. HaliinTe CTOPOHEI Tpe-

yroNMLHMEKA, ecan AC = %BC, ZACB =60°, HD = 14./3.

B mpamoyroabsHy0 TPATIEIIHIO C OCTPRIM VIJIOM O BIIMCaHa OK-
PYsKHOCTE paguyca B. Hanaure nnomaaek Tpallenun.

BapuasT 1

Ha okpy:kHOCTH paauyca K mocieaoBaTenbHO OTMEUEHEBI TOY-
xu A, B, Cu D Tak, uro Beanunsel gyr AB u BC pasHBI COOT-
seTcrBeHHO 50° u 80°, a TUaroHaJau YeThIpeXyroasHuKa ABCD
paBHLEI MeXEgy coboi. HaliauTe AMHHY HauboJLIIEeH CTOPOHLI
3TOr0 UeTLIPEXYTrOJLHUKA.

Orpesox CH — BbICcOTA TpAMOYTOJIBLHOTO Tpeyroabuuka ABC
(£ C = 90°); orpeskn HL n HK — 0OnucceKTpHUCEI TPeyTroJILHH-
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KOoB cooTBeTcTReHHO BCH 1 ACH, npuuem HL = 3HK. Haiigu-

Te TIOIAAD TpeyroabHuka ABC, ecin AB = 2./5.

Ha aByx cropoHax mpsMoroe yraa ¢ eepmiugoit M mrIGpadbl
Toukii ) 1 K cooTBeTCcTBeHHO Tak, utTo MD : MK = 7:1. Ha
ouccektpuce yraa DMK BasaTa Touka E, papHOYVAAJIEHHAH OT
D u K. Oupepenute anuny orpeska DK, ecan ME = 4,
Orpeaor CM — b6uccextpuca tpeyronbHuka ABC. Touxku K u
P — ocHoBaHUd TTePIeHANKYIAPOB, OIYIIeHHbIX U3 TOUKU M
COOTBETCTBEHHO Ha CcTOPOHBI AC u BC TpeyrojibHHUKZa, IPH

3ToM 2 BCA = 60°, BC = gAC, MK = 2. Haligure gnuHy cTO-

POHEI AB u orHOmeHHMe niomanell TpeyroanbHUKOR MCA n
BMC.

2
Tpamnennio MOXHO BIIMCATEL B KPYI', PafiyCc KOTOPOTO B = J7

pas GoJbllle paaguyca Kpyra, BINCAHHOTO B 9TY jKe TPAIeIUuio.
HaiiguTe Bce yribl JaAHHOH Tpameimnn.

BapuanTt 2

Ha oxpy:XHOCTH pagnyca r MocJeJOBATEeILHO OTMEUeHE] TOUKHU
K, M, N u @ rax, uro BequuuHbl ayr KM u MN pasHEI cooT-
BeTcTBenHO 40° 1 100°, a xoparl KN u M@ nepecekaloresa nop,
yraoMm 70°. HahiguTe anuuy HauOoNnbIledl CTOPOHLI YeTLIPEX-
yronnunrka KMNGQ.

B npamoyroasnom Tpeyroasauke ABC (< C = 90°) uposenena
BeIcOTa CH. Orpesku AM u CP — MeauaHEBl TPEYroOJbLHUKOB
ACH un HCB coorseTcTBeHHO, nipuueM 3AM = 4CP, Haiinure
paguyc OKPY/HKHOCTH, OITUCAHHOH OKOJO TpeyroabHuka ABC,
ecly ero niomank pasua 96.

¥roan ABC npsmoit, AB = 4, BC = 3. Haiiaure paccrodHie OT
B po rourkn K, nexameit Ha OUcceKTpHce IPIMOTO yIja, eciau
touka K paBHoypanena or A u C.

B ocrpoyronsHoM TpeyronpHuke ABC BeicoTel AA; n CC, pas-

HBEI COOTBETCTReHHO 2 1 4; BN — 6uccexTpuca TpeyrojJbHUKA,

npu atoMm AN = g Hamiaure anusy orpeska NC u niomaab

TpeyroJbHuKa ABC,

B npamMoyronpHy0 Tpamemui BIHCAHA OKDYXKHOCThL. Touxrn
KacaHUs 3T0M OKPYKHOCTH CO CTODOHAMH Tpalellud HABJISIOT-
¢Ad BepIINHAMH YeThIpeXyroJLHUKS&, ILIOMaAs KoToporo B 4
pasa MeHbIIe ILIOINALH Tpameinil. YemMy paBeH HaUMEHBLIIUAH
yroJ Tpamenun?



Bapuanr 3

1A deTweIpex Touek mwiaIockoctd A, D, F u N Bruimoaudaercs co-

— —> —
oTgomrenne AN = 4AD — 3AF. [lokaure, uto Toukd D, N u
F npunannemxat oqgoir npamoii. Hafigure ND, eciiu NF = 12.
Ha Goxopoil cTopoHe Tpanenuy BEIOpaHa TOUKA, JeIAIad 2Ty
CTOPOHY B OTHOIMIEeHHY 3 : 1, cunTad OT BEPITIUHEI MEHBIIIETO
ocHoBaHUA. [IpAmMad, mpoxoadmad uepe3 3Ty TOUKY Hapas-
JIeNBHO OCHOBAHUAM, JeJUT ILIOMaAb Tpallenid B OTHOIIIEHNUH
2:1, cuurasa oT MEHLOIETO OCHOBAHUA. B K&KOM OTHOILIEHHU
AEeTUT IJONAAE TPAIEIHH ee CPeJHAS AWHUT T

Oxkpy:rHOCTE paguyca R xacaerca katera PM npaMoyronasHo-
ro TpeyroabHuira MPN B Touke M, a Tak:Ke KacaeTcsa KaTeTa
PN 1 mepeceKaeT THHOTEHY3Y TPEYTOALHUKA, e €e B OTHO-
miegn 4 : 1, cunras oT sepmuHel M. HafiauTe paanyc ok-
PY;KHOCTH, BIIMCAHHOH B TpeyroJbHUK MPN.

B nonykpyr anamerpa d moMemeHnl [Be paBHbLIe Kacalonnecsd
APYT Apyra okpysxHocTH. OupeaennTe AIHHY OAHOH H3 BTHX
OKPV/KHOCTEH, eCjH Kam[Jad U8 HHUX KacaeTcA TaK:Ke AuAa-
MeTpa HOJYKPYTra U ero AyTru.

Hoxkamure, 9T0 TeOMeTPUUECKOE MeCTO BCeX TOYEK ILTOCKOC-
TH, CYMMa& KBaJpaTos PacCTOAHHN KaKIAOH M3 KOTOPLIX A0
BepIIUH KBaJpaTa pasHA cyMMe KBaJIpaTos ero AWaToHaJeld,
eCTh ONHCAHHAA OKOJO 2TOr0 KB&JAPATa OKPYKHOCTL. (Boa-
MOJKHO HCIIOJL30BaHI e KOOPANHATHOTO MeTo/a. )

Bapuanr 4

s gyersipex Touek naockoctd A, B, C u D srimonusered co-

ormomenue 50B = QA + 40C. INokaskuTe, 4uTo TOUKH A, B u
C Jsie:xaT Ha opHol npamoii. Halinurte BC, eciiu AB = 24.

Ha 6oxosoii ctopore CD Tpanenuu ABCD sribpaHbl Touku M
u L rag, uto CM = ML = LD, a na cropoe AB BrIOpaHLI ToU-
kKt N u P rar, uto AP = PN = NB, Ornomenme niomane ue-
TRIPeXYTONBHUKOB BNMC u APLD pagso 1: 3. Yemy pasHoO
oTHomrenue ocHosaHuit AD u BC Tpanenmun?

B tpeyroabauke ADF cropounl AD u DF pasubl. OKPy:XHOCTH
KacaeTcsa OCHOBAHHUA TPEYroJBHHKA B TOUKe A, KacaeTcd Tak-
sKe CTopoHLl DF, a cropony AD nmepecexkaeT B TaKo¥ Touke M,
uto AM : MD = 3:1. HaliguTe AJNHY OCHOBAHUA TPEYIrOJib-
HUKa ADF,

I Be OKpYKHOCTH, pagnychl KOTOPLIX pasHbl ' 1 0,5r, KacawT-
cs BHyTpeHHUM o0OpasoM B Touke D). Orpesor DP — auamerp
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OKpPYKHOCTH DoJbillero pazuyca. Hafgure paguyce TpeTheH oK-
PYVKHOCTH, €CJAH OHa KacaeTcd ABYX ILAHHBIX OKPYXHOCTEH
U orpeska DP.

Jokaxure, ITO TeoMeTpUUYeCKoe MECTO BCeX TOUeK HJIOCKOC-
TH, CYMMAa KBAZPATOB PACCTOAHUN 0T KAXKIOW M3 KOTOPEIX IO
CTOPOH KBajpaTa B MojTopa pasa CoJbllle mJAoNiafyMl 3TOTO
KBaIpPaTa, €CTh BIIMCAHHAA B 3TOT KBaIpPaT OKPYKHOCTE. (Boa-
MOXKHO HCHOJB30BAHUE KOOPIUHATHOIO METO4. )

K—10—1
BBeaeHve B CTEpeoMeTpuio.
AKCWOMBI CTepeoMeTpum

SagauM AJaA NOATOTOBKH

B tpeyronvauke DEF EF = 8, ED = 17. Haligure nromann
TPEYTOJLHHUKA, €CIN:

a) 4epea3 IpAMYIo, cogepkainyio cTopory FD, u rouxky nepece-
YeHHSA BLICOT TPEYTroJbHHKA MOKHO IIPOBECTH, HO KpailiHen
Mepe, IBe PasiudHbie HJI0CKOCTH;

D) uepea Meaguany DK u 11eHTp BOMCAHHOH B TPEYTOJLHHK OK-
PYXKHOCTH MOMHO TPOBECTH, II0 KpallHeH Mepe, ABe DasJaHy-
HbI€ IJIOCKOCTH;

B) CYIIIECTBYET NIpAMasa, He Aexalas B miaockoctu DEF, nepe-
cekaloutas buccerrpucy DK u comeprkalias DEHTD OKPYIKHOC-
TH, OMUCAHHON BOKDYT TpeyroibHuKka KFD,

2. EFGS — npaBunibHHEE TeTpasap, EF = 12, Touku L u N nexart
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Ha pebpax SG u SE cooreercTBenHo. SL = 3, SN = 3. Touka
T — cepepuna pebpa SF. Hatigure:

a) Touky Y, mepecedeHud npamoi LT u nnockoctu EFG;

) rouxy Y, nepeceuenus nupamou N T u nrockoctu EFG;

B) IAVHY OTPe3Ka Y,Y,;

r) Touky nepecedenua npamoi NT u niaockoctu ELF;

A) HPAMYIO IlepecedeHHA ninockocrei LY Y, u NFE;

€) OTHOIIIeHHE, B KOTOPOM ILTockoeTh LYY, neaut orpesok SE
(cuuTad or TOUKH S).

Bapuanr 1

B Tpeyroasauxe ABC AC = 12, BC = 5. Haligure miromans
TPEeyroJlLHUKA, eCJN;

a) uepes npaAMyi0 AB 1 LEeHTD OKPYVKHOCTH, OIIUCAHHOH OKOJO
TPeyTONLHUKA, MOXKHO IPOBECTH, HO KpaiiHell mepe, aABe paas-
JIUUHEIE HJOCKOCTHA;



0) uepes npamyw AK, nepnesauxkyiaapuyo BC, u nenrp Bnu-
CAHHOM B TPeyTOJBHHK OKPYKHOCTH MOXHO [IPOBECTH, HO
KpailHell Mepe, IBe Pa3iHUHbIe MJIOCKOCTH;

B) CYILLIECTBYET HOpAMAsd, KOTOPAs He JEeHHT B IJIOCKOCTH
ABC, nepecexkaer Mmeguany BM U coaep UT LIEHTP OKPYHKHOC-
TH, OPOXOoAAINel depes Bepmuunl B, C u cepemuny Cropo-
Hel AC.

ABCDA,B,C,D, — rky6 c pe6pom 8; rourka M — cepeauna A4,;
Touka N jgexuTt Ha pebpe DD,, D;N = 6, Haitigure:

a) Toury X; nepecedennd MN u nixockoctu ACB;

6) roury X, mepeceuerus MN u nrockoctu A,B,C;

B) gy X, X,;

r) Toukry X, nepecedesnda BX, u naockocrn DD, C;

I) B KaKOM OTHOINEHHH TouKa X, Aesut orpedok DC (cuurad
ot D);

e) obiyio npaMyIo miaockocreir X X, X, u AA B,

Bapuanr 2

B tpeyroapauxe KMP KM = 4, KP = 5. Haligure nomanb
TPeyTroJbHHKA, €CHIH:

a) uepe3 NIpAMYI0, COJepRaAILYI0 cTopory K P, M IeHTP OKPYH-
HOCTH, OIIUCAHHOH OKOJIO TPeyToJbHIKA, MOMXHO [IPOBECTH, HO
KpailHell Mepe, IBe Pa3JIUYHbBIE ILIOCKOCTH;

0) uepes npamyw AM, nepuesauKyaapuyio KP, u nenTp OKpyxK-
HOCTHU, BIHCAHHONI B TPeyTOJbHUK, MOXXHO HPOBECTH, O Kpail-
Hell Mepe, ABe Pa3IuYHbIE IJIOCKOCTH;

B) CYII[ECTBYET NpPAMad, HE NPUHAJAEIKAINAA ILIOCKOCTH Tpe-
YIroJbHUKE, Hepecexkawuiaa Meguany PB u npoxozaimada ye-
pes LEeHTD OKPY/KHOCTH, BIHCAHHOMN B Tpeyroasiuyk KMP,

2. ABCD — npaRuianHBLIA TeTpasgp. Bee pebGpa nmelor aiuny 8;

Touka M — cepeauna AD; rouka K — cepexguna DB; rourka P
aexutr ga pebpe DC; DP = 6. Haligure:

a) roury X, mepeceuenus npamoit M P u nxockoctu ABC;

0) rouxy X, nepeceyenuna KP u nnockoctu ABC;

B} gnuny X, X,;

T) TOUKY Hepeceuenns apamoit MP u mnockocry AKC;

n) npsamyio nepecedernusda miockoctelt MX, K u X,DC;

€) B KaKOM OTHOIIEHHNH ILI0CKoCcTs M X, X, nesut orpesox DB
(cuuras or B).
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K—10—2
B3avmMHOoe pacnonoxeHune npsambix
B NPOCTPaHCTBe

3agauM NJag MOJATOTOBKH

B xybe EFGHE F,G,H, rouku L, N u T — cepeaunsl pebep
coorBercTBenHo F;(;;, GyH; u H.H, a guaroHaJHu TpaHH
EE F | F nepecekalorcd B Touke K.

a) 3anonHATe TAOJHUILY PACHOJNOKEHNA IPAMBIX H YIJIOB MEXK-
Iy HAMH.

PacnonoxeHwe BenvumHa yrna mexay

Mpamuie NpSMbIX NPSIMLIMMA

LN n EG

F.T u FH

FNuKT

TN n EG

F,T u KN

KH, u LN
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0) Haligure nmomans cedeHnAa Kyba nmockocteio KNT, ecnu
pedpo kyOa paBHO 4.

ABCD - npaBunbHbIi TeTrpasgzp, AB = 7. Toukn M u K — ce-
peauHEL pebep DB u AC coorrercrBenno. Touka P geaur peGpo
AC B otHomeHHH 5 : 2, cumrasa or roukn C. Yepesa Ttourky P
OposeeHa npaMada napaaaensno npamon KM, Hannnre anu-
HY OTPe3Ka 5TO! MPAMOH, 3aKJII0UeHHOTO BHYTDH TeTpasipa.
IIyers Touka M — cepenuna pebpa AB nupamuzapr ABCD,
a rouka N geaut pedpo AC B oTHomennu 1 : 2, cunras or Bep-
muELL A, JJoKaxuTe, 4To B MJIOCKOCTH I'pann BCD Het HU of-
HOI OPAMOMH, HapaJiiessHoU apamoit M N,

Bapuanr I

Han npasuabHBIN TeTpasap ABCD, B KoropoM Touku K, F, P,
M — cepenunbl pebep coorBeTeTBeHHO AD, DC, BC u AB,

a) 3amonHnTe TabJHNLYy PACIIONOMKEHNA NPAMLIX U VITIOB MEX-
Ay HEUMH.



0) HafiagnTe nnoimaan cedeHnd TeTpasapa maockocrnio KMF,
ecau pebpo TeTpasapa a.

Pacnonoxexne npambix | BenuwuuHa yrna mexay
Npssssie NPAMbLIMK
1 |KFuMP
2 | KFuBC
3 | KPuMF
4 | BF u MFP
8 | KPuBC
6 |CMuKF

2. Jan ky6 ABCDA,B,C,D,, auaronaas B,D xoroporo pasHa 8.
Touka K penur peGpo B,C, B oTHomeHnu 3 : 5, cunrad or B,.
Yepes Toury K nporesena npsamMad napaniensHo npamoit B, D,
Haiigure zAMHY OTPE3KA 3TOH NIPAMOM, 3aKJIIOYEHHOTO BHYTDPHA
Kyba.

3. Ocuopaume nupamuasl MABCD — mnapaanenorpamm ABCD.
Touxka P — cepegnua BC. [Jlokaxure, uTo B miaockoctun MDC
He CYHIECTBYeT NPAMOI, MapalJaelLHON npsaMoit AP.

Bapuanr 2

1. Jlan ky0 ABCDA,B,C,D, c pebpom a, B KoTopoM TOUKH K u F —
cepesnEnl peGep coorsercrsenHo A B, n B,C,, aM n P —
TOYKH MEepecedeHud auaroHanel TpaHed COOTBETCTBEHHO
A,D,DA n DCC D,.

a) 3anonanuTe TAOANMY PACTIOIOMKEHNA NIPAMBIX U YTJIOB MEM-
JY HAMH.
MNpamble PacnonoxeHne npamMosix Benu4duHa yrna mexay
NnpAMBIMHA
1 |KFuaMP
2 | KM uFP
3 | KF uBD
4 | DC, uKF
5 | FPuAD
6 | MPuBC
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0) Haiigute pauny HauboAbIIeH CTOPOHBI MHOIOYIrOJbHHUKA,
SABJAOILErocd cedueHreM Kyda HIOCKOCTBIO, IPOXOAAILIEH Ye-
peaTouku M, Fu K.

Hau Terpasap ABCD, Bce pebpa xoroporo paBHbI 12, Touxa M —
cepeauHa pebpa BD, touka P penut pebpo AC B OTHOINEHUH
5: 7, cunras or C. Haligure nauey oTpeska MpsMoli, 3aKJIiO-
YeHHOr0 BHYTDY TeTpasipa, eCclH 3Ta OpAMadA OPOXOAXT Yepes
touky P napasiensHo npamoin CM.

Touxa K — cepemuna pebGpa A,B; TpeyroipHOH NIpPU3MBEI
ABCA,B,C,. loxaxkure, uro B rockoctd BCC, He cymiecTByeT
NPAMOH, HapansjesbHOUI npamoin AK.

K—10—3
B3auMHOEe pacnonoxeHue rnpaMon 1 NnockocTy.
MepneHanKynapHOCTb NPSMON ¥ NMNOCKOCTH

3ajauH Ajgg MOArOTOBKH
(A1 KOHTPOABHOH PaboThl HCHOAL3VIOTCH AHAJNOTH
sananui 4; 8 u 9)

B rybe ABCDA,B,C,D, Bce pebpa pasubl a. Touka M xesxur
Ha AD, npu atom AM = x.

a) IlocTpoiiTe ceuenune Kyba MIOCKOCTLIO, TPOXOAAIIEH Uepe3s
Touky M mapannenbHo npAMbiM BD u A, C.

0) HaitauTe mepuMeTp ceueHu .

B) HarliguTe nnomags cedeHud.

B npasunnaoM Terpasape ABCD ¢ pebpoMm a Touxka M jiexuT
Ha orpeske AC, npu atrom MC = x.

a) ITocTpoiiTe cedyeHume TeTpasApa HAOCKOCTBIO, MPOXOAAIIEH
yepes M napananenbHo npaAMbIM AB u CD.

0) Haiiagure nepuMeTp cedeHUA.

B) Haligure nipouians cedeHH .

B mpasuibHOH TpeyrombpHoi npusme ABCA,B,C,, Bce pebpa
KOTOPOH paBHBI @, TouKa L — cepenuna A B, a Touxka M ie-
skut Ha AC, npuuem MC = x.

a) IlocTpoiiTe cedenye MTPHU3MEL IIJIOCKOCTRIO, HPOXOAAIICH de-
pe3 M napanyennHo npameiMm AB u CL,

6) OnpeaenuTe NJI0INAAL CEUeHMS,

Han ky6 ABCDA,B,C,D,, B kotopom P, N, K, M — rakue
BHYTPEHHUE TOUYKH pebep cooreercTBenHo A B, A|D,, DD, n
BB, uto npamele PM u NK nepecerkatrorca. IIpu sTom np4d-
meie NK u AD nepecekarorca B Touke Z,;, npameie PM u AB —



10.

11.

B TOUKE Z,, npameie MK nu BD — B rouke Z,; Haligure gnuny
orpeska Z,Zg, ecom £, Z, =8, Z,Z5 = 13.

PapHobokasa rpanenmsa A,B,C;D, apnaerca naobpakeHnem
rpanenn ABCD ¢ ocropaunamu AD = 10, BC = 5. Hauaure
niomanb Tpanenun A, B,C D, eCiH OKOJIO Hee MOXHO OIH-
CaTh OKPYKHOCTE ¢ fuaMerpoM A, D,, npu stoM A, B, = 3.
Tpanenusa A, B,C, D, apasaercsa uaobpasxkenneM rpanennu ABCD

¢ oceoBasuamMu AB = 2 n CD = 8. Hanhgwnre niaoniaik Tpame-
uun A;B,C D,, eciu OKOJIO Hee MOXXHO ONMHUCATh KPYT ¢ LHa-

merpoMm C,D,, npu stom A, B, = J6.

Parrobokasa rpanenmua A,;B,C;D, ariaerca nzobpakeHneMm
rpanenui ABCD ¢ ocHoparuamu AB = 2 u CD = 8, Hatinure
naomanb rpalenuu A,B,C,D,, eciu B Hee MOXHO BIHCATH
KPYT ¢ guaMmerpom 9.

ABCD — 4eTBIDeXYTONBHHUK, B KoTOpoM auarorasu AC m BD
NepneHAHKYJAAPDHEL H PaBHLL. Touka M He JIeXKHT B NJIOCKOCTH
YETHIPEXYTOJIEHUKA, a npamasd MA nepheHAMKYJIApDHaA 3TOH
naockocTi. M3sectHo, uto MA = MC = MD. Halinure yrisl
yerhIpexyrolbHuka ABCD.

Hana npasuJbHasA TpeyroibHad npuama ABCA,B,C,, Bce peb-
pa Kotopoif pasHH 2. Touka M — cepepguna pebpa B,C,.

a) Moxamxure, uro npamasa B,C, nepneHIUKyJIsIPHA NMIOCKOC-
™ AA, M.

0) Yepes Touky nepeceuenua anarosaneii rpasu AA,C,C npoge-
AUTE IPAMYIO, MTEPHeHAUKYAAPHYIO IJIocKocTH AA, M.

B) Haligure 1JIUHY OTPE3Ka 310U IPAMOM, 3aKJIOUEHHOIO BHY-
TPH IIPHU3MBEL,

r) B KaKOM OTHOIIEHUH JEJIAT ITOT OTPE3OK ILIOCKOCTE AA, M?
o) Hatizmre nionagk cedeHUA NPU3SMEI NJOCKOCTBI, NPOXO0-
aAme yepes cepeluHy orpeska CM neplneHZHKYJIAPHO Npia-
Mo BC.

Touka M — cepenvHa pebpa BC npaBWJBHOH TPEYTOJNLHOH
npusmsl ABCA,B,C,, Bce peCpa KOTOPOH paBHbI MEXKIY CoDOI.
Yepes rourky N, gexamyo Ha A\ M (rae AN = x, x € (0;7)),
NPOReEHO CeueHHe, NepneHfuKkynadapHoe npamoit A;M. Kak
MEHAETCA CYMMa BHYTPEHHHX YIJIOB NPOBENEHHOTO CEUCHHSA
STOM NPHIMEI ILJIOCKOCTRIO, ecan A M = 72

B ky6e ABCDA B,C,D, depe3 BHYTDEHHIOKO TouKy M awmaro-
Hayu BD, npoBeseHo cedueHHe NePIeHANKYIAPHO 5TOH JUAaTO-
Haju. Kak MeHAeTCA CyMMa BHYTPEHHHMX YIVIOB CeUSHHS B 34-
BHCHMOCTH OT X (rge x = MB, x € (0; 6)), ecsin guarosanss Kyba
pasHa 67
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12, Bee pebpa rerpasapa ABCD pasHbl Mexkny coboii. Yepes Tou-
Ky M (rne AM = x, x € (0; 6)), memxarnyio Ha Meauane AK rpa-
au ABC, upoepeseno ceueHHe, NepOeHANKYIAPpHoe npamoi AK.
Kax menserca cyMMa BHYTPEHHHX YIVIOB CedeHHA TeTPasfpa
9TOH IJIOCKOCTRIO, eciin AK = 67

Bapuant 1

1. [ana Tpeyronwrasa npusma ABCA,B,C,, B xoropoit M, K, N n
P — suyrpennue rouxku pedep BB,, B,C,, A;C, n AA, coorBer-
CTREHHO — BBIOpaHEI TaK, YTo npamele MN n K P nepeceKaroT-
ca. Ilyers npamele MK n BC nepecexaiorcs B Todke X, nps-
Mble NP n AC — B rouke X, npameie MP u AB — B Touke X,
Haiiaure nauny orpeska X, Xg, ecom X, X, = 10, X, X, = 12,

2. Touxa M mribpana BHe mjgockocTn poMm6a ABCD Tak, 4To OT-
pesku AM, BM u CM pasusi, a orpe3ok MD nepOoeHINKY -
pen nnocroct ABC. Hanawnre yrast pomba.

3. Jam xky6 ABCDA,B,C,D, ¢ pe6pom 2.

a) Moxaxure, 4To npamMad A;C; HeDHEHAUKYJIADPHA IJIOCKOC-
™ BDD,.

6) Jokasxkure, uro miaockocrte A,CD nepneHAVKyAsApHA TIpA-
Mol BD,.

B) Hepes Touky K — cepeauny C,D, — mOpopeauTe Opsamyio,
OepHeHAUKYIADHYI0 InockocTn A,C, D.

) Haiignre AJMHY OTpE3Ka OPOBEAeHHOH IPAMOH, PacHoso-
JKEHHOTO BHYTPH KyDa.

1} B rakom orHOmeHMHu, cuutad or Touku K, ILIOCKOCTH
A,C,D nenuT 3TOT OTPE3OK?

Bapuanr 2

1. [dau Tterpasap ABCD, B rotopoMm M, N u P — BHYTpPEHHHEe
Touku pebep AD, DB u DC cooTBeTcTBeHHO — BLIOPAHBI TAK,
uT0o npambie M P n AC nepecekaloTcs B TouKe Y, npsameie PN
u BC — B Touke Y, unpsameie MN u AB — B Toukre Y,;. Halinn-
Te AJHHY OTPe3Ka Y,Y 4, ecom Y, Y, =3, Y, Y, = 5,

2, ABCD — rtpanenusa (AB|CD), B koropoit £ ADC = 50°, Touxa
M pei0paHa BHE NJIOCKOCTH TOM TpamenuH TAK, U4TO OTPE3KH
MD, MC n MB papHbl, a 0oTpe3ok MA HepneHAUKYJIAPEH
naockocTn ABC. Hafinure yI/bil TpaoenHu.

3. B npasunsaoM Terpasgpe ABCD c pebpom 2 rouka M — cepe-
auua BD.

a) HoxauTe, 4To NpAMad BD mepneHguKyJIApPHA HIOCKOCTH
AMC.
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0) Yepes TouKy mepeceueHnruda Meguan Tpeyroasaunka ADC apo-
BeANUTE NPAMYIO, HEPOHEHAUKYIAPHYIO ItockocTa AMC.

B) Haligure nimHy OoTpe3ka HpOBeZeHHOH HPAMOH, PACHOJNO-
JKEHHOI'O BHYTPH TETpaagpa.

T) B KaKkOM OTHOIIEHUH AEJUT 3TOT OTPE30K NJaocKocTs AMC?
n) Haiigure miroijaab CEUeHUA TeTPas3ipa IMAOCKOCThIO, TPOXO-
nsamel uepes cepeauny CM nepneHANKyaADHO npaMoi AC.

K—10—4
Yron mexay npaMon 1 NAOCKOCTbIO.
[MapannenbHbie NNOCKOCTH

3amaduy Oasa noJroTOBKH
(NI KOHTPOJMLHOH paboThl HCIOMB3YIOTCA AHAJIOTH
gamaHui 1, 2, 6 1 10)

Otpesok AC — oproroHajbHAs NPoeKO KA HakJoHHON AB Ha
maockocte ACD. Yron mexay aydamu AC u AD pasen 45°.
Haiigunre yron mMemxay jayuamu AB u AD, eciu yrox Mexny
npamoii AB n mnockocTeio ACD pasen 60°.

Cropona AB npamoyroxsHuka ABCD nexHuT B IJIOCKOCTH
ABM, a cropona BC obpasyer ¢ 3T0l MJIOCKOCTBIO yIoX . Ka-
KOH yroua obpasyer auarosanb BD ¢ niaockocTeio ABM, ecau:
a) BD = 2AB; 6) BC = 2AB?

M3 ogHoOM TOUKHW NpoOBeleHb] IR HAKJOHHEIE K IJI0CKOCTH, 00-
pasyIOIUe ¢ Hell paBHBIE YIVIEL. ¥ TOJ MEXIY HAKJIOHHBLIMH Pa-
BE€H (p, a YIOJI MEKIY UX NPOEKUAMA HA 3TY ILIOCKOCTE PABEH
B. HaiiguTe yron Mexxay INOCKOCTBIO H KAXKIOH M3 HAKJIOH-
HBIX.

W3 ogHOH TOUKH NPOBELEHE ABEe HAKJOHHEBIE K ILJIOCKOCTH, 00-
pasyiomue Mexay coboi yron [, a ¢ HJI0CKOCTEIO — YIJIBI, PAB-
Hble @. HaauTe yron MeMay WX ODOEKIMAMH Ha BTY ILIOC-
KOCTh.

IlBe HAKJIOHHEIE K MJIOCKOCTH, MMPOBEIEHHLIE U3 OTHOH TOUKH,
00pagyIoT ¢ Hel yIvisl, paBHEE ¢. [[poeKiun 5TUX HAKJIOHHBIX
Ha IJIOCKOCTB o0pasyior yroa . Hamgwmre yrosm memxay Ha-
KJIOHHEBIMH.

InockocTn o ¥ B mapanzenbHBI, HIOCKOCTE Y TMepecekaeTr
IJOCKOCTE O 110 IIPAMOH @, a IJIOCKOCTE [ — o IpAMoi b.
TTnocKocTs O MepeceKaeT MJIOCKOCTE ¥ TTo OpAMoi ¢, Kak MoryT
OBITE PACIIOJOKEHH HIpAMBIe &, b U ¢?
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7. B npapmabHOI Tpeyrosnwnoii npusme ABCA B,C, Bce pebpa
pasHbI a. Ha pebpe AB otMedeHa Touka M Ttak, uroAM : MB =
=3 :1; rouka N — cepexuna pebpa B,C;.

a) Yepes Toury M npopeanTe cedeHUe NapAJIJIEJIBHO ILIOCKOC-
™1 A, BC.

©) HaligiiTe mepuMeTp CeUeHHA.

B) Halignre mirolans ceYeHnd,

r) B xakoM OTHOINEHNH ILIOCKOCTh CEeUEHHA IEJHT OTPEe30K
AN, cuntas or A?

8. Ha pebpe A;B| = a ryba ABCDA,B,C,D, ormeuena rouxka M
Tak, 4To BM 1 A M=2:1.

a) Yepes Touky M nposeanTe cedeHHe HapajllebHO MI0CKOC-
™ AB,C,.

0) HakiauTe mepuMeTp ceueHHA.

B) Haligmure miomasb ce9eHMU A,

r) B kakoM OTHOIIEHVMH HJOCKOCTE CEUYEHHS JEJIAT OTPE30K
A,C, cunradg or ToukH A, ?

9. Touxka M — cepesmnHaa BEICOTEL DO mpasuUILHOIO TeTpasiapa

ABCD ¢ pebpom a.

a) Yepes Toury M nposeauTe cedeHHe, HapaJieJibHOe JIOC-

roctr BCD.

6) HaiiguTe mepumerp ceueHU.

B) HaitizuTe nmiaomaas ceueHud,

r) B KakoM OTHOIMEHUH NAOCKOCTE CeUeHN A NeJUT BBICOTY TET-

pasgpa AF, cunrad or ToUkH A7

IIpamaa DF nepeceraeT napaJiesibHble HJIOCKOCTH , 3, ¥ CO-

OTBETCTBEHHO B TouKax D, £ u F, npu srom DF =.3, FE = 9.

I[Ipamaa EG nepeceKaer ILIOCKOCTH O H Y COOTBETCTBEHHO B

roukax G u H, npn stom EG = 12, Hafinure Bce 3HAYeHUdA, KO-

TOPBIE MOXKET IPUHUMATE JJUHA oTpeska GH.

10

Bapuanur 1

1. Orpesor AC — oproromanbHas NPoeKLINA HaKJOHHOE AB Ha
mirockocTs ACD, JIyun AD u AC ob6pasyror yroa 30°. Haligure
yroJ Mexay npaMol AB u ninockocThio ACD, ecin yroi Mex-
ny npameiMu AB n AD pasen 60°.

2. Cropona AB tpeyroasuuka ABC nexut B niockoctu ABM,
a cropoHa BC ofpasyer ¢ aTol njocKocThi yroa ¢. Kaxoi
yroJ obpasyer ¢ 3ToH MJIOCKOCTRIO cCTopoHa AC, ecan:

a) rpeyroasHuK ABC — paBHOCTOPOHHHWIH;
0) AB = AC, LCAB = 90°?

3. IlrockoCTs iy IapAIENIBHA IIOCKOCTH f3,, & MAOCKOCTE O, IIa-

panjesybHE ILJIOCKOCTH 35, IPH 9TOM ILIOCKOCTH 4 B O, HEpece-
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KalTCA 0 OPAMOH @, a IIoCKocTu B U B, — HO HPAMOH b.
Kax Moryr GbITh PACHONOMKEHEI IPAMBIE @ | b?

IIpamas AB mepecekaeT napaijiefikHble HJIOCKOCTH o, B, y CO-
OTBETCTBEHHO B TouKax A, B, C, npuuem AB = 3, BC = 7. IIpsa-
Maa MK nmepecekaeT 8THU ke ILIOCKOCTH O, 3, ¥ COOTBeTCTREH-
Ho B Toukax M, K, P, npuuem MP = 10. Haliglre gce 3Ha4e-
HHA, KOTOPLIE MOYKET IPUHAMATE AanHa oTpeska MK,

Bapuanr 2

Otpesoxk AC — opTOroHaNbHAS NPOEKNUS HaKJIOHHOH AB Ha
miaockocets ACD. ¥rox DAB pasen 45°. Haligute yroax Mexay
gydamu AD u AC, eca yroam MeX Iy HaKJIoHHOH AB n HiIocKo-
cTei0 DAC pasen 30°.

Cropona AB napamsienorpamma ABCD neXHT B OJIOCKOCTH
ABM, a cropoHa BC obpasyeT ¢ aT0il IJI0CKOCTEIO yrod ¢. Ka-
KO yroJ obpasyer ¢ 3TOH IIJOCKOCTRIO AuaroHans BD, ecan:
a) ABCD — kranpar;

6) ABCD — pom0, B KoTopom £ B = 120°?

IIpameie ¢ 1 b napannensHbl. IIpaMasa a napajinenbHa ILIOC-
KOCTH ¢, NpAMas b mapannenpHa miockoctn (. Kak Moryr
GBITH PACIIOIOKEHEI LJIOCKOCTH & B 37

IIpamas AB nepecekaer napaJiiesibHble HJAOCKOCTA O, B, ¥ co-
OTBeTCTBeHHO B Toukax A, B, C, npuuem AB = 14, BC = 4.
IIpamaa MK nepeceraeT 3Tu e HIOCKOCTH Q, [}, Y COOTBET-
crBeHHO B Toukax M, K, P, npuuem MP = 10. Hanigrre BCe
3HAYEHHU T, KOTOPhIe MOKET IPAHAMATE JJAUHA oTpeaka MK,

K—10—5
Yron mexay ABYMA rI0CKOCTAMU

S3anaduu qJA IMOATOTOBKM

ABCD — pombG ¢ yraoMm 60°. [Ipamasa MA nepneHguKyJasipHa
mwiaockocTH pomOa, npuuem AB = AM = a. HatiguTe yIJibl MeX-
oy miaockocraMu: a) AMB u ABC; 6) AMB w AMD; 8 MDC n
ABC; ) MAD u MBC; n) MDC u BCM.

Mnockocrin ABC nu ABD ob6pasyior yroa 45°. MasectHO, UTO

AD=3,AB=5, BC = /2, upuuem DA 1 AB, CB 1 AB. Haiigu-
te: a) CD; 6) yros mexnay npamoii CD u nxockoctsio ABC,
B ky6e ABCDA,B,C,D, nposezeso ceuenne LP@Q, roe Touka L —

cepeguna pebpa BC, Toura P nexur Ha pebpe CD Tak, 4TO
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CP:PD=1:5, roura @ — 5a pelpe CC, Taras, uto CQ : QC, =
= 1: 2. Haiigure yron Mmexay naockocramu LPQ u A, B,C,.

BapuanT 1

. ABCD — poMmG, B KoropoMm AB = a, £ A = 60° Ilpamas MA

HepHeH UKYIAPHA TUIOCKoCcTH pomba 1 AM = 2a. Halaure yr-
JIBI MEXAY IIocKocTAMHU: a) AMB u ABC; 6) AMB u AMD;
B) MDC n ABC; Ty MAD u MBC; i) MDC u BCM.

¥roa mexkay naockoctamMu ABC u ABD pasen 60°, npu sTom
DA1AB, CB1ABu AD=2, AB=4, CB = 3. Haitaure: a) CD;
B) yron mexay npamoii CD u maockoctbio ABC. .

B ky6e ABCDA B ,C D, npoeeaeno ceuesne MNK, rae TouKka
M — cepenuna pebpa AD, Ttouka N ge:xur Ha pebpe AB Takx,
uto AN : NB = 1:13, roura K — na pebpe AA, takad, 4To
AK : KA, =1 : 4. Haiiaute yron Mexxay niaockoctamMu MNK n
AB,C,.

Bapuanr 2

ABCD — pom0, B KoTOpoM AB = 2a, LA = 60°, Ilpamaa MA
MepHeHUKYIsIpHA MNocKocT poMba 1 AM = a. HaliguTe yrabsl
MeKIY IIocKocTAMK: a) AMB 1 ABC; 6)AMB uAMD; B) MDC
uABC; ry MAD u MBC; n) MDC u MBC.

IInockocty ABC u ABD oGpasyrr yroan 60°, npm sToM
DA1 AB,CB1ABuAD=4,AB=3, CB= 2. Haiigure: a) CD;
B) yron mexay npsamoin CD w nnockocTsio ABC.

B ry6e ABCDA,B,C,D, nposeaeHo ceueHde FGT, rae TouKa
F — cepeguna pebpa B,C,, Touka G nexxut Ha pebpe C, D, Tak,
gro C,GG: GD; = 1:10, touka T' — Ha pebpe CC, Takad, 4uTO
C,T:TC = 1:9. Haiiaure yroa Mexay niaockoctsaMu FGT u
ABC.

TecToBasa paboTa

BribepiTe BepHBIN OTBeT,

MeguaHa TPeyronbHHKA JAEIUT 3TOT TPEYTOABHUK HA ABA PaB-
HOQEe/[PeHHBIX TPeYTONbHUKA., CKOJBKO IIJIOCKOCTEH MOXKHO
IIPOBECTH 4YEPe3 3Ty MeAMAHY, OPTOLEHTD M IIeHTD TIMKeCTH
3TOTO TPEYTOAbHHUKAT

A) Hu ogHoii; B) ogny; B) Geckoneuno muoro; I') aTo 3aBucur
OT AOMOJHHUTEJLHBIX VCJIOBUH,

IIBa pasHOGeapeEHBIX TpeyronpHUuKa ABK 1 ABM umerwT 06-
iee ocHoBaHue AB = 24, npu stom AK = BK = 13, AM =



= BM = 20. Ha#inure cYMMY BCeX PA3JAUYHBIX IOENLIX 3HAUE-
HHH, KOTOPbIe MOXKeT NMPHHUMATL AJHHa oTpeska M K.

A) 21; B) 32; B) 176; T') rakux 3HadueHNHA GeCKOHEYHO MHOTO,
ITan Terpasnp DABC, B xoropoMm BC = 10, AD =11. Toura P
JexuT Ha pebpe BC Tak, uto PC = 3. Yepesa Toukun C, Pu B
NpOBeeHbI NapaJlIeNbHRe TUIOCKOCTH ¢, [} U y, TiepeceKaro-
mue npamyio AD coorBercrBeHHo B Toukax A, L u K, npuyem
AL =6. Hainlite DK, ecal Touka L Je:xHUT HA pebpe AD.
A)9; B) 7; B) 11; I O.

PaccrosgHe MeKAY apanjeabHRIMH TIOCKOCTAMM o 1 [3 pas-
HO 7, 4 pACCTOSIHUE MEyKAY TIPAMOHN a, IPHUHAAJIEKAIeH o, U
npamoit b, mpuHaanesxkamiei B, paeso 8. Kakum mMoxxeT OBITH
pacmoJioskeHue OPAMBIX @ H b?

A) IlapanigensHbl WM CEpPemHBaOTcd; B) mapaiiaeiasHBI;
B) ckpemuearTes; I') gagHada cUTyariua HEBO3SMOMKHA.

B rerpasape DABC AC=BC=AB=3,AD="T, BD=5. Cronb-
KO TJIOCKOCTEH, NepHneHAUKYAADPHBLIX nNpsaMmoil DC, MOMHO
TPOBECTH Uepe3 NpaMyw AB?

A) Oary; B) 5U ofgHOH; B) 6ecKoHeuHO MHOr0; I') 5TO 38aBUCHUT
oT aauHbLl pebpa DC.

Bepmuesl TpeyroapHuKka ABC yaaneHsl 0T TJIOCKOCTH O Ha
paccrosuua 1, 5 u 8. CKOMBbKO PAa3AHUYHBIX 3HAUEHHH MOXKeT
NPHHHMATE PAacCTOAHMIE OT TOUKH M TepecedeHH MeAUAH 3TOTO
TPEYTOJBHUKE KO TLIOCKOCTH 07

A) BeckorHeuno mHOr0; B) ogro; B) uersipe; I') Tpu.

B ry6e ABCDA,BC D, ¢ agnuHo# peGpa 6 Toura K JMe:KHUT Ha
pebpe B,C, Tar, uto B\K = 2; Toura M nexur Ha pebpe AB,
npu stoM AM = 4, Hangure yroa Mexjgy npaMbiMu AC, u
KM,

A) 0; B) g; B) arctgzgfz; I') BepHOTO OTBETA HET.,

B Terpasape DABC nauHB BCexX pebep paBHBI. PaccrosHie
Mexay npameiMid DC 11 AB paBHo 6, Toura P — cepeiliHa peb-
pa AD, Touka M — cepeauna pedpa BC. HaliguTe paccTossHie
Mexxay npameiMu PM n AC,

A)2,/3:B)0; B)3./3: ) 3.

IIpamasa MA cocraBaseT ¢ nmiaockocTbio ABC yroa 57° u nep-
MeHAUKYIAAPHaA npaMoil AB; npsimasa KB cocTasaseTr ¢ njoc-
KocTei0o ABC yroa 47° U TakKe HepNeHAHKYJISIPHA IPAMON

AB. Kague 3HAUEHU S MOXKET NPUHUMATE YTOJ MKV TIPIMBIL-
mu MA u KB?

6 - 9061 [Torockyven 161
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A) 10° naui 104°; B) 10° 1au 76°; B) sHaueHHA B JHATIA30HE OT
10° go 76° BrkaouuTenbHo; I') sEauenusa B guamnasoHe ot 0° g0
90° BRIIOUUTEARHO.

BricoTa mpaBUJIBHON YeTRIDEXYroabHON nupamuasl MABCD
pasHa 6 1 00pasyeT ¢ IIOCKOCTAMU rpaneit yrasl 30°, Haiigu-
Te paccToAHUE oT TOUKM A fo rpasu M BC.

A)3./3:B)6; B)~ 5,3; ') B yCJI0BHH MaJo JAHHEBIX.
BHYTpH ABYIrpaHHOTO yIia BeaHMuiHON B 60° gesKHT TOUKA,

yIAaJIeHHAas 0T €ro rpaHed cooTBeTCTBEHHO Ha H U 2. Halinure
PacCcTOAHHE OT 9TOH TOUKHU A0 pebpa ABYIpaHHOTO yIia.

A)T; B) 2 J13; B) 10arctg._@; ') BepHOTO OTBETA HET.

Toura M nexur seyTpH Kyba ABCDA,B,C,D, Tax, 4To ups-
maa AM cocTraBasetr ¢ mnockoctaMu AA, B, u ABC yrasl cooT-
BeTcTBEeHHO B 30° 11 45°. KaKoii yrosa cocrasJiasieT aTa NpsiMas C
IJIOCKOCTBI0 ADA,?

A) arcs1n£, B) 45°; B) arctg oE I 30°.

2n
IIBa MJIOCKUX yIJa TPEXIPaHHOIO yIJia PaBHBI 5 H §' CKrOJIDb-

KO IIEJBIX 3HAYEHHNI MOXKEeT MPHMHIIMATSL TPETHH NIOCKHUH yroa?
A) Hu oxsoro; B) 120; B) 3; ') ckoneKo yroaso.

Ilan TpexrpaHHBIH yToJa ¢ BepmilHO# M, Bce I1ocKHe YIabl KO-
Toporo — npsameie. HIpsvMas MK JeXUT BHYTPH STOTO TPEX-
TPAHHOIO yIJIa K COCTaBJAAET CO BCEMH €ro I'paHAMH pPaBHEBIE
yrasl. HalfiguTe BeaYUHY 9THX YIVIOB.

A) arctg 2; B) 60°; B) arccos £, I') BepHOTO OTBETA HET.

K—10—6
PaccTosiHUA B NPOCTPaHCTBE

3azayu JaA DOATOTOBKH
(D151 KOHTPOJIBbHOH PAboThl HCIOAB3YIOTCA AHANIOTH
3asauuii 4; 5 u 6)

IImocrocTs, nepecerkas OTPE30K AB, JeJHT €ro B OTHOIIEH HE
7 : 5, cuuTas oT Toukd B. HaliguTe paccToaHKe OT TOYKH A [0
IJIOCKOCTH, eCJH paccToAHHe 0T cepeAHHBI OoTpesKa o 3ToH
MIJOCKOCTH PaBHO 2.

IInockocTs, nepecekas oTpe3oK AR, AeJHT ero B OTHOILIEHUH
3 : 7, cunras or ToukH A. PaccrosiHue oT cepefHHBI 9TOTO OT-



pe3Ka o NaocKocTu paBHO 4. HaliguTe paccTosHEe OT TOUKU
B mo 9Tol TII0OCKOCTH.

IlnockocTe, mepeceKada OTpe3oK AB, AenUT ero B OTHONIEHUH
25, cunTad oT ToukH B. HaljlTe pacCTodHHE OT CepegUHE]
ATOro OTpesKa J0 MJIOCKOCTH, eCAN PacCTOAHHE OT TOUKHU B 1o
2TOM mIocKkocTH pasHO 10.

Bce BepminHbl Kyba, KpoMe ABYX NMPOTHBONOJOXXKHBIX A u C,
(mesxallfiX Ha OGHOH AMAroHaju), OJUHAKOBO YAAJEHbBL OT He-
KOTOPO# miaockocT. HalignTe pacCTOAHNA OT KayKAO0HU U3 3THX
BepoidH (He cuurad A U C,) A0 9TOH TJIOCKOCTH, eclIH pedpo
kyba paBuo 6. (PaccMoTpHTe ABa caydas.)

B paBHOGeApenHoM TpeyroneHuke ABC AB=BC=a, ZB=uo.
Paccrogune or Touku M 10 TMUIOCKOCTH TPeYrOJIbHHKA TaKikKe
paBHO @. IIpoeknueii Touku M Ha TNOCKOCTBE TPEYTOJABHHUKA
sABJIseTCs Touka M, mepecedeHHA MeIHaH TpeyroabHuKa ABC.
Hadgure paccTodEHA oT TOUKH M 0 BEePIINH TPeYroNAbHUKE U
A0 MPAMEIX, COJIePKaljX ero CTOPOHHI.

Touka M JeXUT BHYTPHU ABYIPAHHOTO yria BeldunHoi 60° u
yAaJeHa OT ero rpaHed Ha paccroaHus 3 U 5. Haligure pac-
cTogHie oT Touki M g0 pebpa ABYrpaHHOTO yria.

BapunanT 1

IIanusl Bcex pebep TeTpasapa paBHbI 6. Bece BepmuHEL TeTpa-
aIpa 0FHHAKOBO VI&JEHBI OT HEKOTOPO# maockocTu., Halgure
paccTosHHE OT BePIIMHLI TeTpasapa L0 2TOH IJIOCKOCTH (pac-
CMOTPUTE J[BA CAYYAA).

ABCD — poM6 ¢ ocTpeIM yrioM £ A = a, AB = a. Paccrodarle
or Touku M 1o miaockocTtit pombGa paBHO a. OpPTOTrOHANBHON
npoexmnueil Toukd M Ha NJOCKOCTE poMOa ABIAETCS TOUKaE
M,, nexxamasn Ha oTpeske AC rak, yro M,A = 3M,C, Haiaure
PACCTOAHNA OT TOYKH M [0 BepuiiH pomGa U 70 NPAMBIX, CO-
JepyKallliX ero CTOPOHBI.

Toura M je)xXHT BHYTPH ABYIpPaHHOTO VIVIA BeJHUHHOI 45° u

VJaJieHa OT ero rpaHell Ha paccTOAHHA 4 U 3./2 . Haiimure pac-
crosiHie oT M a0 peOGpa ABYrpaHHOTO yrja.

BapuanT 2

IInuHbl BceX pebep TeTpasipa PaBHBL MesKAy coboii. Bce Bep-
[IHMHBl TETPASAPE OJHHAKOBO VAANEHEL OT HEKOTOPOIH MIOCKOC-
TH Ha paccTosgHue, paBHoe 6. HanauTe aauuy pelpa TeTpasaapa
(oBa caydas).

ABCD — pomb ¢ tyneim yrooM L A = o U AB = a. Paccroarue
or TouKH M po maockocTu poMmba Tak)Ke PaBHO 4, IPU 3TOM
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TOUYKa M, — mpoeKnus ToUKA M Ha NIOCKOCTE poMba — pac-

nnonoxkeHa Ha nyde AC Tak, ytro MA = gAC. Haiigure pac-

cToAHHUE OT M [0 BepIIUH poMOa U MPAMBIX, COAEPIKAIIIUX E€T0
CTOPOHBI.

Tourka M JNeXUT BHYTPH ABYTPAHHOTO yria BeJduunHoi 120° u
yaaJeHa OT €ro rpaHeil Ha PacCTOAHHA COOTBETCTBEeHHO 4 1 6.
Haiigure paccrogauue or M go pebpa AByrpaHHOTO yIJja.

K—10—7
Bekropbl B NPOCTPaHCTBE

SalauH JJfA MoaroTOBKH

Hyers £(d, b) = £(d, é) = 60°, 12, |d =
HaHJIHTe

a)a- -5, a- c, b . C;

0) (2a - Sb) (b +¢);

B) |33 — b + &;

I') yroJ MeXXAy BeKTopaMu 3d — b+ém (— b) .

,u) BCE TAKME HHCIA X, HPH KOTODHIX BEKTODH 3d - xb+3éwn
G+b—x+¢ OPTOTOHANBHEI;

€) TAKOE 3HAUYEHWUE Y, TPHA KoTopoM BexkTop (y + 1)ad — 25 + y-c
HMEET HAMMEHBINYI0 JJINHY;

K) JTMHY IIPOEKITUH BEKTOPA d Ha LJOCKOCTh, KOTOPOH Mapal-
AeNBHB BEKTOPHI bud.

MO — BrICOTA TPABUILHOH YeTHIPEXYTOJLHOH IMHMPAMHAIL

MABCD, nnockuii yroJ npm BeprnmHe M KoTOpoH paBeH o,
- =2 5 = R
a GoxoBoe pebpo pasHo m. [lyete MA =a, MB =b, MC = c.
—_— —
a) PasnosuTe BekTopsi MO u M D 110 BeKTOpaM 4, b,

— e
0) Haiigure yron mexay sexropamu AD u MC.
— -

B) Haiiaure yron mexxay Bexropamu MC u AK (rne K — Tou
Ka Mepecedyenuss MeuaH TpeyronsEuka M DC).
ITpocTpaHCTBEeHHBIA 0a3WC COCTOMT M3 TPEX €JMHMYHEIX BEK-

_— - —
topoB OA, OB, OC, yrox Mexay MOOBMH ABYMS H3 KOTODPBIX

paseH 60°, PasaosxuTe B ganHOM 0asHce €[HHUYHBIA BEKTOD

—_—
OD, o0pasyomuii ¢ 3TUMH BEKTOpaMu paBHble yrianl. (Pac-

CMOTPHTE BCE BO3MOXKHEIE CJIyUan.)



BapuanTt 1

2, le| = 3; aib d1é& Z(b, &)= 60°. Haiimure:

Tyers, d -
c; : 6) |3 — 35 + &); B) yron Mesgy BeKTOpaMH

a)d-b; a-c; beé; )
X=d-8h+cuny= b - ¢; 1‘) ECe TAKHe 1UC/IA O, IPU KOTOPbIX
BEKTODBI M = 34 + ab —~ ¢ u % = 4 — 8b + & OPTOTOHAIBHEI;
1) Taxue SHAYEHWs t, NPU KOTOPHIX JJIHHA BEKTODA p = 3ad +
+ 2th — (t + 1)¢ HaumeHBIIAA.

Ilana npaBuiabHAs TpeyroJeHas npusma ABCA B ,C,, y KoTo-
po#l aMuHBI BcexX pebep pasubi 1. MeanaHsl TpeyroJasHHKA

ABC nepecerkarorcsa B Touke M. Hannure:

— — —_— —— — —
a) AB-CB,;06) Z(AB, CBy); BYA;M - C,B.
B gersipexyronsHoil nmupamMmuge MABCD rpass ABCD — ma-

— L, = L =
pamaenorpamm U MA =a, MB=b, MC =

— ol
a) Paznoyxkure BekTop M D 110 BEKTOpaMm a, b, C.

0) Touka K — cepenuHa oTpeska AM; P Takas TO4YKa oT-
peska MC, uto 3MP = PC; L — rakas TouKa orpe3ka MB,
yto ML = 3LB. B KaKoM OTHOIIIeHHWH IIJOCKOCTE KLP neaut
oTpe3ox M D, cuuTas OT TOURKH M7

Ve, 4

Bapuanr 2

=2,l¢d=3; aLb g 1é, Z(b, ¢)=120° Haitmure:
i+¢; b E 6) |d + 3b - &); B) yros MesAy BeKTOpaMu
X=4da + Sb ~—cuy= 2b + c; r) BCe TaKHe UHCIA L, TPH KOTOPHIX
BEKTOPH M = 24 — ab+éun =8+ 3b—2 OPTOTOHANBHBL;
1) TakHMe SHAUEHUHA ¢, IPU KOTOPHIX JJIHHA BEKTODA p=2d-
- 3(t + l)b + 2{¢ HAUMEHBIIAA.

B npaBUJIBHOH 4eThIPeXyronpHON nupamuge MABCD ¢ ocHo-
BaHeM ABCD pinnaEI Becex pebep paBHH 1. Touxka K — cepe-

UYCTEW 2
' ¢3

auHa orpeska MC, P -— ToukKa mepecedyeHHs MeaHaH Tpe-
— — — -
yroasHuKka AMB. Haiinure: a) AM - CA; 06) L(DK, AB);
— —
B) MC+ DP,

B napannenenuneane ABCDAB,C,D; touku D u M — cepe-

—
nuHbl peGep cooreercrseHHo DK u B,C,. Ilycts AC = g,
_— — . — —

AD, = b, AB, =c. Pasnoxure sextopal AC, 1 KM 1o BeKTO-

—
—

pam a, b, c.
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K—10—8
KoopavHaTtbh! B NPOCTPaHCcTBe

3agaup IJIA MOIroTOBKH

B npoerpaHeTBe saganbl e ToukHd A(0; 1; —1) u B(0; —1; 0).
Hanaure reoMeTpUYECKOE MECTO BCeX ToueK M mMpoCcTpaHCTERa,

g BM.
OcHoBanne ABC wpaBUILHOH  TpPeyrolbHON  MIPU3MEI
ABCA,B,C,, Bce pebpa KOTOPOH PABHBI MeX Iy COOOH, JEHUT B
mnockocti Oxy, mpuuem A(0Q; 1; 0), B(0; —1; 0). Haiigure Ko-
OPAMHATEH OCTANBHBIX BepiiiH. (PacecMoTpHTe Bée BOBMOMKHEBIE
caydau.)

B nmpocTpaHcTBe 3ajanbl YeTkEIpe ToUKH: A(3; 2; 1), B(1; 1; 0),
C(0; 0; 4), D(—1; 0; 1).

a) HamunmivTe napamerpudecKie ypaBHeHnsa npsamoii BC,

0) Hamuminre ypaBHeHHE maockocTi ABC.

B) HamumuTe ypasaeHHe cgepbl, ZHAMETPOM KOTODPOH fABJA-
eTcH oTpe3oK AD.

r) OnpenennTe B3alMHOE PacnoJokeHue npamoil BC u atoil
cdepsnl.

) Hanmumure ypaBHEEeHUe MIIOCKOCTH, Kacalolleiica 3Toi cde-
PHL B TOUKe D.

e) HailiguTe paccroarue MeKAy NpaAMEIMUA BC u AD,

AN KOTOPBIX BBINOJHRAETCA yenosue AM =

Bapuant 1

B npocTtparceTBe s3agaHm ZBe TOUKH A(0; 2; 0) u B(0; —-6; 0).
HaliguTe reoMeTpHUECKOE MECTO BCeX Touek M mpocTpaHCTRA,
AN KOTOPBIX BRINMOJHASTCA yeaosHe: AM = 3MB.

B npaBunsHON veThpexyroabHon nupamuge PABCD, Bce ped-
pa KOTOPOH paBHBI MeXIy co00i, H3BECTHEI KOOPAUHATHI Bep-
muH A u C: A(-2; 0; 0); C(2; 0; 0). HaiifuTe KoOpAWHATHI OC-
TAJTbHBIX BEPIITHH MHEPAMHUILI, €CJIH BEPIIHHA P NpuHAZIEKUT
ociu Oz.

B npocrpaHcTBe 3amaHb! ueThipe TOuKU: A(1; 1; 1), B(1; 2; -2),
C(9; 0:0), D(2; 3; 4).

a) Hamuminre mapaMmerpuuecKkue ypasHeHN A npamoii BC.

0) Hanuniute ypaBHeHHe mnockoct ABC.

B) Hanuimmure ypaBHeHHe cdeppl, ZHAMETPOM KOTOPOH SIBJS-
eTcsa oTpe3ok AD.

r) Onpegenre B3alMHOE pacHoloskeHHe npamoil BC u aToit

cepsl.



) Hamumomure ypapHeHlNe IJIOCKOCTH, Kacalollleiica aToil cohe-
PBI B TOUKe A.
e) HaliglTe paccTOAHHe MexXAY npaAMbeIiMu BC u AD.

Bapuant 2

1. B mpocrparcrBe 3agaHbl ase Tourku A(—6; 0; 0), B(3; 0; 0).
HaliflTe reOMeTpHYECKOe MeCTO Beex Touek M mpocTpaHCTBa,
ANA KOTOPBIX BHIMOJMHAETCA yenoBue: AM = 2M B.

2. OcnoBanue ABC upasHnbHOTo TeTpasipa ABCD nesxur B
naockoeTy Oxy, TpUUYEeM U3BECTHRI KOODJAUHATEI BEePIIHH A U
B: A(1; 0; 0); B(—1; 0; 0). HaligiTe KOOPAUHATHI OCTANBHBIX
BEPIIIHH TeTpasaApa.

3. B npocTpaHeTBe sanaHel yeTsIpe Touku: A(2; 0; 0), B(2; 1; —3),
C(10; ~1; -1), D(3; 2; 3).
a) Hamumure mapaMmerpudeckue ypasHeHud npsamoi BC.
0) Hanmuimure ypasHeHne mnockoctd ABC.
B) HamuimuTe ypaBHeHHe ¢dhephbl, AMAMETPOM KOTOPOH ABAA-
eTcAa oTpe3ok AD.
r) OmpeaenuTe B3aHMHOe pacmojoskeHne npamoin BC H sToH
ctepsl.
n) HamuniuTe ypaBHeHMe NJIOCKOCTU, Kacaroinelica atoi coe-
pol B TOUKe D.
e) Haiiaure paceTosiHHe Mexxay npAMeiMu BC n AD.
K—10—9
Uroroeoe NoBTOpEeHUE
Sajladu AJdA MOATOTOBKH

1. B npaeuabHON yeTbIpexyroabHoi nupamuge MABCD TarreHc
yrja HakJoHa amodeMsl K ILIOCKOCTH OCHOBaHHS PaBeH J2.
Toura K NesXHUT Ha CTOPOHe OCHOBAHUA AB 11 1e1UT €€ B OTHO-
mienyy 1 : 5, cunrtas or Toukd A. HaliguTe yroa Mexay Opia-
moii KM u naockoersio DMC.

2. ABCDA,B,C;D, — npaBuJIbHasg UyeThIPeXyroJbHas NpH3MAa,

pebpo OCHOBaHHUA KOTODPOH paBHO 15, a BeICOTA —15./3. Tou-
ka K J1eXHT Ha pebpe ocHOBanua A, D, 1 geauT ero B OTHOLIe-
HUH 1 : 4, cunTasg oT A, a TOUKa P JeXuT Ha peGpe OCHOBaHUSA
D,C; u neauT ero B oTHOWIeHKH 1 : 2, cunrag or D;.
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a) ITocTpoiiTe ceuernie MpU3MBI ITOCKOCTRI0 BKP.

6) Haiignre senHuMHy qeyrpannoro yraa B(KP)B,.

B) Haiigure niuoiags ceUeHUA,

ABCD — keagpar co croporoi 12. Toura K JexxHT HA CTODO-
He CD rak, uro CK = 3. [Ipamaa KM nepneHAUKYJISPHA TLIOC-

KOCTH KB&JparTa, mpu 3ToM JAJauHa orpe3ra KM pasHa 4./3.
Happure: a) yron mexay mpamoin BD n mnockocTteio MCD;

0) paccrossade Mexay npaMbiMH MK 1 AC; B} yToJa Mexay mpsi-
MBIMH M D u AC.

Bapuanr 1

B npasunpHON uverhipexyrojsHou mupamugae MABCD nno-
CcKHUe yriabl npy sepinuHEe M pasrb 60°, Touxka K JeXHUT Ha
cTopoHe AD OCHOBaHUA U JEMUT €€ B OTHOIeHHH 1 : 3, cunrasa
oT TouxkH A, Haliaure yroa mexkay npamoii KM U IJI0CKOCTBIO
DMC.

B xy6e ABCDA B,C,D, c peGpom b Tourka K nexHUT Ha pebpe
AD u genuT ero B OTHOLIEHHH 1 : 2, curTas oT TOuKH A] TOYKA
P — cepepuna pedpa DC.

a) IlocTpoiite ceuenne Kyba naockocTeio B KP.

6) Haiigure senuumnny aeyrpassoro yrna B, (K P)B.

) Halinure noiaas ceueHUA.

B pomGe ABCD cropoHa parea 6, a £ A = 60°, Touxa K nexur
Ha cropoHe CD Tak, uro CK = 2. U3 toukn K K ILJTOCKOCTH
pomOa npoBeieH NepueHAUKyaap KM, ATUHA KOTOPOTO PABHA
6. Halinmre:

a) yroJa Mexkay npamoi AD ¥ naockocreio MCD;

0) paccTonHHe MeXxay nmpaAmMeiMu MK u BD;

B) yroJ mexxay npamermu MC v BD.

Bapuanr 2

B npaBunpHOI uernipexyroansHoii mupamuae MABCD yrona
HaKJOHA OOKOBOTO pefpa K ILIOCKOCTH OCHOBAHMS papeH 45°.
Touka K Je)xXuT Ha cTopoHe ocHOBaHUA CI) 1 JeJIUT e€ B OTHO-
meHnn 5 @ 3, cuutan ot Touku C. Haligure yron MeKay nps-
Mol KM u nmocrkocteio DMA.

ABCDA,B,C,D, — mnpaBuJIbHaf HeTHIPEXYTOJbHASA TPH3MA C
pebpoMm ocHoBaHMA 8 cM # BricoTol 8,8 em. Touka K nexxur HA
pebpe ocHOBaAHMA A} 1 JeUT eTO B OTHOLIEHHH 5 @ 3, cuuTasn
oT D; Touka P — cepenunna pebpa AB.



a) Iloctpoiire ceuenue kyba naockocTeio C K P,

0) Hafimnre Benuunny AByrpaEHoro yraa C(KP)C.

B) HalinuTe nnoigags cedeHuA.

B pombe ABCD croposa paBHa 8, a £ A = 120°. Toukxa K ne-
skuT Ha cropore CD tak, uro CK = 2. K mwiockocTi pomba 1po-
BefeH neprneHaukyasap KM, anura Koroporo paBHa 4. Halinn-
Te:

a) yron MexkAy npaMoii AD u maockocteio MCD;

6) paccTosgsHUe Mexay npAMuMu MK u BD;

B) yroJ Mexay npameiMu MC u BD.



OTBeTbl K KOHTPOJIbHbIM padoTam

KoHTponeHasn pabora
Ha NOBTOPEHUE Kypca 9 knacca

3agzaum I8 MOATOTOBKH

1. 40°, 140°, 140°, 40° BC = R. 2. 2./10; 6 /10, 20 (cm); panu-
yc onHcanuoit okpyxuocti 10 cM; paguye BINCAaHHOH OKPYIK-
woctn (410 —10)eM. 3.9 : 5. 4. AB = J117; BC = 12; AC = 9.

5. 2R2(sina + 1)
sin o

BapuanT 1

1. 2R wuim /6 er “/QR. 2. 3. 3.5, 4.1,5; %Jﬂ. 5. 60°, 60°,
120°, 120°.

Bapuant 2
1. 2r uma rd3. 21037f410 4F 2. 5. 30°,

BapuanT 3

3 ‘2~/5 R 4. 7(J/2 - 1)d.

BapuanTt 4
1. 6.2.7. 3. "{; 4. _r

K—10—1

3azaun AJ3% HOXTOTOBKH

1. a) 60; 6)4./273; B)60. 2.B)Y,Y, = 6; 1) Y, n) Y,N (uan
TN);e)1l:38.

Bapuant 1

1. a) 30; 6) 5'*’4551; £) 30.2.8)8./17: 1) 1: 1; e) BM.
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Bapuaunt 2

1. a) 6; 6) 1,25./39; 8) 2./21. 2. B) 4; 1) X; 1) X, K (wnm PK);

e)l:1.
K—10—2
3azadu aJaa HOATOTOBKH
1. a)
BenuuuHa yrana mexay
Mpsambie PacnonoxeHne npsaMbix NPSAMbIMY
1 |LNuEG CrpenyBanTcs 90°
2 | F,TuFH TlepecexaioTes arctg -
2.2
3 FNukKT IlapannenbHb! 0°
4 | TNuEG Cxpemupalores 60°
5 F
T u KN Ilepeceratorca arcoos L
J5
6 | KH, uLN CxpenupaloTesa 30°

6)%3.2.2«/5.

Bapuanr 1
1. a)
Mpamble PacnonoxeHwne npambix Benntl:;:l\z::na” mexay
1 |KFuMP ITapannensusl 0°
2 | KFuBC CHKpemuBaoTes 60°
3 | KPuMF | Ilepecekaiorca a0*’
4 BFu MP CxpeniuearoTes J3
arceos e

5 | KPuBC IlepecerawTcsa 00°
6 [CMukKFr CxperuBatoTca 30°
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al
0) E.2. 3.

Bapuaur 2
1. a)

Npameie PacnonoxeHue npameix | BenuumHa yrna mexay
NpAMbIMKA
1 |KFulMP IapannenbHbl 0°
2 | KMuFP IlapannenpHbl 0°
3 |KFuBD CrpemnmBaloTea 90°
4 | DC,unKF CxpemuBawTes 60°
5 | FPuAD IlepeceraloTca arctg /2
6 | MPuB,C CxpemuBalorea 60°

6) %.2. 3,5./3.

K—10—-3

3agauu AAd HOATOTOBKH

1. 6) x(,/5 + J/2); B) 26 o 6) 20; B) x(a — x). 3. 6) %(a2 -

—x2)./7. 4. 5 nam 21. 5.

4

27./3 6 15./15
4 T2

. 101% . 8. 60°; 75°;

150°; 75°. 9. 8) 13 r) 1 : 1; ) /3. 10. Cymma yrios pasua 180°,
ecnu x € (0; 4]; 360°, ecar x € (4; 7). 11. 180°, ecau x € (0; 2];
720°, ecoit xe(2; 4); 180° ecam xef4; 6). 12, 180° ecau
x €(0;4]; 360°, ecau x € (4; 6).

Bapuaur 1

1. 2 nam 22. 2. 60°; 120°; 60°; 120°. 3. 1) /3 1) 1; 2.

Bapuanr 2

1. 2w 8. 2. 50°; 130°; 65° 115°. 3. B) .g; r)1:1; 1) g.
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K—10—4

3amauu A8 HOATOTOBKM

1. arccos @ 2. a) arcsin /3sin ¢ i 6) arcsin 250 ¢
4 2 /5
mng mnﬂ
3. arccos 5 4. 2arcsincos . 5. 2arcsm(coscp smﬁ] 6. Ilpa-
; P
s1n —
2

Mble ¢ B b mapayiesnbHbl, & IpAMas ¢ anbo mapaJinejlbBa HM,

anb0 WX mepecexaer. 7. 6) (2.,/:‘2 + 1); )9a2ﬁ; r)3: 5.

25a Ji_’»
4 ’

8.6) 22 (3+ J2); B) = azJ‘, r)1:5. 9.6)2,5a; B)
r)d: 1. 10. 3 6o 6.

BapuanTt 1

1. arccos?. 2. a) @; 6) arcsin (4/2sing). 3. alb. 4. 3; }zé

BapuanTt 2

2
1. arccosg. 2. a) arccos {1—_'-——9228—-9 ; 8) ¢. 3. af|p. 4. 7% ; 14,

K—10—5

3azauu JJad HOATOTOBKM

1. 2) 90°; 6)60°; B)arctg 3; r) arctg l@; x) 2arcsin _2_
73 ? T

2.a)CD = J/30; 6) arcsin ‘TJ? 3. arccos%.

Bapuanr 1

.\ 6) 60° ‘ 5, Ny
1. a) 90°; &) 60°; =) arctg:?_.é, r) arcth, o) 2arcsin 15 °

2.a)CD= J23; 6) arcsing . 3. arccos% .

BapuanT 2

1. a) 90°; 6) 60°; 8) 30°; r) 1 — 2arcsin J_?’, n) 60°. 2.a) CD =

= ./21; 6) arcsin-2 . 3. arccos_.
ﬁ 3
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K—10—6

3azauu A MOJArOTOBKH

1.12.2.14.3.7.5. 4. ./3 u 3. 5. MA = MC — ngo + 8sin? ;

MB = §J9+4cos2%; o(M; AB) - p(M; BC) -
- gm;p(M;AC)=gm'ﬁ. 143J§_
Bapuanr 1

1. ./6 u../4,5. 2. MA = gJ4+90032%;MC=% }4+cos2%;

MB = MD = gJ5+SSin2g; p(M; BC) = p(M; CD) =

= gﬁs + sin? a; p(M; AB) = p(M; AD) = g J16 + 9sin? o
3.2./29.

Bapuanr 2

1. 6./6 H12J§.2.MA=aJ1+90082%;MC=a 1+ cos? 2

MB = MD = aJE-I—Scoszg; p(M; BC) = p(M; CD) =

2
= ga/4+sin2a;3.4-£.

TecToBas pabdoTta

1123 (4|56 7|8 |9(10|11]12|13(14|15]16{17|18

B,B/A|B|B|B|B|I"' B{;B,B|T'|B|A[B|A|B|T

K—10—7

3azauu a8 HOATOTOBKHU

1.a)d+b=23;d 8=4,b-E:O;s)—13;B)Jﬁ_v;p)goc’;n)x=g;
e]y=—ﬁ;:&c) J2. 2, a)AT())=%Ei+éE; ﬁ=3+3—3;
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_ — —> —
0) E + 2. B) arccos 4 60080 3 op = ?OA + ?BOB +

2’ J17 — 16cos o
—
ﬁ‘oc;muop~ [OA JE' B-450¢.
Bapuant 1
T - = 9
1.a)ab=0;a-¢c=0; b-c=3;0 Jﬁ;a Arccos | ———-. |}
) ) ) (- Jva]
_ 4, .3 1, P 2.
r)a g,,I[)t 13 2.a) 2 G)arccos( ) B)1.3.a)a—b+¢;
0)3:11
Bapuant 2
yo7 2 g 12
1l.a)ab=0;a°¢c=0;b-c=-3; 6)Jf5_'?; B) arccos —————r ;
J13 + /67
2, _ 1 0n oy 1 1., 13 , 1,
r) o = §,,t[)t“ 5 2. a) —1; 6) 30°; B) 5.3.§a+§b+§c,
3., , 17 T,
Za+ Zb—+— i
K—10—8
3agaum AJA NOATOTOBKH
1. Cidepa paauyca 1?%{5 ¢ IeHTPOM (0; —2%; i%) 2. Boamox-

HBL YeTbIpe ciaydad: 1) C(/3; 0; 0), A0y 15 2), By(0; —1; 2),
Cy(3; 0; 2); 2)C(/3; 0; 0), A)(0; 15 ~2), By(0; -1; -2),
Ci(/3; 0; —2) 3)C(—/3; 0; 0), A,(0; 1; 2), By(0; —1; 2),
Cy(—+/3; 0; 2); 4)C(-4/3; 0; 0), A,(0; 1; —2), By(0; —1; -2),

—t

C,(—/3; 0; 2). 3.1y teR; 6)5x — 9y — z + 4 =

‘z = 4 4t,
B) (x — 1)2 + (y — 1)2 + (2 — 1)2 = 5; r) npamas nepecexaer cohe-

py;n)2x+y+2=0;e)%.

Bapuant 1

1. Chepa paguyca 3 ¢ nearpom (0; —7; 0). 2. BosMoXKHEI YeThI-
pe coryuas: 1) B(0; 2; 0), D(0; —2; 0), P(0; 0; 2); 2) B(0; —2; 0),
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D(0; 2; 0), P(0; 0; 2); 3) B(0; 2; 0), D(0; —2; 0), P(0; 0; —2);

x = 9+ 8¢,
4) B(0; -2; 0), D(0; 2; 0), P(0; 0; —2). 8. a) {y = —2t, teR,;
z = 2t,

B)x+6y+22-9=0;8)(x—- 1,52+ @w—-22+(z - 2,52=3,5;
r) OpsiMasi He uMeeT O0IIUX To4YeK co chepoii; o) x + 2y + 3z —

-6=0;¢)

a/227

Bapuaur 2
1. Cpepa pannyca 6 ¢ nerurpoMm (6; 0; 0). 2. Bo3aMoKHLI HeThIpe

cayuasi: 1) C(0; NET 0), D(O; _1._; Eﬁ), 2) C(0; ./3; 03},

/3 3
.1, _2./8), . _ I3 . _ 1., 2.6,
p(o; =i 22 ) p oo —f35 0, {0~z 22
x =2+ 8t,
4) C(0; —./3; 0), D(O; —i' ZJEJ 3. a){y=1-2¢, teR;
J3 z——3+2t,

B)x+6y+2z—2=0;8)(x~-2,5)2+(y-1)°2+ (2~ 1,5)% = 3,5;
r) npsaMas He uMeeT 0DIOUuX ToUek co chepoil; g} x + 2y + 3z —

- 16 =0;e)

Jﬁ?
K—10—9

daxauu QIS HOACOTOBKH

1. arcsin2¥® . 2.6)60% )390. 8.a) 45% ) 3Y2.
J31 2

B) arccos

J201

Bapuanur 1

1. arcsinJg. 2.6) 45°  B) 5"2@ 3.3) 60°% 6)2.3;

B) arccos
2./10

Bapuaur 2

1. arcsin ﬁ. 2. 6) 45°; B) 58./2. 3. a) 60°; 6) 3; B) arccos %
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SaueTsbl

3adeT Ne 1. BBeageHue B CTEPEOMETPUIO,
AKCHOMBI CTepeomMeTpuin. Baanmuoe
pacnonoXeHne npsamMbix B MPOCTPaHCTBE
(NoBTOPEHUE TEMBI «TPEYroNbLHUKN»)

Buger Ne 1

. TeopeMa 0 NMIOCKOCTH, TPOXOAAINEH depes NMPAMYIO 1 He JerKa-
VIO HA Hel TOUKY.

. Teopema IIudaropa. Obparaas ed TeopeMa.

. ITo n1agHBIM PHCYVHKA ONDPEJENNTEe B3AHMHOE PACIIOJIOXKEeHHEe H
BeJIMYMAY YIria MeXXIy JaHHbIME B Ky0e IpAMbIMH.

. B rpeyroaeank ABC co croporamu AB =10, AC=11uBC =17
BIIMICAHA OKPYKHOCTE, Kacatomjadacs cTopoubl AC rouke K. B ka-
KoM 113 TpeyrodbH1KoB BCK nnm BAK neXuT UEHTD 2TOH OK-
PYMHOCTU?

Buner Ne 2

. TeopeMa 0 NIOCKOCTH, IPOXOAAINEH Yepel NBe epeceKaoIIe-
cA TIPAMBIE.

. Teopembi 00 OKPYKHOCTH, BIMNCAEHOA B TpeyroJdbHKRK. PopMy-
JILI AJIs BRIUHCJICHWUS PAAHMyCa 3TOH OKPYIKHOCTH, YacTHEIE
cayuan. BEeBIIuCcaHRbIE OKDYHHOCTH.

. IlocTpoiiTe cevente Kyba IIOCKOCTHIO, TIPOXOASIEN Yepes TpU
JaHnHble HA PHCYHKe TouKKH. OnpemeanTe BI] CEUCHIA.

. JJIHHBI ABYX BLICOT TpeyroJbHHKA paBHbl 5 1 17, B Kakux mpe-
aenax MOMeT H3MEeBATHCA TPeThd BHICOTa TPeyroJbHNIKAa?

Bumer Nt 3

. TeopeMa 0 TJIOCKOCTHU, MTPOXOAAINEN Yepes3 Be NapandlnenbHEBIe
IpAMEBIE.

. IIponopnuosajabHEble OTPE3KH B INPAMOVIOJLHOM TPEyroJbHHI-
Ke.

. Onpenesnnre B3aMHOE PACTIOJIOKEHIe H BeJINUYRHY YIJIa MEMX-
IV DAaHHBIMM TIPDAMBIMH B IPaBHJILHONH TpeyrojibHol MpH3Me,
Bce pedpa KoTopol paBHbI MeXxay coboii.
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o

IIauHBl ABYX MeauaH TpeyroJibHHKa paslbl 5 B 17. B rakux
IIpeeaax MOMeT HBMeHATLECA TPeThA MeIUuaHa TPeyroJAbHHKA?

Bumxer Nt 4

BaaumHo0e pacriosiodenne NpAMO#A U ILIOCKOCTH. BhINoJIHeHRe
IIPOCTEHIIIUX CTEPEOMETPHYECKIUX YepTeskelt (Ha npuMepax).
TeopeMbl 00 OKPYKHOCTH, ONHCAHHONA OKOJIO TpeyroJbHHKA.
DopMyJIbl AJ14 BbIUMCACHHA paJiyca 3Toi oKpyKHEocTH. Hacrt-
HbIe cayuan. Teopema CHHYCOB.

TTocTpoiiTe ceyerne MPaBHJABHOTO TeTpasapa IIOCKOCTbIO, IIPOo-
XOAAINEe dYepe3 TPH NaHHEIe Ha PHCYBKe Touku. Onpenesurte
BHJ] CEUESHISA.

B tpeyroasunike ABC AB =12, BC =7, AC = 5. Ha cropoue AB
BEIOpaHa BHYTPEeHHsA Touka K Tak, uro npsamas CK otcexkaer
ot TpeyronbHUKa ABC TpeyroJpEUMEK, emMy nogo0EEI#. Halinmre
BCE BOBMOKHBIE 3HAYeHNS AJAMHB oTpe3ka CK.

Buaxer Nt 5

Wzobpakenne M TpocTe#illiHe CBOHCTBA CTepPeOMeTpUUYECKHUX
¢uryp: kyba, mapaniesenunena, NIPU3MEBL, ITHPAMIIbI, cephl
n mapa. IllocTpoerue ceuernii Kyba 1 Terpasgpa.

TeopeMa KOCHHYCOB.

IlocTpoiiTe cevenne Ky6a MIOCKOCTBIO, IPOXOAALIEH Yepes TPpH
NaHHble HA PHCYHEe TOUKH. OnpenesniiTe BH CEUeHHIA.,

Ilan paBHOCTOpOHHHI TpeyroabHMK ABC co cropoHo 8./3.
Paccrognue or rouru K jmo npsmbix AB u AC paBHBI COOTBET-
cteeruo 3 u 4. Kakne 3HaueHNMA MOKeT TPHHHUMATE PACCTOA-
HUe oT TouKH| K j0 mpamoi BC?

Buaer No 6

Ilepecekaromjuecs 1 napajielbHbie OIPAMbIE B IPOCTPAHCTBE.
CrpemmuBaromgnecs upsivblie. lIpH3HaKH CHEpenuABaIOIUXCH
IPAMBIX.

IIprsraru noxobusa TpeyroJdbHUKOB.

IlocTpotiTe ceueHiie IpaBUALHON TPEYTOJILHOR MHUPAMUIALI, BCE
pefpa KOTOPOH DaBHBI MeXAy coboil, TI0CKOCTBIO, MPOXONA-
e depes TpH JanHbIe Ha pucYHKe Touki. OnpeleanTe BUJ ce-
YyeHMd.

B tpeyroasauk ABC co cropoBamu AB =7, BC=8, AC =9
BIIHCAHA OKPY/KHOCTD, Kacawiasacsa ctopod AB u BC coorser-
CTBEHHO B TouKax C; n A,. B KaKoM OTHOIIEHUH JeJIUT ILJIO-
maak TpeyronbHuka npamasa A,C,? (laite ToT oTBET, B KOTO-
pOoM 3HAUeHU’e OTHOIIeHIsA fonpine 1.)
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Buaer Ne 7

Teopema O IBYX n1apanjieJbBHBIX IIDAMEBIX, OHA U3 ROTODBIX TIe-
peceKaeT IIOCKOCTD.

PopMmyanl a8 BHIYKHCIAEHNA TUIOLIANMN TPEyroabHMKa. BhIBOJ
dopmyasl ['epona.

IlocTpoliTe ceueHne NPaBUIABHOA TPeYrOJbLHOH TIPUAMBI TLJIOC-
KOCTBIO, TPOXOAAINeH ueped TpU NaHHbIe HA PUCYHKE TOUKH.
OnpefesiTe B COYCHHA.

B tpeyroanuure ABC AB = 3, AC = 4. HalnnTe iRy TpeTheii
CTOPOHBI, ecyint yroil C B Ba pasa MeHbIlIe yria B.

Buaer Ne 8

TeopemMa 0 TPAHSHTHBHOCTU NADAJIJIEJbHOCTH IIPSAMbBIX B IIPO-
CTpaHCTBe.

CroicTBa MeqiaH Tpeyroabauka. LHenrpoun (LeHTD TAMKECTH)
TPeyTroJIbHAKA.

Ilo nanneIM pucyHKa OIpefeanTe B3AHMHEOEe PACIIOIOKEHUE U Be-
JWYWUHY YIIa MeXRY IaHHBIMHU B Ky0e IpsIMBIMU.

ITocTpoiiTe TpEyrOJAbLHMK IO ABYM YIJIaM ¥ PAANYCYy OMUCaHHOMN
OKPYYKHOCTH.

Buiaer N2 9

Hanpasnerue B npocTpancTBe. Teopema o paBeHCTBE IBYX yrI-
JIOB C COHAIpaBIeHHLIMH cTopoHamu. OpegeneHne yria Mex-
OV CKPeniuBaOu{MMICA IIPDIAMBIMUE.

CroncTBa OucceKkTpHc TpeyroiapHuka. llenTp Bincaguon B Tpe-
VTOJIBHEUK OKDYKHEOCTH,

Ilo manueIM pHCYHKA OIPEeHTe B3ARMHOE DACHOJIQKeHNe I
BeJWYHHY VyIJa MeXXIy JaHHBIMH B IIDAaBHJILHOM TeTpasape
TIPAMBIMH,

ITocTpoiTe TpeyTroJdbHUK 110 JAaHHBLIM CTOPOHE, BLICOTE, ONYLIEH-
HOH HA 3TY CTOPOHY, W MeJHaHe, NIPOBEJeHHOW K IpYroi CTo-
pomHe.

Buaetr Ne 10

IIpocTeiinmie 3anaul Ha MOCTPOEHHE B TPOCTPAHCTBe; TIpOBee-
HHEe Yepe3 TOYKY NpAMOI, napanjejbHOH NAaHHON, TPAMOI,
CKpeLInBamLieca ¢ JaHHOMH.

CBolicTBO CepeIUHHBIX IEPIEHINKYISPOB CTOPOH TPEeYrONbHHI-
Ka. 1lenTp OnMCcaBHON OKPYKHOCTH M OPTOIEHRTD TPeyrolbHH-
ka. [Ipamana Jiepa.

Ilo maHHLIM pHCYHKA& OIIpefesiiTe B3AaMMIHOE PACIOJIOKeBHe H
BEJIMYMRAY yT/a MeXIy JaHHbBIMKA B Ky0e IpAMbIMHA.
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4.

Ha niiockocTy ZaHEl TPU OPOHMBBOABHBIC TOUKK A, B, n C,, aAB-
JAION{Hecsd OCHOBAHMAMM BLICOT HEKOTOPOro TPeyroJIbHHKA.
ITocTpoiiTe 3TOT TPEYTOABHUK.

OTtseTh! K 3agayam 3ayeta Ne 1
{4-e Bonpockr 6uneTos)

Buner Ne 1

B tpeyronsaurke ABK.

Yrxazanue. Horkasxure, uTo ocHoBaHHe P Ouccexkrpucu AP ie-
KUT BHYTPH oTpeska AK.

Buner Ne 2

I[iMHA TpeTheH BBICOTH MOJKET IPHHUMATD JIKOO0e 3HaueHHe 13

MPOMEXKYTKA (3%; 7%)

Vrazanue. Ecim b — rTperbs BeICOTA, 4 S — IJOMaAb Tpe-
VroJIbHHKA, TO HAa OCHOBAHHU «HEPABEHCTB TPeyTOJIbHHKA»

28 _ 25 _2S _25 28

5 17 R 5 17"
Buaer Ne 3

JInuHA TpeThell MeIMAaHBI MOXXeT IPHHHUMATE Jiloboe 3HAUEeHHE
u3 npomexyrra (12; 22).

Vriasanue. BocnonrsyiiTech TeMm GakToM, 4YTO CYIECTBYET Tpe-
YTOJIbHHUK, CTOPOHBI KOTOPOro HapajijiefibEbl 1 PaBHBI COOTBET-
CTEYIOIIUM MeJIHaHaM JaHHOIO TPeyroJbHHUKA.

Buaer Ne 4

B kayxpoM n3 ABYX BOZMOXKHBIX cnyuaeB CK = 3,5,

Buner N¢ 5
5;11; 13;:19.

Buner N 6

¢

v

Buaer Nt 7
ol

BC = 2§ .
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Buaer Ne 8

Yrasanue. MoXXHO HAUEPTHTE OKPYXKHOCTE JAHHOT'O paguyca,
a Mo JAaHHBIM JBYM VIJIAM ONPEAENHTH COOTBETCTBVIOIIHE XOP-
Abl, ABJNAIOMMECA CTOPOHAMHE HCKOMOTO TPEYTIOMLHAKA.,

Buner Ne 9

Yraszarnue. BocnmonbsayiiTech MeTOAOM <«YABOGHHUA MeEAMAHLI»,
A umenso, nyctsk ABC — NCKOMBIN TpeyronbHUK, a AM — ero
meaunana, IIpu amanuse mocrpoeHUs TpeyroasHuka ABC mpo-
prute AM u orioxure Ha dyde AM orpesox MA,, paBHBI
otrpesry AM. PaccMoTpuTe 3aTeM deThIpeXyroibHHK ABA,C
(B YacTHOCTH, JOKAYKHUTE, YTO DTO HAPAJINECTOTPAMM ).

Buier No 10

Yra3anue. BocnonbayiTeck TeM (PaKTOM, 4TO TOYKA Hepecede-
HUA OucceKTpUC TpeyroabHUKa A B C, ABIAeTCSa TaKKe U TO4-
KO NepecedeHH A BRICOT MCKOMOI'0 TPeyrolbLHHKA,

PucyHkm K 3a4eTy Ne 1
K ounery Ne 1

Han xky6. OnpeaennTe B3aMMHOe PacHOJIOMKEHHE M BEJIHYUHY
yria mesxay npameiMu C B u B K, rae K — cepeauna peGpa
AD.

K 6umery Ne 2

IlocTpoiiTe ceueRne Ky6a MIOCKOCTHIO, MIPOXOAAIICH Yepea TPH
Touku M, N u K, rpe M — Taxas Touka Ha myue A, B,, uTo
B, — cepeamHa orpesxka A;M, N — cepeguna orpeska DD,
K —— cepeanna orpeaka AB. OnpenesiiTe BUJ cedeHN .

M,
B, C, B, C,
11 I
Ay " D Ay I D
[} 1
Iy |
. 1 N
[ |
B+~ C By - - - - -4
/ ] z
/ 1 ;K
A K D A D

K ounmery Ne 1 K ety Ne 2
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K ouaery Ne 3

Hana npaBuibHAsg TPeyrojibHadA MNpU3Ma, Bce pedpa KOTOpoil
paBHBI MeKAY coboil. OnpeaenTe B3aHMHOE PACHIOJIOMKEHHe U
BeJIMMUHY yriaa Mexxay npameiMu A,C u BC,.

D

C

» .-""'f / A
A C ”
K oumery Ne 3 ‘N K 6unery Ne 4

K oumery Nt 4

ITocTpoiiTe ceueHHne MPABHJILHOTO TeTPAdAPA IIJIOCKOCTHIO, IIPO-
XOAAIeH Yepe3 TpH AaHHbIE Ha pHCYHKe ToukH M, N u P, On-
peZletuTe B CeYeHHA.

K oxaery N 5

ITocTpoiiTe ceuerne Kyba IIIOCKOCTHIO, IPOXOJAIIEH Yepes TpHU
Touku K, M u P. OnopegenuTe BUJ CeYEHH .

D
B, Kk C,
M/ K
A/ D,
7
1 F
1
Pe )
Br—~--1 -/ C A B
/!
! P
A D C
K 6mnery Ne & K &éunery N 6
K oumery N 6

IIocTpoiiTe cedeHME IPABUJABHOIO TETpa3apa II0CKOCTLIO, IIPO-
X0nA1eil yepes Tpy JaHHBIE HA puCcYHKE TouKy F, K u P. Onpe-
IeJINTEe BUJ CeUCHUA.

182



K ounetry Ne 7

IlocTpoiiTe cedeHMe NPABHJALHOH TPEYroJLHOH MPU3MBbI ILIOC-
KOCTEIO, MPOXOAAIeH yepesd TPH JaHHbIe HA PUCYHKe TOUKU M,
N u P. OnnpeaennuTte BUJ CEYEHUA.

B v
Nl By C,
[ ]
F,
‘i{l A, :‘\ D,
! ¢y : \
\
R /%
B, __. 1% ]cC
| )5 o,
- / \
_~-~-" P
A —C A D
K Onnery Ne 7 K unery Ne 8
K ounery Ne 8

IIo napEBIM pHCYHKA OIpelelIuTe B3aUMHOE PACIIONOMKEeHHe U
BeJIMYUHY yIia MeXAy BAHHBIMU B KyOe npameimu B, D u KF,
rae K u F — cepepunel pebep DD, u C,D, cooTBeTCTREHHO.

K ounery N 9

Ilo naHHBIM PHCYHKA OIIPEeAENIUTe B3aAUMHOE PACIOJIoKeHHe U
BeJIM4YUHY YyTIia MeKAYy MAaHHBIMHU B IIPABHJIBHOM TeTpPasape
npaMpiMu AK u CF, rae K u F — cepeaunsl pebep CD u BD co-
OTBETCTEBEHHO.

D
B, C
M/
F
A D,
;o
;o
' |
A B i ;T -7 ¢
’
/ r
C A D
K 6unery No 9 K 6umery Ne 10

K ounery Ne 10

Ilo maHHBEIM PHUCYHKA ONpeJeJiNTe B3AUMHOE PACIIOJOKeHUE U
BeNUYUHY yIJia MeXXAy AaHHBIMU B Kyle npameimu A,C, u KM,
rae K u M — cepeaunsnl pebep AA, u A, B, cOOTBETCTEEHHO.
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3aueT Ne 2. BaanmHoe pacnonoxenne
APSIMON N NNOCKOCTU, NePNeHONKYNAPHOCTb
NPSAMONA U NMJIOCKOCTMW.

Yron mexay npsaMon U NAoCKOCTbIO
(noBroperne Tembl «QKpPYXHOCTb»)

Buaer Nt 1

. [TapannensHOCTE MPAMON W NJocKoCcTU. IIpu3HaK mapaineiib-

HOCTU NMPAMOH ¥ MIAOCKOCTH,

. TeopeMbl 0 KacaTenbHOH K oKpyKHocTH. [TocTpoeHKe IIPpAMOIT,

OIPOXoAAIell depesd XaHHYIO TOYKY U Kacalwleicsa AaHHOH OK-
PYXHOCTH (TPU caAydad).

. B kybe ABCDA,B,C,D, touka M — cepenura pebpa B,C,,

Touka K — cepeguna pebpa CC,. a) Onpezenure B3auUMHOE
pacnoJokeHne npaMoin AM u niuockocru cedenuda BDK kyoa.
6) Ha nnockoctu A, B,C, nocrpoiite Takyw Touky P, 9T00bI
npamasa PK O6pina nepneHAMKYAAPHA IIOCKOCTH ceduenus BDK.
B oxpyskuocTH paguyca 10 nporegena xopaa anusasl 12, Ha KO-
TOPOH B3ATA TOUKa P, flensanias ary xopay B oTHOmenun 1 : 11,
Hanaure paccrosarue oT TOUYKY P 10 OKPYXKHOCTH.,

Buaer Ne 2

. Teopema 0 JIHHUH HDepecedeHU A ABYX ILIOCKOCTEH, OXHA U3 KO-

TOPBIX NPOXOAUT Yepes NPAMYIO, IapaiienbHyI0 APYIrod nnoc-
KocTH. Teopema O JIMHHU [IepeceUYeHU A IBYX IIJIOCKOCTel, Kax-
iasl U3 KOTOPBIX NPOXOAUT Hepe3 OAHY U3 NapalifieIbHBIX Nps-
MBIX,

. Teopema 006 oTpesrax KacaTelbHBIX, ITPOBEAEHHLIX K OKPVYIK-

HOCTH W3 TOYKH, JieyKalneill BHe Kpyra AaHHOH OKPYXHOCTH.
TlocTpoeHMe OKPYKHOCTH AAHHOTO Pajnyca, BOIUCAHHOM B JaH-
HBIHM yIOJI.

IIpambie AB, AC u AD 06pa3y10T ¢ OJIOCKOCTHI0 PABHOCTOPOH-
Hero TpeyroibHuKAa BCD yravl, pasable . Hafaure senuuyuny
yrJja Mesxay npsamoii AD u niockocereio ABC.

Yepes Touky M, HaXOAAMIYIOCS HaA paccTOAHHM 18 0T OKpyxK-
HOCTH ¢ meATpoM O WM pagmycoMm 7, IpoBeJeHa MpaAMad, Ka-
cawIasacd 3Toi okpyskHOcTH B Touke K. Halfizure paccroanue
ot ToukH K 10 cepeauHnl otpesra OM.

Buner Nt 3

O nnoCKOCTH, OpoxogAieii yepes OAHY H3 CKPEIUBAKIIAXCA
NPAMBIX HapaJLIeJbHO APYIOH IIPAMOH.
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2.

3.

TeopeMa 0 METPUYECKOM COOTHOLIEHHUH KACATENIBHOM U OTPE3-
KOB CEeKyIIed, NPOBEeIEHHBIX K OKPY/KHOCTU U3 OJHOM TOUKH.
B npasuiisHOM TeTpaszgpe ABCD rouxa M — cepenunHa pebpa
AD, touxka K penut pebpo DB B orHomenuu 1 : 3, cuuras ot D,
H fBJSIeTCA cepeauHoii orpeska DP. a) Oupegenure B3aHMHOE
pacnoJioskerune npaMoil MK H naockocTH cegyenus APC
rerpasapa. 0) Ha minockoceru ceuennsa APC mocTpoiiTe Taryio
TO4KY T', uToOpl npamas MT Owlia nepueHAUKYIAPHA 9TOf
IJIOCKOCTH.

Yepes rouxky M npoBefeHBI ABe PABHBIE XOPABI OKPYKHOCTH
paguyca R. Yron Mexay OpAMBIMHY, COAEPKAMUMH 3TH XODABI,
paBeH 60°. HaliznTe HauMeHbIIee 3HAYEHWE AJIUH 3THX X0pJ.

Buaer Nec 4

Pemmerue npocTreHmux 3aJ8d HA OCTPOEHHE B IIPOCTPAHCTRE
{(mpoBesieHHMe d4Yepe3d TOUYKY IPAMO, napajijiellbHOH ZaHHON
IIJIOCKOCTH, M IIJIOCKOCTH, IAPAJINEeJIbHON JaHHON IPAMOIT).
Teopema 00 OTPE3KaAX XOPL OKPYKHOCTH.

Ipamana AK nepneHAHUKYJIADHA K NJOCKOCTH KBagpara ABCD,
npu atoMm AK = AB. Haifigure yron mexxkay npamoit BK u nnoc-
KocTeio AKM, ecnu C — cepegusa orpesra MD.

Yepes Touxy M OpoBeaeHBL AB€ PABHBIE XOPABl OKPY>KHOCTU
paguyca R. Yroa Mexxay NpAMBIMH, COACPSKALIIHMH 9TH XODABI,
pageHn 60°. Hafixure pasaocTs MeK Iy HAUOONBIIIMM U HAHMEHb-
UM 3HAYCHUAMH PACCTOAHRHUA MEKAY TOYUKAMHY KACAHHUA.

Buner Ne 5

[Ipamas, nepoeHAUKYASPHAA NIOCKOCTH. [IpH3HaK mepneHAM-
KYJIAPHOCTH NPAMOM M IMIOCKOCTH,

NsmepeHUe yIioB, CBA3AHHLIX C OKPYXXHOCTBI. ([leBTpaneHbIi
YroJi; BOIUCAHHBIN YroJi; YroJ MeyKAY JBYMSH [IeDEeCeKaroIuM H-
CA XOPAAME; YIOJ MEXAY XOPAOH H KACATeALHOU K OKPYIKHOCTH
B OZ/HOM U3 KOHIIOB 3TOH XOP/bI; YTOJ MeX Ay ABYMS CeKYIITUMH,
nepeceKanIMMECH BHE KPyra JaHHOI OKPYsKHOCTH. )

B npasuneHOl TpeyronbHoM npusme ABCA,B;C,, Bce pebpa
KOTOPOH paBHBLI Mekxy coboi, ToukH N U M ABAAIOTCA cepenu-
HaMH pebep coorBercTBeHHO AA, u BB,. a)Onpeapenure
B3AHMHOE pacnoNoKeHHe npaAMoi NB; M IJIOCKOCTH CeYeHUsA
ACM npusmbr. 6) Ha nsockoctu A;B;C; mocrpofiTe Taryio
TOYKY @, 4Yrobel npamas ME Oblna nDepmneHAUKYIAPHA
naockocTu ACM.

N3 GymarkHOrO Kpyra BeIPE3aiy TPU PARHBIX Kpyra. Kakoifi Ha-
WUMEeHBIIHH MPOIEeHT 6yMaru yHAeT B OTXOABI?

185



Buaer N: 6

lleprneEAUKYRAD U HAKJOHHAA. TeopeMbl 0 ANUHAX HePHeHHU-
KyhAAapa, HaKJIOHHBIX U IPOEKITHUHA.

Inuea OKPY:KHOCTH, AJIUHA AYrd, PAJUAHHOE H3MEepeHUe yr-
JIOB.

T'unioteny3a AB paBHOOEIPEHHOro IPAMOYTOJBHOIO TPEYIOh-
HuKa ABC rakJoHeHa K mnockoctd ACM nox yraom 30°. Ilps-
Mbie MC, MA u MB 00paayoT ¢ IIJNOCKOCThIO TPeyrolibHUKA
ABC parrble yribl, HaligiTe BeIHUMHY 3THX YIJIOB,

B yros penumumuoii 60° BrHcapbl TPHU HOIAPHO KacalomHecda
APYT Apyra OKPYKHOCTH, CYMMa PajHyCoB KOTOPBIX paBHAa 8,
Ha#pure paguyc HanbobIlel U3 HUX.

Buger N 7

TeopeMbl 0 TpeX HepueHAUKYIApax (IIpsaMasa 1 odbpaTHadA).
IInomaau Kpyra u ero 4acTemu.

[lana npaBuJbHAS 4YeThIpexyrojbHasa npusma ABCDA,B,C,D,,
v Kotopoit ABCD — ocHoBaHue u AA;, = 2AB, Touxka M — ce-
peauHa pebpa DC, K — Touka nepeceueHMs puaroHanei ce-
HeHUS MIPU3MBI mHockocTeio MB C;. a) Ompegesure B3auM-
HOE pacmonoxxenve npamo A;D u mnockocru MB,C, ceue-
HuA upusmbl. 6) Ha nmockoerun ADA, nocTpoiiTe TAKYO TOUKY
T, urobel npamasa KT O6bpllla NepHueHIUKYAAPHA ILJOCKOC-
T MB,C,.

Tpu xpyra paguycos 5, 2 1 3 I0OHaPHO KACAKTCA APYTr Apyra
BHeILHUM obpasoM. Halifure nnomanb TPeyroinsHXAKA € Bep-
MHHAMH B TOYKaX KAaCAHHA.

Buaer N 8

Teopema 0 aBYX HapajiielbHBIX NPAMBIX, OHa H3 KOTOPBIX
HepIeHAUKVISAPHA MAOCKOCTH. TeopeMa o IBYX NPSAMBIX, Iep-
TeHAHKYIAPHBIX ITJIOCKOCTH.

Bsaumuoe pacrnosioskeHHe ABYX OKpysKHOcTel. DopMyna And
BBIUHCJACHHUA 00I[el XOp bl IBYX OKPYKHOCTEI Uepes UX pajH-
ycbl R, ¥ H pacCTOAHHNE MeXKAY neHTpaMu d.

Kragpar ABCD «reperuynu» 1o ero puaroHanu AC Tak,
uro upamad AB o0pas3oBaia € IIJIOCKOCTBIO TPEYroJdBHUKA
ACD yron B 30°. YUemy B 3TOM cJiydae paBeH YroJl MEXAY
upaMeIiME AB u CD, ecnu aByrpasHH#E yron B(AC)D — oct-
pBIit?
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IIBe OKPYKHOCTH PAAHNYCOB D H 8 KacalwTesa aApyr APpyra B TOUYKe
P, a obmeil ux BHEIIHER KacaTeIBHOM — COOTBETCTBEHHO B TOY-
Kax A 1 B. HaiiguTe enuunny yrina APB.

Buaxetr Nt 9

ITocTpoerre NAOCKOCTH, NPOXOAAINEH depes JAHHVIO TOUKY
NepHeHAUKYIADHO AaHHoOM npamoid. Ilocrpoenwe npaMoH,
IPOXOoAANEeHd Yeped AaHHYIO TOUKY MePIeHAUKYIAPHO JAHHAOH
ILIOCKOCTH.

O6iue KacaTenbHBIE NIPAMBIE ABYX OKPYsKHocTei. Brrumcne-
HHE AJIMH OTPe3KOB ODIMMX KacaTeNbHBIX ABYX KacaloIHXCH
APYT Apyra oKpysKHOCTeH depes ux paguychkr B u r.

Mana npasuibHad YeThipexyronbaas npusma ABCDAB,C D,

y koTopoit ABCD — ocmopanue n AB = J2 -AA,. Touka M — ce-
pexuHa pebpa DD, Touka K genut oTpe3ork AC B OTHOIIEHUHU

1:3, cuuras oT A, a) OnpegesinTe B3AUMHOE PACIOJIOMKECHHE H
yron Meyxay npamol A, K u naockocteio cederuss AMC, npua-

mei. 6) Ha mimockoctu A B,C, mocTpoiiTe Taxkyw Touky K,
uToOk! NpAMad ME Gblia nepoesauKyIsipHa nockocTa AMC,.

B oxpyskHOCTh Paguyca R BOUCAH OAUHHAZIATUYIOJIBHUK, Of-
HA CTOPOHA KOTOPOro paBHa R, & AeBATH U3 AeCATH OCTATLHBIX
CTOPOH pPaBHEL MexXxXay cobOol. HatifuTe Hanboakinee sEaueHue,
KOTOpOe MOKeT IPUHUMATH OTHOLIIEHHE IIIOIIALHA 3TOT0 OJHH-
HaADATHYTOJbHUKA K ILJIOIIAAN KPYTa.

Buaer N 10

Onpegenenue yriaa MeXAV HAKJIOHHONH H ILIOCKOCTRI0. O BeIH-
UHMHE yIVIa MEXKAY HAKJOHHON M IIJIOCKOCTBI). ¥YI'OJ MEXAY
OPAMOU U IIOCKOCTBIO.

MeTpuuecKie COOTHOUIEHHS B IPABUJIbHBIX, BHHCAHHBIX B OK-
PYXHOCTb M OIIHCAHHBIX 0KOJIO HEE.

IIpameie MK, MK,, MK, ..., MK,; 06pa3yioT paBHBIE YIJbI
¢ IJI0CKOCTRI0O ABC, B KOTOPOH JekaT Bee Touku K, (i =1, ...,
18). ITpuuem BK, = BK,,, aAK, = AK,.. Touku T u Q@ — cepe-
TUHBI OTPE3KOB cO0TBeTCTBeHHO K K u KK 5. IlIpambie BT u
AQR mepeceraiorca B Touke L. HailiguTe yrom Mexxay npsaMoi
ML wu nanockocthio ABC.

Ha xopnax AB n CD oKpyKHOCTHU pazuyca 7 BHIOpaAHEI TaKue
Touku K u M, uto AK- KB = CM-MD = 40. Kakoe Haub0JIb-
iee 3HaMeHHe MOKeT IPUHUMATE AJUHa oTpe3ka KM?
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OTBETHI K 3aga4amM 3adera Ne 2
(3-8 11 4-41 BOonpocs: buneros)

Buaer Ne 1

3. IIpamaa AM nepecekaeT niuockocTs BDK.

Yraszanua. PaccmoTpuTe cpeanioto TuHUo ON B TpeyrojibHUKe
AMC, rpe O — TOYKa NepecedyeHHd JHATOHANEH OCHOBAHWA
ABCD, a N — cepeatna MC. HoxkaxxkuTte, uTo ON mnepecexaert
mnockoeTs BDK. JIna moctpoeHUsa TOYKH P JOCTATOYHO pac-
cmoTpeTh cederne AA,C,C. B niockocTH 3T0r0 cCedeHHA MOKHO
nmocTpouTh neprneHAUKyisp PK Kk npamoii OK (touka P neXur
Ha A,C,).

4. ./89.

Bujger Ne 2

3. arcsin SSNQCOSA 4 19 5

4 — 8cos? o

Bujger Ne 3
3. MK||(ACP).

Vraszanue. Torkaxxute, UTo cepeiuHa oTpesrka AP aABaseTcs uc-
KOMOIi Toukoit 7.

4. R.
Buner Nt 4
. 1
3. arcsin— . 4. R J?S - 1).
7o ( )

Buaer Nt B
3. BN H(ACM ).

¥raszanua. B nnockoct cedenua BB KK gocTaTo4HO IOCTPO-
uTe npamyio MQ L MK (K u K, — cepeauns pebep AC u A,C,
cooTBeTCTBeHHO). Touka @, ynexxamas Ha B K,, aABngerca uc-
koMo, (Ipyroii cnocod: fokaxure, 410 B1Q : QK| =1: 2.)

4. 283-2 1500
4./3+ 7

Buiaer N¢ 6

3. arctg ;2[21 4. %
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Buaer Ne 7

. A,D|(MB,C,).

Yrasanus., PaccMoTpuTe NIockocTs cedenua DA B, ; roxaxu-
Te, 9uTo npambie A, D u B M nepecexarwTcesd. [lokaskure, 9TO UC-
KoMada TouKa 7 JIe)KUT Ha CpefiHell JNHHUU IPAMOYIOJBHUKA
ADD A,, napannensraoii AA,, ¥ fieJUT ee B oTHOIIeHUH 13 : 19,
cauTas oT npamoit A, D,.

15./8
——

Buaer Nt 8

2 “4*@. 4. 90°.

Brner Nt 9

arccos

. IlIpamasa A K nepecekaer nimockocrtb AMC, nox npAaMslM yI-

JIOM.

Yrazanue. Toury E MOXKHO HOCTPOUTH, HATIPUMED, CIAEAYIO-
mum obpasom. Ilyers C, Takas Touka, uTo C ABIAETCA Cepeau-
HOH oTpesxka BC,. (Ouesupano, uro ACC,DD) — mnapaJneso-
rpamm.) Ilyers Touka F gennt orpesok DC, B oTHOUIeHMH 1 : 3,
cuurtada oT [, Mcrkomasa Touka £ — aTo cepenuHa oTpeska DF.

10 + /3
e
Buner Nt 10
900'
Yrxaszanue. [lokaxuTte, 4To Bce ToUKU K, IexKaT Ha OJHOM OK-
pVveKHOCTH, a . — ee meHTp.

. 6.

3aver Ne 3. MNMapannenbHoe NPOEKTMPOBaHME.
MapannenbHbie NNOCKOCTH.

Yron Mexay apyms NAQCKOCTAMM.,

PacCcTosnns B NPOCTPAHCTBE

(noBTOpEeHUE TeMbl «HeThIPEXYrofibHUKN»)

Buaer N 1

. IlapanneneHoe npoeKkTupoBanue. CBoiicTBa napainelkHOIO HPO-

eKTUpoRraHusa. OprorosansHoOEe TPOeKTHPORBAHUE, €70 CBOMCTRA.

. CpoiicTea mapajiiesorpamMmma.
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Hycte Touka K pgenut pebpo AA, xkyba ABCDA,B,C,D, B oTHO-
meHvn 2 : 1, cuuras ot A. Hepes TouKy K npopeguTe cedeHUe
Ky0a, mapasuiesbEOe IiaockocTu A,C;D, ¥ mocTpoiiTe OpTOro-
HAJBbHYIO IPOEKIIUI0 3TOro cedeHusa HA rpasb ABCD,
Buccektpuca yria A napanjyenorpamma ABCD pasgennsia cTo-
poHy BC B oTHolllenuwn 3 : 7, cuutasa ot B. Hallgure nxomans
IapajLiesiorpaMMa, ec/id ero nepumetrp 1 M, ¥ O UH M3 YIJIOB
B ABa pasza Oonblle aApyroro.

Buier Nt 2

BsauMHOe paclosiokeHUVe ABYX ITLJIOCKOCTEH B IIPOCTDPAHCTBE.
IapannenpHocTh iockocTeil. [IpUsHaAKY napaiieibHOCTH ABYX
ILJIOCKOCTe .

ITpusHaku nmapasienorpamma. Ilroniazs napaiexorpaMma,
ITycts ABCDA,B,C;D; — xy0 c pebpom a, K u F — cepeunsl
pebep DD, u C, D, coorpercTBeHHo. HalizuTe paccTosHue Mex-
Ay upaMeiMu B, D u KF.

ITnomanes pasnobespeHHOH Tpanenyuu paBHa 8, a YroJX MeXay
IPAMBEIMH, COAEPKAIUMH AuATOHAJAM Tpameunuu, paseH 30°,
YeMy paBHA BBICOTA TPAIICIIHN?

Buner Ne 3

TeopeMa 0 JUHHAX IepecedeHUdA ABYX NapaiieJbHBIX ILJIOC-
KOCTeH ¢ TpeThell miockocThio. Teopema o npAMoH, mepece-
KAaWIed OAHY U3 BYX NapasiJeibHEIX MTJIOCKOCTEH.

Pom6. CsBolicTBa m npusHaxu pomba. PopMyJibl BbIYHCICHUA
Tonagy pomba.

Hycrs ABCA{B,C, — npasmibHAA TPEYTOXBHAA IIPA3MA C PAB-
geimMu pebpamu (ABC — ocHomaHue). Hafignte yron Memxay
JIOCKOCTEIO ceuenusa A, BC u rpausio BB, C,C.

B uersipexyroxpauke ABCD senuuusnst yrics A, B, C u D oTt-
HocaTea Kak 2 : 3 : 4 : 3, a sepuruna C yjgasiena oT IpAMbEIX AB
u AD cooTseTcTBeHHO Ha b u 16. Hafizute nuaroHaau YeTeIpex-
YTONbHHKA.

Buaer Nt 4

TeopeMa 0 IMIOCKOCTH, NepeceKawINeil oAHy W3 ABYX Iapal-
JIENBHBIX MJOCKOCTEN.

IIpAMOYTroNpHUK, €ro NPUBHAKY W CBOHCTBA. POPMYJIIBI BHIUHC-
JIEHHUA TMJXOINAAH TPAMOYTOJBLHHKA.

Ha pasHbpIX rpaHsx ABYI'PAHHOrO yrja BeJuduHBI 60° BRATEI
TOYKU A 1 B, npu 3T0M TOUKH A, ¥ B; — HX COOTBETCTBYIOIHE
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IpoeKIuu Ha peGpo AByrpamHoro yria; A, B, = 24, AA, = 5,
BB, = 8, Hafigure paccTossHHE MeXXAY ToYKaMu A u B.

BricoTsl napaniesiorpaMma oTHOCATCA KaK 2 : 7. B KaKoM 0THO-
LHIeHWH ZeAUT NJAOMAaznb IapaJjiierorpaMma OHcceKTpuca ero
oCTporo yrya?

buaer N: 5

Teopema © HOPOBEIEHHMH IJOCKOCTH, TapajiesibHOH maHHOMH
IIJIOCKOCTH, depe3 TOUKy, He JiedKamyl Ha HeH. EgmscrseH-
HOCTE TakKoH nnockocTu. Teopema 0 TPAaH3UTHUBHOCTHA HAPAJ-
JeJABHOCTH MJIOCKOCTEH B IPOCTPAHCTBE.

Ksagpar, ero cpoficTsa m npusHaku Keagpata. PopMynbsl Bbl-
YUCJeHHUSA MJIOINALH KBaapaTa.

ITyers ABCD — Tetpaszap, a Tourku M, N, K HaxogdaTes Ha ero
pebpax AD, BD u AC coorsetctBenso. IIpu stom AM : MD =
=2:3;BN: MD=1:2;AK : KC=3: 1, a paccTosiHHe OT Bep-
munHe D o niaockocTy cevenusa MNK pasxo 18. HatiguTe pac-
CTOAHHUA OT OCTANBHBIX BEPIIUH TETPA3APA 0 3TOT'C CEUeHHUA.
Toukm M, N, P u @ ABIATCA CepPeIWHAMH CTOPOH
cooTBeTcTBeHHO AB, BC, CD w AD yeTnpexyrosibauka ABCD,
npudeM MP = NQ = 5, a yrox Mmexxky npameivMu MP u NQ pa-
BeH arcsin 0,2. HaiiguTe nomags YeTHIpexyroibauka MNPQ.

Biter N: 6

Teopema o npamoil, nepneHauKyaapHof K ofAHON U3 ABYX mAa-
pannenbHbIX IIJIOCKOCTEH.

Hrnomaas mapasnexorpaMma. PopMyJIbl BEUUCICHUA IIIOIIA-
Y IapaJiiejiorpaMma.

s npaBuNbHON YeThIPEXYTIONLHOH MHPAMUALL, ¥ KOTOPOIl BCe
pebpa paBHEI, HAUANTE: a) BeNUUHHY VIJIA MEMKJAY HECME)KHBEI-
MU GOKOBBIMU pebpaMir; 6) BeIWduHy yrja MeXKAy [LIOCKOCTS-
MU, COJIEPKANUMY JBe coceTHIe DOKOBBIE IpaHH.

Huarosanu tpanemun ABCD nepecekarorest 8 Touke O. ITio-
magy TpeyroapHEuKoB ADO u BCO paBHBI cOOTBETCTBEHHC 49
¥ 4. HaliguTe nxomags Tpalemun.

Buaer N& 7

AByrpa"sniii yroj. Jluueitnstit yron gasyrpausoro yrixa. Teope-
Ma O JUHEeHHOM yrje ABYI'PAHHOTO yrya. YIOJ MEXIy ABYMA
TEJIOCKOC TAMH.

Tpanenus. Teopema o cpegHei simHEuU Tpanenuu. TeopeMa o ue-
THIpEX TOYKaX TpaleIili.
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IMycte ABCDA,B,C;D; — wxy06 ¢ pebpom a. [Joxaxure, U4TO
nxocKocTH cededuit AB, D, u CBD napannejpHbl, 1 HAHIUTE
paccTOSHIE MEeXY HUMH.

BucceKTpucs BHYTPEHHHX yIJoB npaMoyroyisauka ABCD ob-
PasoBaJIH YeThIPeXyroJibHUK 1omaau 4. Halinmte niaomiazns
TIPAMOYTONBHUKA, €CJIW ero AuaroHaas passa 10.

Bujger N: 8

IlepueHauKysapHble TaocKocTH. lIpm3HaAK NEepHEHAMKYJIAD-
HOCTH ABYX IJIOCKOCTeH. TeopeMa 0 IpAMOH, NePIEeHAVUKYISID-
HOM JIVMHUM IleDecedYeHHs JIBYX B3AMMHO NEPIEeHAVKYJIAPHBIX
IIJIOCKOCTEN | JIerKaIeyd B OTHON U3 HUX.

IIpamag u obpaTHas TeOpPeMbl O YETEIPEXYTOJLHUKE, BIWCAH-
HOM B OKPYJKHOCTS.

BuyTpu gByrpasHoro yraa sexuaunbl 60° BgaTa Touka M, yaa-
JieHHAas1 OT ero rpaHei Ha paccroanua 5 u 16. Haiigure pac-
CTOSTHHE OT TOYKH M 70 pebpa nsyrpasHoro yrJa.

Haiimure yron mMmesxy AMAroHAJSMU TPAllell¥H, €CJI¥ OTPE3OK,
COeIHAIONINN cepefMHbLL OCHOBAHUH Tpalelyy, PDaBeH ee cpel-
Hell TVHWH.

Buaer Nt 9

Teopema 0 IpaAMOIL, HePOeHIHKYJIAPHON OAHON M3 IBYX B3aUM-
HO INEepHeHAUKYJIAPHBIX IIJIOCKOCTEH M HWMEKINEd CO BTODPOH
IVIOCKOCTRIO 0By TOYKy. TeopeMa O JIWMHUM NepecedeHUd
OBYX IJIOCKOCTENW, HEPIEHUKYJIAPHBIX TPETHEH.

IIpamaa u ofpaTHass TeOpeMEL O YeTHIPEXYrOJbHHUKE, OIIHACAH-
HOM OKOJIO OKPYKHOCTH.

ITocTpouTs Ha rpanax Kyba MHOMKECTBO TOYEeK, YAAJEHHHIX OT
cepeguHH quaroHaau kyba Ha paccrosuue, pasHoe 67,5% aiu-
HBI pebpa Kyda.

Touka O sexut suyTpy yraa MTK. Ilpu noMOmu 1MUpKyis u
JUHEHKH IIPOBeAHuTe 4epesd TOUKY O npaMyr, HepeceKaromylo
ctopoHkl yrsia MT u KT coorsercTBeHHO B TOUKax A u B rak,
uto O — cepenuna AB.

buaer Ne 10

Paccroasue OT TOUYKH g0 ILNIOCKOCTH. PaccToAHMe MeKay IIpsA-
MOHM ¥ ILJIOCKOCTBIO. PaccTosiHue MeKay ABYMA IJIOCKOCTAMMU.
PaccToanue MeXAY CKPEIUBAINUMUCH IPDAMBIMU.

MeTrpudecKue cOOTHOIIIeHHA B Tpanenud. Ilromans Tpanenuu.
HaiignTe paccTogaHMe Mexay IPAMOH, cofep:xamier 00KOBOe
pefpo NIPABMJBHOIC TETpasApa, W CKpelmBalomiedcs c Hell
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. CoBOKYIIHOCTS lllecTM paBHBIX OKPYKHOCTeH pagmyca

IPAMOM, COIeprKaIedl MefaHy HEeKOTOPOM I'DAHH TeTpasipa.
(dauuy peOpa TeTpasapa cuUTATH PABHOM a.)

. Croposnl ueThHipexyrodsHuka MKTB pasHBI COOTBETCTBEHHO

MK =7, KT = 7; TB = 15. Kakoii HaubonbsIuil paguyc MOXKeT
MMETh BIIMCAHHAHA B 9TOT UETHIPEXYTOJbHUK OKPYIKHOCTE?

OTBeThl kK 3apa4am 3aueTta Ne3
(3-4 1 4-i5 Bonpocs: 6uneTos)

Bbuaer N: 1

15./3
676

Buaxer Nt 2
¥ 4. 2(/3 - 1).

Bujger Ne 3

arcctgz_g“@. 4. AC = 383*/5; BD = 19.

Buner Nt 4
AB=25.4.1:6.

Buger Nt §

. p(A; MNK) =12, p(B; MNK) =9, p(C; MNK) = 4. 4. 2,5,

Bujgetr Nt 6

. a) 90°; 6) arccos% . 4.81.

Buaer N2 7

“_f. 4. 46,

Buaer N¢ 8

%ﬁ’. 4. 90°.

Bumer N: 9

a./329
40

(@ — pebpo xyba), KaKAaA M3 KOTOPHIX HAXOAHUTCH CTPOrO

- 9061 TToTockyes 193



BHYTPHM KBaJpaTa COOTBETCTBYIOINEH rpadm Kyla (DeHTp KBaj-
paTa ABJIAETCA HeHTPOM OKPYKHOCTH).

Bujer Ne 10
2 105
aJ;. 4. 55

3aueT Ne¢ 4. BexTopbl B NPOCTPAHCTEE.
KoopanHatel B NpOCTPaAHCTBE
(nosTOpeHMe Tembl «KoopanHaThl H2 NIOCKOCTM»)

Buaer Ne 1

. Bextop B npocrpascree. KosinuHeapHOCTsE ABYX BEKTOPOB H

KOMIIJIAHADHOCTE TPEX BEeKTOPOB. ¥ TOJI MEXK Y BeKTOpaMu. JIu-
HeWHbIe oNepaldH HaJ BeKTOpaMU: CXOXKEHUE, BRHIYATAHNE, YM-
HOM@EHME BEKTOPa Ha 4ucko. Passroxenre BeKTopa II0 ABYyM He-
KOJAAWHEAPHBIM BekTopaM. O Tpex HeKOMILTAHAPHBIX BEKTOpax
B IIpoCTpaHcTBe. PasjiorkeHre BeKTopa IO TPeM HEeKOMIIJIaHap-
HBLIM BeKTOpaM. BekTopHbI# Gazuc B mpocTpaucTse. KoopAnHaTED
BEKTOpa B JAaHHOM 0asWce MPOCTPAHCTBAa. ¥CJIOBHE KOJLJIVHE-
APHOCTH JABYyX BEKTOPOB M KOMILIAHAPDHOCTHA TPeX BEeKTOpOB
B KOODIWHATAX.

. OKpYXHOCTE KAK TeOMeTPHYECKOe MeCTO TodeK, ¥ paBHeHue

OKPY/KHOCTH B KOOPAUHATAX.

. IIycre M — Toura, aexkaimas sHyTpu Kyba ABCDA,B,C,D,,

aM,, M, M, — opToroHajpHbIe TpOEKIYH TOUKY M Ha pebpa

DC, A, D, u BB, coorsercTBedHo. 3BecTHO, yTo M, — cepenu-

wa DC, AAM,:M,D, =1:8, BM,: M,B;, =1:2. Pagnoxure
— —_— — —

BeKTOp AM mo BekTOopam AB, AD, AA; v HaliUTe OTHOLIIEHHE

IJAWHBL BEKTOPA EI K AsmHe pebpa KyOa.

. IIpamMad Ha KOOPAWHATHOM IIJIOCKOCTH B3ajJaHa ypaBHEHUEM

3x + 4y + 12 = 0. Ha napabose y = x? mailigare 6nmxaiiyro
K 9TOH IPAMOM TOYKY.

Buger Ne 2

CraxdapHOe TpPOM3BEJeHWEe BEeKTOPOB M ero cBoiicTsa. @opmy-
Jibl, CBABAHHBIE CO CKANAPHBIM IIPON3BEAEHHEM. ¥ CJIOBHE OPTO-
TOHAJABHQOCTH ABYX BEKTOPOB.

. ¥YpaBHeHMre IPAMOH Ha IJOCKOCTH. Bujanl ypaBHeHUA MpaAMoil

Ha THAOCKOCTH.
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3.

IIycts ABCDA,B,C{D; — Kyb ¢ pebpom 2, a O — TOYKA Iepe-
cedeHMd ero guarosaseii. IIpamoyronbHas cucTeMa KOOPDAUHAT
¢ 1meHTpoM O onpegesieHa TAKHM 00pa3oM, 4TO MMOJIOMHTEJIHHOE
HanpasJgeHne ocu Ox — a3to ayd OM, rgpe M — To4YKa oTpesKa
B,D, Taras, uro OM | OB,; TON0XUTEJLHOS HATPABACHUE OCH
Oy coHanpasxeHo ¢ aydoMm A,C,, a DOJOMUTeibHOe HallpaBsJe-
HHe ocH Oz — 10 nyuy OB;. HaiifuTe KOODIMHATEI BCEX Bep-
IIIHH Kyba.

Hannmmnte ypaBHeHHe OKPYKHOCTH, CUMMETPHYHONH OKpPYIX-
mHocTH X2 + y2 + 2x + Ty = 0 oTHOCHUTENBHO IpAMOl y — x = 0.

buaer Nt 3

OpTonopMupoeaHHBI Gazuc B npoctpancrse. IIpaMoyroxsaad
JEKAPTOBAA CHCTeMA KOOPANHAT B TpOCTpaHCcTBe. KOODAMHATEH
BEeKTOpa, JeHCTBUA HaJ BeKTOpaMHU B KoopauHaTax. IIpoeKiusd
BEKTOPA HA OCh B KOOPAWHATAX. ¥ CJAOBHA KOJJIMHEADHOCTH H
OPTOrOHAJLHOCTH ABYX BEKTOPOB B KOODAMHATAX.

DopMysa pacCCTOAHUA MEKAY TOMKON M HpAMON B KOOpAUHA-
TaxX Ha IJIOCKOCTH.

{Iycte M — TOYKa, JeXXamas BHYTPH HJH HA NOBEPXHOCTH
npasULHOTO TeTpasjapa ABCD, a By, C,, Dy — T104KH, nOIY-

JeHHbIE IpoeKTuposanuem ToUuku M Ha pebpa AB, AC u AD co-
OTBETCTBEHHO, — MIAPANIeLHO COOTBETCTBYIOMUM I'PAHAM, CO-
gepsaimmuM pepruuHy A. Hssectso, utro AB,: BB = 1:5,
AC{:CC = 1:2, a D; — cepexqusa AD. Paznoxnure BEKTOD

— > > .
AM no sextopam AB, AC, AD u HaligyiTe OTHONIEHHUE AJIHHEI

—
BeKTOPA AM K nauHe pebGpa TeTpasapa.

Hansr Toukn A(—2; —5); B(11; —13). IIpn Kaknx 3HaYeHUAX lIa-
pameTpa a oTpe3oK AB He mepecekaeT npaMyo 2x + 3y = a?

Buiaer N: 4

KoopauaaTsl TOUYKH. DPOpPMYJAbLl HAXOXKJAEHHA! DACCTOAHHS
MeXKAY ABYMA TOYKAMH B KOOPAMHATAX; KOODAWHAT CepeauHbl
OTPpe3KAa H TOYKH, JeJidmiell OTPe30K B JAHHOM OTHOLIEHUH.
VYron Mexxay ABYMHA IPAMBIMH, 3aaHHBIMH CBOMMHU yDPaBHEe-
HASAMH Ha ILJIOCKOCTH.

ITycte ABCD — mnpaBuiabsHBIH TeTpasap ¢ pebpom 5, a O —
cepeanHa pebBpa AB. IlpamoyrojirHad cHcTeMa KOOPIHUHAT C
uenTpom O onpejesieHa TAKHUM o0pasoM, YTO IIOJACYKHTENIBHOE
Hanpasaerane ocu Ox — a1o Jiyd OA, ocu Oy — aya OC, a mojo-
KUTEJBHOE HanpaBaeHMe ocu (Jz coHAIpasJieHO ¢ sydoM HD,
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rape H — ocHoOBaHMe BBICOTEHEL TeTpasapa, OnyuieHHon wus D.
HalinuTe KOOpAWHATEL BCEX BEPIIMH TETpa3ApAa.

HaiiguTe reomMerpmueckoe MeCTC TOUEK IJIOCKOCTH, pACCTO-
HUe OT KOTOPHIX J0 HAuAJA KOOPAMHAT PABHO PACCTOAHUIO OT
IpAMON x = 4.

buaxer Ne 5

YpaBHeHHE M HEDPABEHCTBA, 3a/alolllue MHOMKECTBA TOUYEK B
IIPOCTPAHCTBE., YpasHeHue cepbl ¥ HepaBeHCTBO, 3ajarlilee
miap.

JTapabonxa Kak reoMeTpHUeCKOe MeCTO TOUeK. ¥ paBHEeHHUe I1apa-
0QJIbl B KOODAMHATAX.

ABCDS — npasuIbHAs YETBIPEXYTOJbHAA HUPAMHUIA C OCHO-
saaueM ABCD, sce pebpa KoTopoll pasHbl MekKgy coboii. IlycTs
Touka N genuT auaroHans BD ocHOBAHUA B OTHOILUIeHWH 1 : 3,

cumTad oT B, a M — cepeguna orpeska NS. PazioxHTe BeKTOp

—— —_— — — .
AM mno sexTopam AB, AD, AS u HalfiguTe OTHONIEHUE AJHHEI

—>
BeKTOpa AM K jaiuHe pebpa mUupaMuabL.

Hansl Touku A(—2; 0) v B(1; 0). HafiguTe reoMeTpHuecKoe Mec-
70 Beex ToueK C(x; y) IJIOCKOCTH, ABRJSIONIMXCA BepIIMHAMHU
rpeyrogsauKa ABC ¢ 6uccexTpucoii CO, rae O — Hauajgo KOOp-
IUHAT.

buaer N: 6

[LrocKOCTH B IPOCTPAHCTBE B KOOpAHMHATAX. ¥ pABHEHUE ILJIOC-
KOCTH, TPOXOAIIEH Yyepe3d TOUKY HepHeHAVKYAAPHO JAHHOMY
BeKTOpy. O0Liee ypaBHEHVE NIJIOCKOCTH ¥ €r0 YACTHBIE CIIYYa.
YpasHeHUe NJIOCKOCTH B OTPE3KAax; JPyrue BUAbL YpaBHEHUHN
TEJIOCKOCTH.

Y cyioBHE MPUHALJIEKHOCTH TpeX TOUEK OAHOH IPSIMON B KOOD-
AWMHATaX Ha TIJIOCKOCTH.

HaiiguTe reomMeTpuuyecKoe MECTO BCeX TOUEK NIPOCTPAHCTBA,
CyMMAa KBAAPATOR PACCTOAHMIN KAMXKA0M W3 KOTOPBIX 10 BepHUIHH
IIPABUJIBHON TPEYIroJbHON IPU3MBlI PABHO 7, €CJM Kaxaoe peb-
PO IPUBMEBI LMeeT AJuHY 1.

HailinuTe nxomaask TPeyroJibHHKA ¢ BEPIIMHAMU B TOUKAX
A(-7;11), B(8; 3)n C(—1; —13).

Buaer No 7

dopMya HAXOMKAEGHUSA YIrjaa MeXAy ABYMA ILJIOCKOCTAME,
3aJaHHBIMY CBOMMHM YDABHEHMUSMU; YCJIOBHUSA NAPAJJIENLHOCTH
¥ ePHeHJVKYJIAPHOCTH /[BYX IJIOCKOCTEH.
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2.

IMapabosa KaKk reoMeTprudecKoe MeCTo ToUYeK. ¥ paBHEeHUe 1apa-
OOJIEL.

3. ABCA,B,C, — npasunbHas TpeyrojbHad NpPuU3Ma, Bce pebpa

Koropoit paBHBI Mexay coboii. Ilyers rouxa N genut pebpo
B,C, sordomennn 1 : 2, cunrasn or By, a M — cepeauHa oTpes-

— > > 5
ka AN. Pagnosxkure BekTop AM mo BexTopam AB, AC, AA,

—
1 HaliguTe OTHOIIeHWe NIHHBI BeKTopa AM K anuHe pebpa

TTPW3MBI,
ITpr Kakux 3HaYeHHAX mapamerpa b npamag dx + 12y = b ume-
eT XOTs ObI OHY OOIIYIO TOUKY ¢ OKPYIKHOCTBIO X2 + y? + 6x —
— 8y = 0?

Bbuaer N: 8

. PagnuuHble BUIBI VPAaBHEHUH IPAMOH B IPOCTDPAHCTBE. ¥ TON

MeXAy AByMA UPAMBIMH, 38JaHHHIMHU CBOMMH YPaBHEHUAMU;
VCJIOBHUSA TMAPAJJIeNbHOCTH M MEPINEHIUKVIAPHOCTHE IBYX IPH-
MEIX B IPOCTPAHCTBE B KOOPAWHATAX.

PazjioskeHre BeKTOpa IJIOCKOCTH MO HBYM HEKOJJIMHEADHBIM
BEKTODAM 9TOM ILJIOCKOCTH.

Terpasgp ABCD zanan KoopguHaTaMu cBoMX BepmiuH: A(1; 1; 1),
B(3; 0; 1), C(0; 0; 7), D(0; —6; 8,5). [lokakuTe, 4YTO TPH BEPIIH-
HBI TETPasApa JeKarT B IJIOCKoCTH X + 2y + 22 — 5 = 0 1 Hallgu-
Te XJIMHY BBICOTHI TeTPa’aApa, ONYINEeHHYI0 Ha 3Ty TIJIOCKOCTS.
Haiigure ocu cumMeTpun runepbonsl xy + 2x — 3y = 111.

Buaxer Nt 9

BzauMHOe pacmosiolKeHHe NPAMOH W IJIOCKOCTH B KOOpPAMHA-
Tax. ¥ToJ MEXIY IPAMOH U IJIOCKOCTHI0, VCJAOBUE APAJLIeNb-
HOCTH U NePIeHAUKYIAAPHOCTY IIPAMOM M IILTOCKOCTH B KOODAH-
HATAX.

I'mnepbona Kak reoMeTpHuecKOe MecTO TOUYeK ILJIOCKOCTH.
YpaBHeHUe TUNIePOOJIEL.

Ilyers ABCAB,C; — upAMOYTroJbHBIH Napajjeelnuie] Ta-

Ko#, uTto AB : AD : AA;= 3:4:6. Touka M 7neXuUT BHYTpH
aToro napaxnesenunena, aM,, M, M; — opTroroHaibHbI€ IPO-
ekuwu To4yKku M Ha pebpa AB, AD u AA, cOOTBETCTBEHHO, IPH-
qem AM, : M\B =2:1, AM,: M,D =1:1, AM;: M;A, =

— > > >
=1 : 5. Pasnoxure BeKTOp AM no BekTopam AB, AD, AA, u

—
HAWJHTE OTHONIEHHE AJWHEBI BeKTopa AM K giauHe pebpa ma-

paxxesenyvnena.
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4.

Hammmwure ypaBHedHe UpAMO, CAHMMETPUYHON npAMoN 3x +
+ 4y = 0 oTHOCHTENIBLHO TOUKU M(—3; 2), ¥ HalinuTe paccTOAHME
MeXIY 3TUMHU IPSIMBIMH.

Buaer N 10

. CDOI)MBTJI& PaCcCTOAHHA OT TOUKH A0 ILAOCKOCTH B KOOPAHMHATAX.

MeToAkl BHIUMCJIEHUA PACCTOAHMUA MEXKJAYy ABYMS Tapaijieb-
HBIMMY ILJIOCKOCTSAMHY, MeXKAV IPSIMON ¥ ITapaanaeJbHoH el ILJIoC-
KOCThIO, MEXKIY IBYMA CKPEINUBAIUMUACA IIPAMBIMHE, 3aaH-
HBIMH CBOMMY YPABHEHUAMH.

JJIIVTIC KAK TeOMEeTPHUYeCcKOe MeCTO TOUeK IJIOCKOCTH. Y paBHe-
HUe 2JIINICA.

Havpwnre yros mMesay mwirockocTamMu 2x + 2y —z+ 7=0wu 3x —
— 4y — 12z = 0 m oupenenuTe B3aVNMHOE PACIOJNIOKEeHN e IPAMOLH
TTepeceueHud 3TUX TIOCKoCTeH 1 mirocKocTy Oxy.

Hauvano KoopguHar O ABxsieTcA LEHTPOM OKDYXKHOCTH, OIH-
CaHHOI OKOJI0 paBHOOeapeHHOTC TpeyronkHuka ABC. Hafigure
KOOpAWHATEI BEPIIIHH TPeyroJinLHuKa, ecan £ B = 150°, Touka
A JIe’KWT Ha OCH OPJAMHAT, KOOPAHHATHI TOUKH C IMOJOMHATEND-
HBI, a AsiHA oTpeska OC paBHa 2.

OTteeThl K 330a4am 3a4era Ne 4
(3-41 11 4-ii BONPOCH BUneToB)

buger N 1
AM = _+*AB + -+AD + Z*AA,; __. 4. Touka ¢ KoopJuHa-
2 9 3 18
3 9
TAMM [ 2’ B2
L
Buger Ne 2
6. 5. N3 B 2.8, . N8 A 6. 5. 3
A( ?, ﬁ, —), B( ——’ Oy ?)a C( ?s szs ?)9
D(0; 0; JE)A[ 55, _f3; “/éj B,(0; 0; /3), C(I ﬁ?)
246, . /3
D,(252; 0; ?).

Yiazanue. BocmoxbsyiTech CAeAVHOIMUMUA CBOHCTBAMHA: TOYKA
O u cepepunbl mectu pebep (A,D,, D,C, CC, u T.1.) nexar
B OAHOM IJIOCKOCTH, NApanienbHo niaockocram A;BC, mu
AD,C, kpoMe TOro, 3TV IXOCKOCTH IEePHEeHAHKYIAPHLI AATO-
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Hanu B D, a ceuenun A BC, nu AD,C nepecexkaioT 9Ty AMAaro-
HaJIb B TOYKaX, AEJANVX €€ Ha TPM PaBHBLIX OTPE3Ka.
L x2+y2 4 Tx + 2y = 0.

Buaer N¢ 3

a1 1
.AM— AB+—AC+-

2

5

- AD
’6‘

4, ge (-00, ~-19) U( 17; +00).

Bumer Nt 4
.A(2500),B(2500)C(0 543 0). D 5f 5[

. TTapa6ona x = 3 y2 + 2.
Buaer Ne 5

_— f
AM = 8 . AB + 3 AD + 1 3 AS . 4. OKDPY>KHOCTE paaguyca

2 ¢ menTpom (2; 0) — 3a HcmﬂoquHeM Touek (0; 0) u (4; 0).
(OKpYyRHOCTE AOIOHWSA. )

Buiaer Nt 6
. Ciepa pagmyca J% ¢ IEHTPOM B cepejuEe orpesxa 00, rae O

u O, — 1eHTPOMbl OCHOBaHut npusMsl. 4. 39.

Buaer N2 7
— 1 2.1 TA 1 7 2
AM =2 AB+ 2 cAC+ 2 AA; Z. 4. 325698
3 6 2 3
Bujgetr Nt 8
3.4 x-y-5=0;x+y—-1=0.
Bujger Nt 9
— 2 1 =2 —
.AM=§-AB+§-AD EAA ? 4, 3x+4y +2=0; 0,4,

Buaer Nt 10

. ¥YTo) Mexay IJIOCKOCTAMHU paBeH arccos 3_9 Mx obmasa npsa-

MafAa IepeceKaeT IUVIOCKOCTh (Jxy B TOYKEe C KOOpAMHATAMU
(-2; —1,5; 0) m HakJOHEHA K DTOHU IIJIOCKOCTH IOJ YIJIOM

arcsin 2 . (ITapameTpudeckue ypaBHeHHS OOuIell IpAMOIL:
x=-2+ 4t y=-1,6—-3t; z=2t; t e R.) 4. A(0; 2), B(1; ./3),
C(/3; 1).
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1.

2.

Bunetsl N0 reomeTpun
ans 10 knacca

Buaer No 1

TeopeMa 0 MAOCKOCTH, IPOXOAAINEH Yepe3 MPAMYIO U He JexKa-
VIO HA Hel TOYKY.

TeopeMa 0 MepUEeRIUKYAAPE K OJHONU U3 ABYX B3aUMHO IePIleH -
AVKYAAPHBIX MJIOCKOCTEH, MMEIOILEM C APYTOH IMIOCKOCTHIO 00-
VIO TOUKY.

IIBe CTOPOHEI TPeYTOABHUKE PABHBI COOTBeTCTBeHHO o U 8. IIpu
KAKHX 3HAYEHVAX TpeTbEfI CTOPOHBI ITOT TPEYIOJBHUEK MOYKeT
ObITh TYIOVIOJbHBIM?

OrseT: (3; /39) U (/89; 13).

Haiinure paccrosaue ot Touxku (1; 2; 3) 1o mpaMoii mepeceueHus
mwrockocTei x —y=0ny —2=0.

OrseT: ﬁ

Bujger Nt 2

TeopeMa 0 IIOCKOCTH, IPOXOASAIIEH Yepe3 ABe IIepeceKalInne-
cA MpAMEIe.

TeopeMa 0 AUHeWHRIX VIIaX ABYTPAHHOTO YTJa.

BoxoBhie CTOpPOHEI TpamelHM PABHEI COOTBeTCTBEeHHO 3 M 7,
a IIpsiMble, COJEPKAIHe STH CTOPOHEI, NMepHeHIHKYIAPHEL.
Hailigure naomanp Tpamemuu, €CAd ee OCHOBAHHUA OTHOCHATCH,
kak 13 2.

OrgeT: 31,5.

Kpaapar ACM D u npaBuiasubii TpeyroasHuK ABC pacmonoske-
HEI TaX, 4To ABYrpanubii yroa M(AC)B = 120°. Haiigure pac-
CTOAHUS OT TOUKHU B 10 NaoCKOCTH KBaApaTa M oT Touku M 1o
IJIOCKOCTH TPeyroJbHHuKa, ecan AC = 4.

OTseT: 3 u 2./3.

Buiaer N 3

TeopeMa 0 ILJIOCKOCTH, IIPOXOAAIIEN Yepes3 JBe NapalliefbHbIe
paMble.
Teopema 00 yIyie MeXAY HAKJOHHONH U NJAOCKOCTLIO.
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CTOpOHEI TPeYroJALHHMKA PABHBI cOOTBeTcTBeHHO 13, 14 u 15.
HatignTe ocTpblil yrox MexxAy IPAMBIMH, COAEPKAIIUMHU COOT-
BeTCTBeHHO MEHBLIUYI0 W OOJBIIYI0 BBHICOTHI 3TOTO TPeYIOdh-
HHKA.

33
OTBeT: arccos —.
65

Haiigure xoopauuaTel Bcex Toder M mipocTpaHCcTBa, yialeH-
HBIX OT ILJIOCKOCTH 3x + 2y — 8z = 7 Ha Takoe Ke paccTOoAHHe,
YTO H HAaYaJ0 KoopAuHAT O, IIPH 3TOM BBIIIOJHAETCA YCJIOBHE:
oTpe30oK OM He HMeeT 0B1MX TOUEK ¢ JAHHOMH IJIOCKOCTHIO.
OTBET: KOOPAUHATEI TOUeK M yAOBAETBODAIOT YPABHEHUIO 3X +
+ 2y — 8z = 0.

Buaer Nt 4

Teopema 0 IpAMOIl, NapajiaebHON AAHHOH NPAMOH H IPOXO-
NAlled depesd AAaHHYIO TOUKY IIPOCTPAHCTBA, He JeXKaIlVIo Ha
JaHHOW MPpAMOI.

TeopeMa 00 06illeM TepHeHAUKYAAPe JABYX CKPeI[UBAIOIUXCS
MPAMBIX.

HahpguTe wMeHBIUUN yroa NOIpSMOYIOJABHOTO TPEYroJLHUKA,
ecJIM PajuyC BIOHCAHHOM B HEr0 OKPYIKHOCTH COCTABJAET
40% pagnyca OOIHCAHHOH OKOJIO Hero OKpPy»KHOCTH.

OtseT: arctg 0,75.

BayTpu AByrpaHHoOro yriia B3sTa TOUKA, yAaJeHHadA OT IpaHeil
3TOro yria Ha paccroanua 12 u 15. Haligute paccTosiHue oT
ATOH TOUKHM A0 pPebpa ABYIrpaHHOTO VIVIA, eCAH €0 BeJHUMHAa
paena 60°.

OTtseT: 2./183.

Bujer Ne 5

Teopema 0 ABYX apaiieJbHbIX IPAMbBIX, OJHA U3 KOTOPEIX IIe-
peceraeT TAaHHVIO IIJIOCKOCTD.

Teopema 0 IBYX MapajijedbHbIX IOCKOCTAX, OJHA U3 KOTOPBIX
NePHeHIUKYIAPHA JAHHOU IPpAMOH.

B xBaapare ABCD ma cropone BC orMeuena Taxas Touxa K,
uto BK =4, KC = 2; rouka M — cepeguna DC. HaiiguTte pagu-
VC ORPYKHOCTH, IIPOXoAAILel yeped TOUKH A, K u M,

OTBerT: 1385'

Pebpo nparunsaoro rerpasapa ABCD pasao 6. Touxku K, H u
P nexar coorBeTcTBeHHO HA pebpax AD, BD u CD rak, uro AK =
=3, BH =4 n CP = 2. ITocTpoiite Ha npsamoiit AC TAKYIO TOYKY
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T, uto npamseie PE n KT nepecexarorcs. BeruucianTe paccros-
HHe OT TOUKH T 10 BepiIuBLL D.

Oteert: 6./3.
Buaer Nt 6

IIpH3HaKY CKPpellUBaINHXCa IPAMBIX (2 TeopeMEI).
Ilpranak napajesbHOCTE JBYX MJAOCKOCTEH.
B tpeyroasruke ABC nposefieHH BhICOTEI AA,, CC, u GuccexT-

pucel AA,, CC,. IIpu aToMm oxazainock, 4To Toura C; — cepegu-
Ha AC,, a Touka A; — cepeauna CA,. Haligurte yriaer Tpeyrojn-
nuxa ABC.

2
OtseT: peanuHusl yriaos A, C 1 B cooTBeTCTBEHHO PaBHBI ?n :
a7
At
D 5

JIBa paBRHBIX PaBHOGEIPEeHHBIX MPAMOYIrOJABHBIX TPEeYTOABHUKA
ABC u ABP jexxaT B pa3HBIX I'PaHAX ABYIPAHHOIO yIJia BeJH-
yuHel 60°, Hatigure nanny orpeara CP, ecain AyinHa KaTeTta AB

paBHA 4./2
OtBeT: 8 nau 4,\/5.

Buner Ne 7

TeopeMa 0 TPAH3IUTHUBRHOCTH TTAPAAACIBHOCTH MPAMBIX B IIPO-
CTPaHCTBe,

TeopeMsI O Tpex NepneHAHUKyAApax (IpAMada U obpaTHAA) HAU
0000IIIeHHAA TeopeMa O TpeX NepIeHAnKyAapax.

Kacarmwmmeca apyr Apyra BHeIMIHHM 06pasoM ABRe OKPYKHOCTH
pazuycoB 3 H 12 KacawTcd IPAMOH, 10 OAHY CTOPOHY OT KO-
TOPOM OHM pacrionaraloTcda. HalianTe paguycel Kamaoil M3
OKPY'KHOCTEH, KacalwIMXCA JaHHBIX JBYX OKPYMHOCTEH
U IPAMOI,

OTBerT: % ul2.

MABCD — upaBHJIbHas UeThIPpeXyroJibHas NIHpaMHia, Bce
pebpa xoropoil parasl 10. Haligure paccrosnne Mexay nps-
mott AC u meguanoi MK rpaau MDC.

OrseT: J/10.
Buger Ne 8

Teopema 006 yriax MeKAY COHAIIPABJIEHHBIMU JYyUaMH.
Teopema 0 MpOBeleHNH TPAMOIH, MNEePHeHAHKYASAPHON AaHHOMN
MJOCKOCTH.
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4,

CKOJNIBKO IPOIIEHTOB COCTABIACT CYMMA KBAAPATOB MeAHAH JH0-
6Oro TpeyroJbHUKA OT CYMMBI KBAADATOB €r0 CTOPOH?

Otser: 75%.

Jdyun AB, AC u AM o6pasyioT octpeie yrasl BAC, BAM
u CAM, papaeie o. JIya AK ofpasyer ¢ KamJIEM U3 JaHHBIX
Jyuell paBHbie Tymeie ymibl. HaliguTe BeIHUYHHY 9THX TVYIEIX
VT/IOB.

1+ Z2cosa
Otser: T — arccos —g -

Buaer N2 9

IIpusHak mapajinelbHOCTH NPAMON H ILJIOCKOCTH.

Teopema o IHHNHN HOepecedeHHA ABYX ILIOCKOCTEH, IIepIIeHIU-
KYJAAPHBIX TpeTheHd IMIOCKOCTH.

Oxpyxuoctu paauycoB 14 m 77 racamTcs Apyr Apyra BHeI-
HHM o0Opazom. OupesesiiTe CTOPOHY IPABHABHOIO TPEYTIOJbHH-
Ka, JBe BEepPIIMHBI KOTOPOI'O JeXKaT [0 JBe Ha KaXXKJ0H u3 AaH-
HEIX OKPYKHOCTeH.

OrseT: 22.

TlocTpoliTe cedeHne Ky0a MIOCKOCTHIO, IIPOXOAAINCH Uepes ce-
pearnHbl Tpex MONapHO CKpelluBaiomuxcA pebep Kyba, u Hali-
JVTe YroJ MeKJy MACCKOCTHIO 9TOT0 CeYeHHS U MACCKOCTHIO
OXHOH U3 rpaHed KyoOa.

OtseT: arctg /2.

Buaer Ne 10

Teopema 0 IURUH IlepecedeHHUA ABYX ILIOCKOCTeH, OAHA U3 KO-
TOPBIX TIPOXOAUT Yeped MPAMYI0, MaparieJbRYIO APYTOH TIJIOC-
KOCTH.
HpuszHak neprneHUKYIAPHOCTH ABYX IJIOCKOCTEH,
B Tpaneinuio BnHcaHa OKpyKROCTE paguyca 2. Touka kacanua
OKPYKHOCTH C HH)KHHUM OCHOBaHWeM TPallelMy JeJIUT 3TO OC-
HOBaHHe Ha OTpe3KH MiIuHEL 3 u 4. HaliguTe CTOpOHBI K IJI0-
aab Tpamemuu.

7. 13, 56
OTseT: 7; 5; 3' g5 3
Touku A 1 B jfexXaT Ha pa3HLIX I'DaHAX ABYIPAHHOTO yIiia, Be-
JUYMHA KOoTOporo parHa 60°; A, u B, — npoermuu touek A u B

Ha pebpo aByrpannoro yriaa. Haiinure gnvny otpeska AB, ecnn
AA, =AB;=BB, =2,

OreeT: 2./2.
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Buaer Ne 11

TeopeMa 0 JUHHU TepecedeHUA ABYX IUIOCKOCTEN, KaKAad M3
KOTOPBIX IIPOXOAUT Uepe3 OAHY U3 ABYX IapallielIbHbIX IIpDHA-
MEIX.
YpaBHeHua IJIOCKOCTH.
[Mana orpyxkHOCTs paauyca K. IIpaMoyronssslii TpeyroabHUK
C OCTPBIM YTJIOM O. PACIIOJIOMKEH TaK, UTO eT0 'MIOTeHy3a SABJIA-
eTcA XOpAOH JaHHOW OKPYIKHOCTH, & BeplIHHA OPAMOIC yIJa
Je)XUT Ha auaMeTpe, HapaxjieIbHOM 3»T0H XopAe. Haiigurte
NAOINEAE 3TOTO TREeYyIrOJEHUKA.

R?sin 2a
ITocrpoiite cedenne Kyba ABCDA,B,C D, n1ockocThI0, IPOXO-
JAITel depes3 TOUKY mepeceued A guarosasiel rpaau ABCD na-
pannenbHo NpaMelM AB, u BK (touxka K — cepeanna pebpa
CC,;). CKONBKO IPOIEHTOR COCTABIAET ILJIOWIAAL CeUEHHHA OT
TIJIOILAA N TTOBEPXHOCTH Kyba?
Oreert: 12,5%.

Buaer N: 12

TeopeMa 0 HpOBedeHUH INOCKOCTH, IepPIeHIUKYIAPHON AaH-
HOH NpAMOH.

ITapamerpuyecKkre ypaBueHHA IPAMOH.

Ha cropoHax IpAMOYIONbHOr0O TPEyroJbHHKa ¢ KaTeraMu 6 u 8
IIOCTPOeHBI KRAJMPATHI, JiedKailllie BHe Tpeyronbauka. Haligure
TLIOIAAL TPEYTONBHUKA C BePOIMHAMHY B IIeHTPAX 3THUX KBajpa-
TOB.

Orsert: 49.

Touxa K — cepeaunsa croponbl AD kBaapata ABCD. Kpaapar
«ueperayiau» 1o npAamoi KC tak, uro ofpasoBanca AByrpaH-
HBIH yron Benxununnoi 60°. HalixuTe oTHomIeyne AJIMHE] OTPes-
ka BD x pnuye quarowany KBajapara.

Orser: ./0,4.

Buaer Nb 13 Cuacraussiit!

OTseT:

BrITamuemmi ero yyeHuK OTBevaer Jio00u mo ero BHOoOpy 6u-
JeT 13 OCTaNbHbIX 19.

Buaer Nt 14

TeopeMa 0 JHHUAX IepeCedeHUsA ABYX IapaliiellbHBIX ILIOC-
KOCTeH TpeTheH ILJIOCKOCTRIO.
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. TeopeMbl 0 MepHIeHARKYJIAPEe U HAKJIOHHOH, 00 OPTOTOHAJIBHBIX

OPOEKIINAX PABHBIX HAKJIOHHLIX, NPOBEJeHHbIX K IIJIOCKOCTHU
13 OHOH TOUKH,

B yros Boucanbl ABe OKPY2KHOCTH painycor 1 u r, kacamwique-
cs apyr apyra. Hafigure Bce BO3MOMKHBIC 3HAUCHHSA 7', @CIU Re-
JIUUUHA JAaHHOTO yrJja «.

Otser: tg? (ﬁ ; 0‘) MM tgi’[?T Z GJ.

—
. Toura O He Je)XUT B ILTOCKOCTH TpeyroJabHuka ABC u OK =

—> — —
=3-0A +2-0B + 7-0C. Toura T nexut Ha npamoii OK, u

mrocKocts ABC npoxoJuT depes cepeAuny orpeska OT. Paano-

—> —) —> —
*KuTe BeKTOp OT mo rexTopam OA; OB; OC.

— 1 = 1 =2 7 2
OTBETZOT=§'OA+§'OB+G'OC.

Buaer No 15

. Teopema 0 NpAMOH, HepeCeKalONied OAHY M3 IapajiieJbHBIX

ILJIOCKOCTEH.

. Teopema o ABYX IPSMBIX, NepPHeHINKYIAPHEIX JaHHOW TLJIOC-

KOCTH.

. Toukn C u T pacnoso»xeHbl Tak Ha Ayre AB OKpY>XHOCTH IUa-

Mmerpa AB = 6, uro nyru AC u BT pasnsl, 11pu atom £ CAT = 20°.
Haiigure miaomant ¢purypbl, KOTOpas JeXXHUT BO BHYTPEeHRel
obnacty yraa CAT u orparuuena xopaamu AC, AT u ayron CT.
OreerT: m.

B npaBuanaHOM Terpaszape ¢ pebpoM 4 npoBeseHO ceueRUe ILIOC-
KOCTHIO, PABHOYAAMEHHOM OT BCeX BePIINH AaHHOTO TeTpasjpa.
HailiguTe niaomagb 3TOT0 cedeHU .

Otser: Jﬁ nian 4.
Buxer N 16

. Teopema 06 OTpeaxkax mapajieJbHbIX [IPAMBIX, 3aKTOYEHHBIX

MeXAY ABYMA IMapalIeIbHBIMH ILJIOCKOCTAMH,

. IIpusHak neprneHAUKYJIAPHOCTH IIPAMOIH U TIAOCKOCTH.
. AT — t6uccexrpuca rpeyroabanka ABC, JToxaxure, uto AT? =

= AB-AC - BT-CT.

. Uepes Bepmiuny A B kyOe npoBejeHo ceuenue AKTPM rTax, uro

AK =AM n KT = PM. Yron KAM pasen o. Haligure ocrajin-
Hble yribl naruyroabanka AKTPM u nonycTHMble 3HaUeHHUA O.
Ovser: aBa yraa oo 180° — o u asa yria mo 90° + 0,5
60° < o < 90°.
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Buaxer Ne 17

TeopeMa 0 IPOReJeHUU MJIOCKOCTH MapaliaeibHO JaHHON mioc-
KOCTH 4Yepe3 TOYKY IIPOCTPAHCTRBA, He JeMKAI[VIO Ha AaHHOH
TIOCKOCTH.

YpapHeHHe cdepbl.

Croporbl AB u AD napannenorpamma ABCD parHBI COOTBET-
creeHHO 6 1 11, a Amarorans BD pasua 13. OxpykB0CTHU, BIIU-
caHukle B Tpeyroasuuxku ABD u BCD, racalwoTca AMaroHanu
BD g rouxax M u K. Haiigure gniuny MK,

Orger: 5.

Orpesox AB —— oOmUHA NepneHAVUKYAAP CKPeIUBAIOIIHXCS
npavbiXx AK u BT, npu satom AB = AK = BT = a. Haligure yroxu
U paccToAHMe Mexay npaMbiMu TK u AB, ecoin AK u BT nep-
HeHAHKYIAPHEL

Orset: arctg /2 u L.
J2

Buaer Ne 18

TeopeMa 0 TPAH3UTHBHOCTH NTapadJaeJbHOCTH IIJIOCKOCTEH.
TeopeMa 0 ABYX IIOCKOCTAX, NePIeHAUKVIAPHBIX 0QHONH IXpA-
MOIi.

[Man xeangpatr ABCD co croponoii 5. Toukw K u T TarkoBBI, UTO
AK?2+ BK2+ CK2+ DKZ%=199,a AT?2+ BT?2+ CT?2 + DT? =101.
Hmeer n1u orpesox KT obimmue TOYKHK ¢ OITMCAHHON 0KOJIO KBaji-
paTa OKPYyXKHOCTRIO?

OTBeT: aa.

[Ba paBHBIX IPAMOYIOJIBHBIX TPeYTOJbHHKA C KaTeTaMu 3, 4 u
THIIOTEHY30H 5 HMelT 00iylo rumoTeRysy. ILJIoCKoCcTH Tpe-
VTOALHHKOB B3AaNMHO NepHuenauKyaapun. Hafigure BCe 3na1e-
HHSL, KOTOPBIE MOMKeT IPHHUMATH PACCTOSHUE MEMAY BepIIu-
HAMU IPAMBIX YIJIOB.

Orser: 2,4./2; 0,2./337.
Buaer Nt 19

TeopeMa © NJAOCKOCTH, Nepecexkalomel ofHy M3 ABYX napal-
JIeJBbHBIX IWIOCKOCTEH.

TeopemMa 0 ABYX NapaifieIbHEIX NPAMEIX, OXHA U3 KOTOPBIX
NepIeHANKYIApHA JaHHOH IIOCKOCTH.

CyMMa KBaf[pATOB MEAHAH NIPAMOYTOJALHOIC TPeyroaLHUKA
paerHa 6. Halijure rUIIOTEeHY3y 3TOT0 TPEYTOJIBHUKA.

OTrser: 2.
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Tourxn A(1; —-1; 1), B(1; 3; 1) u C(4; 3; 1) apagioTca BepIiuHAa-
Mu napanienorpamma ABCD. Haliaure XoopZHHATHI TOUKU
D, yruwl napaljijieflorpaMMa U fJINHY puarosanu BD.

OteT: (45 —1; 1); Bce yraer mo 90°; BD = 5.

Buaer Ne 20

. Teopema 0 cROHACTBe TLIOCKHX YIJIOE TPEXTPAHHOIO VIVIA.
. CranapHoe mpou3BeleHNe BeKTOPOB M ero ceolictea. fokaaa-

TeJILCTBO ABYX CBOMCTR Ha BEIOOD yHailerocs.

. OXpyKHOCTB pagnyca 2 Kacaerca AyTr¥ U gUaMeTpa MoJyKpyra

pazuvea 4. HafiauTe paanuyve oXpY»XHOCTH, Kacawileiica Iyru
MOJIVKPYra, TiaMeTpa HOJYKPYra 1 OKpYyKHOCTH paguyca 2.
OTser: 1.

. Toukn M, K u T ormeueHbl H& pebpax AB, AD u AA; Ky6a

ABCDA,B,CD, rax, uro AK : KB=1:2, M — cepexnra AD
u AT = 3FA,. Ilnockocts MKT mepecekaeT qUaroHalTk Kyba
AC, B roure E. Haliaute anuny orpeska AE, ecnu AMUHA AH-
aroHasu Ky6a 19 m.

OtseT: 3 M.



YCTHbIE BONPOCH! K 3K3aMEHY
no reometpuun B 10 knacce

10.

11.

12.

13.

14.
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HalrTe reoMeTpHuYecKoe MeCTO TOUEK MPOCTPAHCTBA, PABHO-
VAAJEeHHBIX OT ABYX TAHHLIX TOUCK.

Haisure reoMmeTpuuecKoe MeCTO TOUEK MPOCTPAHCTRA, PABHO-
yAaJeHHBIX OT BEPIITUH JAaHHOI'O TPEYrOJbHUKA.

HaiiiuTe re0MeTPHIECKOe MECTO TOUYEK IIPOCTPAHCTBA, PABHO-
VAAJeHHBIX OT BePIIUH JaqHOI0 NPAMOYIrONbHHKA.

HaiinuTe reoMerpuiecKoe MECTO TOYEK IPOCTPAHCTBA, PABHO-
VAAJAEHHBIX OT ABYX AaHHbLIX TTapakienabHblX ILIOCKOCTEMH,
HailinuTe reoMeTpuuecKoe MeCTO TOUYEK IIPOCTPAHCTEA, PABHO-
VAAJAeHHBIX OT ABYX AaHHBIX TI€PeCceKalolXCA MA0CKOCTe M.
HailimguTe reoMeTpUtiecKoe MeCTO TOUEK MPOCTPAHCTEA, PABHO-
yAaMAeHHBIX OT ABYX AaHHBIX TTapadAeabHbIX NPAMBIX.
HailiauTe reocMeTpHUUYECKOe MECTO TOUYEK MPOCTPAHCTEE, PABHO-
VAAJEeHHBIX OT ABYX JaHHBIX TI€PECeKAIUXCA IIPDAMBIX .,
HafinnTe reoMeTpHuecKoe MeCTO TOUEK IIPOCTPAHCTBA, PABHO-
yAaJeHHBIX OT Tpex IIPAMBIX, COAEPKAIHX CTOPOHLI JaHHOrO
TPEeyroJbHHKAa.

Haiignre reoMeTpUYeCKOe MECTO TOUEK MPOCTPAHCTRA, VAAICH-
HBIX OT JAHHON TOUKHU IMIPOCTPAHCTBA HA [AaHH0e PACCTOSHUE,
HaliguTe reoMeTpUuecKOe MECTO TOuUeK TIPOCTpamcTBa, M3
KaMK0l N3 KOTOPHIX AauHbIH OTPE30K BUAEH MO/ TPAMBIM YrI-
JIOM.

Halignre reomMeTpuuecKoe MeCTO TOYEK MPOCTPAHCTBA, YA4-
JIEHHBIX OT chepuuecKo NOBepXHOCTH pasuyca KR 1va paccros-
e K.

Halipute reoMeTpUYecKOe MECTO TOUYeK MNPOCTpPAaHCTBA, yAA-
JIEHHBIX OT chepUUYECKOH MOBepPXHOCTH paxmyca B xHa nanmmoe
paccrosague a > 0 (paccMOTpHUTE BCEROZMOKHEIE CAYUAU COOT-
gomenus R u a).

Yepes anuyio TOUKY BHE NagHOH IJIOCKOCTH MPOBeJAEHEI BCe-
BO3MOKHLIE MpAMBIe, Iapallejbyble 3TOH IJIOcKocTU. Haii-
JAUTE IIOBEePXHOCTL, OOPA30BAHHYIO 3THMH IIPAMBIMIH.

Yepez gadpgy TOUYKY NPOBefleHBI BCEBO3MOXKHEIE IpAMELIE,
MepIeH UK VJIAPHbIE JaHHONA TpaMon. HalanTe moRepXHOCTh,
00pa30oBaHHYIQ 3ATUMU MPAMBIMHA.



15. Halixure reoMeTpu4ecKoe MECTO TOUeK IIPOCTPAHCTRA, PABHO-

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

VaaNeHHBIX OT TPeX AAHHLIX TOMAPHO ITePeCeKAI0I[HXCA TII0C-
KOCTEel, NePIeHANKYJIAPHBIX HEKOTOPOHM TaHHOH TIJIOCKOCTH.
Kag pacnosioykeHsl npsaMble a U b, eciiu oun obe:

a) mapaniessHEl HEKOTOPOM JaHHOW IIPAMOIL;

0) mapanjelibHBL HEKOTOPOI JAHHOH ILJIOCKOCTH;

B) HEePNeHAUKYIAPHLI HEKOTOPON TaRROH TPAMOIL;

T) NepIeRAUKYISAPHEI HeKOTOPOil faHHOH MJIOCKOCTH?

Kaxk pacnonorkensl IJIOCKOCTH o H [, ecau oHH 00e:

a) mapanjebHbl HEKOTOPOH MaRHON NPAMOI;

0) mapannenbHBI HEKOTOPOHU JaHHOM ITIOCKOCTH;

B) IeplIeHAUKYJIAPHB HEKOTOPOH AaHHOH NPAMOH;

T) MepIeHIHKYIAPHE HEKOTOPOM TaHHOM TIOCKOCTH?

Kax pacmonoeHbI IPAMAS @ ¥ TIJIOCKOCTE O, eCJIH 0HHU 0fe:

a) mapaniefbHbl HCKOTOPOM JaHHOH NPAMOH;

0) mapaane/ibHBI HEKOTOPOH JaHHON INTOCKOCTH;

B) IePHeHIHKYIAPHLL HEKOTOPOU JARHOW TIPAMOI;

') NepleR UK YIAPHLL HEKOTOPOH JAHHON IJIOCKOCTH ?

Kax pacnonoxens! e cthepsl paguycos R, 1 R,, ecnu pacerod-
HIe Me)Xay MX IleHTpamu pasuo a > 0u R, > R,?

Kax pacmomorkensl IJIOCKOCTE o, H cdepa pasuyca R, eciiu pac-
cTosHHe oT HenTtpa cheprl A0 mIockKocTH pasro a? (Paccmor-
pPHTe BCeBO3MOKHEIe CNYYaM COOTHOIMeRUA R 11 a.)

Mosker nu B cedeHuu Ky0a IUIOCKOCTHIO IOJYYUTHCH: a) mpa-
BUJNBHBIN TpPeyTONBHUK; 0) IPABUNBHBINA 4YeTHIPeXVIrONbHUK;
B) OpABHJIbHBIA MATHYIOJBHHK; I') IPABUJIBHEIH IIECTHYIOJb-
HUK;} ) HeIIPABHILHEIH CEMUYTOIEHUK?

Bre nnockocTy o nexar aBe Touxku A v B. Haliaure Ha mioc-
KOCTHY ¢ BCe TOUKM, PABHOYAaneHHble oT Todek A 1 B. (Pac-
CMOTPHTE CAy4YaH: OTpe30ox AB nepneHIMKYJIApPEeH ILIOCKOCTH
o; OTpe30K AB He MepIeHAUKYIAPEH IIOCKOCTH (L.)

Ha nopepxHocTn ryba malifuTe BCe TaKWe TOUKH, H3 KASKJOH
W3 KOTOPHIX AMArOHAJbL JAHHOU rpaHy Kyba BUAHA TIOJ NpS-
MBIM YTJIOM.

Toura M nexur BHYTpH Kyba ¢ pebpom anunbel a. Haiiagure
CYMMY PACCTOSHUI OT 3TOi TOUYKH A0 BceXx rpaneii Kyba.
Touka M JeXHT BHYTPH IPABIJILHOTO TeTpasipa ¢ pedpoMm
AJHUHBI a. Halfigure CyMMy paceTOAHUN OT 3TOH TOYKH A0 BCEX
rpaHei TeTpasapa.

ITlap paguyca R xacaeTcsA rpaHed IpAMOro ABYIPAHHOTO VIJIAa.
Haiinute paccTodHVe OT meHTpa miapa a0 pebpa sTOTo ABY-
TPAHRHOIO YIJja.
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27. Illap pagmyca R xacaercs rpaHeii xpyrpanuoro yraa. Haigure
paccTosiHMe OT LEHTpA Iuapa X0 pedpa 3Toro XByrpaHHOLO yr-
Jia, €CJU BeJINYNHA ABYTPAHHOIO yIJja o.

28. I're pacnosarapTca UEHTPRI BeeX chep, NIPOXOAAINIUX Yepes:
a) ZaHHYIO TOYKY; 0) JB€ ZaHHEIE TOUYKM; B) TPH AAHHBIE TOY-
K1} T') YeThIpe AAHHLIE TOUKUN?

29. Moryr a1 Ky0 @ cepa MMeTH POBHO: a) OJHY 0OIIYIO TOUYKY;
0) ABe OOIIHE TOYKH; B) TpH O0IINE TOUKH; I') UeThbIpe OOLIIe
TOYKH; X} CeMBb ODIHX TOUEK?

30. Ky0 nepecedeH I/JI0OCKOCTBIO, KOTOPAasA lepeceKaeT Bce ero Ho-
KORBEIe pebpa B X BHYTPEHHUX TOUKAX U 00pazyer ¢ IUIOCKO-
cThio ocHOBRaHUsA yroa 30°. Haifinute pebpo kyba, ecau mwioiais
MOJIYHIEHHOTO CeHeHus paBHa 6./3.

31. Hatinnre yronm ™Memay CEPEHINBAIOHIAMHACA IHUATOHAJIAMN
IBYX I'paHel Kyba: a) cOceTHUX; 0) MPOTUBOIIOJOMKHBIX,

32. BricoTa 4eThIpeXyronsHOM IUpaMuasl pasHa 6. Hafigure pac-
CTOSIHHE OT OCHOBAHUSA NUPAMHUIE! JO: a) cepednHbl GOKOBOIO
pebpa; 0) TOUKHU NepecedyeHUA MeAuaH GOK0OBOH I'paHU.

33. CKOALKO CYIIeCTBYeT ILIOCKOCTEH, PABHOYIAJIEHHEIX OT BCEX
BepIINH Ky6a?

34. CKOIBKO CyHIECTBYeT IJIOCKOCTEH, PABHOYJAAJEHHBIX OT BCEX
BEPIIHH TeTpasipa?

35. Cmpaseanmsa au Teopema: «PaBHEBIe OTpPe3KH, 3aKIAIYEHHEIE
MEeMAY MapannaeNdbHbIMHU NJOCKOCTAMH, AT Ha Hapaaleab-
HBIX NPAMEBIX » ?

36. CopaBegnusa Jau TeopeMma: «PaBHbIe OTpe3KM, 3aKJIIUYEHHBIE
MEeKAY HapaijeJbHbIMH ILJIOCKOCTAMU, MMEIOT PABHLIE OPTO-
FOHAJIBHBIE IPOEKIEHH HA 3TH IJIOCKOCTH» 7

37. Cupasegnusa au TeopeMa: «Ecjm OTpesKH ABYX Hapalljieib-
HBIX [IPAMEIX, 3AKJIOUCHHbIe MEXAY HJIOCKOCTAMN, PABHEL, TO
IJIOCKOCTH HAPAJIIeJEHEI» 7

38. CopaBeanusa gu Teopema: «Ecam oTpesxu AByx JI0OBIX Ia-
panNeNnbHBIX OPAMBIX, 3aKJIIOUEHHbIe MeXIY MJIOCKOCTAMIU,
PaBHBI, TO MAOCKOCTH NapanIeNbHbI» 7

39. Copasennusa au Teopema: «Eeau Kaxaad U3 IBYX TOUEK NMp-
MOl paBHOyRANEHA OT BEPIIINH TPEYTONLHUKA, TO IPAMAad mep-
NeHANKYAAPHA IJOCKOCTH 3TOTO TPEYIrOJAbHHUKA » 7

40. Copaseanusa Jiu TeopeMa: «Ecan kaaasa U3 IBYX TOYEK MPsi-
MOH PABHOYAAJIEHA OT HMPSIMEIX, COMEPKAINX CTOPOHEI TaHHO-
o TPeyroJabHHKAa, TO NpAMad IIeplneHIHKYJIApHA IJOCKOCTH
3TOr'0 TPEYIrOJAbHUKAS 7
B zaganusax 41—49 smecTo ... BCTABRETE 0HO 13 TPEX COYETAa-
HUH. «He0BXOANMMO», <«JOCTATOYHO», <«HEOOXOANMO M XOCTA-
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41,

42,

43.

44.

45.

46.

47.

48.

49.

TOYHO» MJIA YKAXXUTe Ha HEBO3MOMHOCTE HU OXHOIO U3 3TUX
CcOYeTaHHU .

i TOro 4To0BI pacCTOSHUE MEMKAY ABYMS MapajjelbHbBIMN
ILUIOCKOCTAMH DABHAJOCH P, ..., YTOOB DACCTOSAHNE MEXIY
ABYMSA MX CKPEIINBAIOIIUMUCA IPAMBIMI PABHAIOCSH P.

I[s1A TOro UTOOHI pACCTOAHME MEXY ABYMA NPAMBIMH, JeXa-
IMMUMH B [IaPAJUIIbHBIX MIOCKOCTAX, PABHAJIOCE PACCTOSHHIO
MEXIY 9THMHW IJIOCKOCTAMH, ..., YTOOBI ATH HNpSAMEIe OBLIN
CKPEIIUBAIOIINUMUCH.

HJst TOro 4TOOBL OKOJI0O HeThIpex TOHeK MOYKHO {BLJIO ONNCATh
cepy, ..., YTOOBI 3TH TOYKH HE JIeKaJIH B OFHOH IIJIOCKOCTH.
s Toro 4Tobel Uepes HPAMY MOYKHO ObLIO MPOBECTH IIJIOC-
KOCTH, NAPANIEJbHYI0 IaHHOA IJIOCKOCTH, ..., ITOOLI 3Ta Opi-
Mas 6blna napaJsijle/ibHa JAaHHOU IJIOCKOCTH.

st Toro 4ToOhRI Yepesd IPAMYIO MOMKHO ObLJI0 IPOBECTH €XHH-
CTBEHHVIO IIJIOCKOCTH, IIepHeHIUKVIAPDHYI) JaHHOW ILJIOCKOC-
TH, ..., YTOOBI 3Ta NpAMaa OpLIA IapajuielbHA XAHHOHA ILJIOC-
KOCTH.

IInst Toro YTOORI Uepe3 IPAMYIO MOXKHO HBLLIO IIPOBECTH He Me-
Hee JBYX ILJIOCKOCTeM, NepHeHJUKYIAPHBIX JaHHON ILIOCKOC-
TH, ..., 4TOOBl 3Ta OpPAMadA OGblIa NepHNeHIUKYJIADHA JaHHOU
ILIOCKOCT.

s Toro uToOEI Uepes NPAMYIO MOMKHO OBIJIO IPOBECTH ILJIOC-
KOCTE, HAPAJIEIBHYIO JaHHOH IPAMOH, ..., UYTODLI 9Ta NpAMas
ObLa IapasaeasHa JaHHOH IpaAMoi.

IIna Toro 4To6bl B IaHHOH ILJIOCKOCTH CYHIECTBOBAaja NpaMad,
NMapajeNbHasA JaHHOU IPAMOH, ..., YTOOEI JAHHAA MIOCKOCTE
ObL1a ITapajjelbHa TaHHOU HPAMOH,

s Toro 4T0H6bI B JAHHOH IIJIOCKOCTH CYIIECcTBOBAJA IIPAMAad,
NepHneHIHKYISAPHAA JAHHON NIPAMOH, ..., YTOOLI JaHHAHA ILIOC-
KOCTE ObljIa NEPIeHIUKYISAPHA JAHHOU IIPAMOM.



Mpunoxexnune

TpuroHOMeTpUYeCKne ToxXaecTea

sin?a + cos?2a =1; sin (—a) = —sin a; tgarctga=1;
_ sin a, cos (—a) = cos o; 1+te2g=_1_.
Rt tg (—o) = —tg a; £ cos? o’
clg o= 5 %, ctg (—a) = ~ctg o; 1+ctgla=_1 .
sin o sin? o

cos (& — B) =cos a cos 3 + sin o sin f;
cos (a + PB) =cos a cos B — sin o sin f;
sin (o + ) = sin o cos B + sin P sin a;

sin (¢ — B) = sin a cos B + sin B cos o

t +t
tg(a+p) - e R

_py~ tEo-tgfh
t = ;
g(a—h) 1+tga-tg B

sin 2o = 2sin o cos q;
cos 20 = cos? o — sin? q;

1 +cos 2o
2

1—-cos 2

=cos?q; =sin? o tg 20 =

Sinu+sin[3=2sinqgﬁcosa;ﬂ;

. - + . -_
sin o — sin B = 2cos L2 B sin & B;

cosa+cosB=2cosa;Bcosa;p’;

cosa—cos[3=—251na;ﬁsina;ﬁ;

tga+tgp=Sneth .
cos o - cos f§
tg o —tg P = sin (o — f)

cos a * COs B'
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dopmynsl NprBeacHUS

ADPryMeHT
DyHKLUS
80° + « 90° -« 270° + « 270° — a
sin x cos o COS —Cos o —CO0S Q.
cos X —sin o sin g sin o —sin o
tg x —cig o ctg o —ctg o ctg o
ctg x —tg a tg a —tg o tg a
AprymMeHT
POYHKUMR
180° + o 180° - o 360° + o 360° — o
sin x —sin o sin o sin o —8in o
COS X —Cos Q —Cos o cos o cos o
tg x tg a —-tg a tg a —tg a
ctg x ctg o —ctg o ctg o —ctg a
3HAYEHNA TPUTOHOMETPUNYECKNX (PYHKLMNIA
HEKOTOPbIX yIrnioB
BenuwynHa yrna
PyHKUMS
0° 30° 45° 60° 90° | 180° | 270° | 360°
gin x 0 1 @ 1@ 1 0 -1 0
2 2 2
cos X 1 @ é 1 0 -1 Q 1
2 2 2
tg x 0 i?? 1 J3 - 0 — 0
otg x — a1t | Blo | =10 |-
3
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dopmMmynbl cTepecMeTpun

BexkTopb! 1 KOOpANHATLI

Copgepxanve CUMBOSIbi
dopmy el dopmyna {0H603HaYEeHNs)
IIpasuno rpe- s s A, B, C — npous-
VTOJLHHKA AB + BC = AC BOJBLHEIC TOUK

IIpasnao na-

0OACB — mapan-

Hpasuno na-
pannenenumesa

panaesno- OA + OB = OC JeJ1oTpaMM
rpaMMa
AA> AA> ALAs A —
IIpapuso MHO- 1y + ApAg .+ MPOU3BOJILHBIEC
TOYTOJBHUKA
M +A, A =AA, TOUKH
04, GB, OC —

pebpa napaJniese-
nunena;

0C, — quaroHanb
napajaieaennie-
a

Dopmysna BbI-
TUTAHHS

A, B, O — npous-
BOJILHEIE TOUKU

IlpusHak xoJ-

k — aucao, or-

MHAHEAPHOCTH b=k-a; _ JTUYHOE OT HYJIA,
OBYX HeHy.JIe- la-b|=|d|-]8| I S
BBIX BEKTODOB a=0,b6>0
IIpnzuak KoMmn- . X, y — upcaa
JaHAPHOCTH p=xd+yb
TPeX BEKTOPOB
M — cepepuna
CepennHa OT- 2 1,72 - orpeska AB;
pe3Ka OM = Q(OA + 0B) () — IIpON3BO.JIL-
HAS TOUKA
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Mpoaocmxerue Tabaniib

CopnepxaHue
dhopmynbl

dopmyna

CumMBONbI
{0Bo3HaveHNs)

M — nenrpomn

Touka nepece- g — TPEeYroJbHUKA
YeHUA MeJHAH OM = 2(0A + OB + 0C) ABC;
(uenmpoud) 3 0 — npou3BOJb-
Haf TOYKA

CranapHoe R . . d, b — HeHYyJIeBbIE
IIPOU3BEACHNE id+b =|d|-|b| cos 2 (d; b) BEKTOPBI
BEKTOPOR
Cioxenue u L a (x5 415 210
BbIYHTAHUE atb= B (X0} UYns 25)

— + 2> F2 %2
BeKTOPOB B KO- =(xy £ Xy, 41T Y9y 27 T 23)
OpAMHATAX
YMHOKeHHE k -— 9HCI0;
BEKTOpa kd(kx; ky; kz) d(x: y: 2)
HA YHCJIO
CransipHoe Oep = 1%y + Yy + 2,2, ff (%15 Y15 21
IpOH3BEACHHE b (xz; Yo 22);

Kocunyc yraa
MeK Y BEKTO-

cos @ =
X X9t YUy T 212,

¢ — BeJINYKMHA yT-
Ja MeKAY BeKTO-
pamMu;

paMu Jreiryl+zl fxd+yd+ 23 a(x; y; 2)

HrnHa BeKTOpPA |d] = Jx2 + y2 + 22

Paccrosmme AB = A(xg; Y5 24)3

kaMu A u B = J(x2—x)2 + (Y4 2+ (2 21)? 2
n(A; B; C) —
BEKTOp, IlepIlleH-

YpaBHeHIE Afx — xp)+ By — yg) + ﬁ‘;g‘g’}fggHHH

IUJIOCKOCTH + C(z~24)=0 "

Mo (xg; yg; 20) -
TOYKA, ITPHHadje-
JdAalnad IJIOCKQOCTH
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Mpoaosmkerne Tabmiibl

ConepxaHuve
hopmynbl

dopmyna

Cumsanbl
(obo3HaveHns)

Obree ypasHe-
HUE ILJTOCKOCTH

Ax+By+Cz+ D=0

M (x; y; z) — npo-
M3BOJILHAS TOUKA

IIJIOCKOCTH
Kocuaye yria Cos @ = A% + Byy +
MeXX Iy AByMs _ |44, + B1B, + C Cy +Ciz+ Dy =0
TLIOCKOCTAMM JAT+ Bl -Gl JAl r BE & cg’ A,x + Byy +

+Cpz+ Dy =0; —

¥Ycsosue nep- ILIOCKOCTH;
HEeHIURY.IAD- A,A, + BB, + C,Cy = 0; ¢ — BeJMYMHA
HOCTH ABYX yIia Mesay aTH-
ILJIOCKOCTEeH

YcoioBue na-
PAJLIETBHOCTU
IBYX ILJIOCKOC-
Ten

A _ B, _C
Ay By Gy

MU IDJOCKOCTAMI

Paccroguue
OT TOYKH 710
JIockocTa (d)

JAZ + B 4 (2

Mg (%43 Yo 20) —
TOYKA,

Ax + By + Cz +
+ D =0 — nnoc-
KOCTh

IlapameTrpudue-
CKHE ypaB-
HEeHNA TPAMOHR

r =7y + kp;

X = x,+ ka,,
Yy =Yy + ka,,
2z = zy + kag

r — paguyc-BeK-
TOP HPOU3BOJDH-
HOM TOUKM IIps-
MOT1;

Fo — DajMyC-BeK-
TOpP AAHHOH TOY-
KY IIPAMOMN;

P — HaNpaBJIAIo-
IUA BeKTOp NIPA-
MO}

kE — mapawmetp;
M (245 Yos 2¢) —
nAaHHaA TOUKE
OpPAMOIi;

M (x; y; 2) —
TPOHU3BOJILHAS
TOYKA ITPAMOL;
p(ay; ap; ag) —
HanpPaBJAIOIITANA
BEeKTOP OPAMOH
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OkoHYarue Tabnauub

Mexny AByMs

|a;by + agbgy + azbyl

- »
,\/af+a§+a§ be+b§+b§

CoaepxaHue UMBO Nk
ASD dopmyna CumMBO
dopmynsl (0603HaYeHVs)
Vpasuenus X—X _ Y~y _ 2% M(xg5 yy5 24),
OpAMOM 0O Xg =Xy Y2~ Y1 Rz My(xy; yg; 29) —
ABYM ee TOUKAaM JAHHBIE TOYKH;
Kocureyc yria cos ¢ = ﬁl(a]_; Qg3 Ag)y

: ﬁl(bli bg; b3) -

MEMX Y IPAMOH
H TIJIOCKOCTBLI)

¥Ycaosue mep-
NeHANKYJIAD-
HOCTH IPAMOH
¥ ILJIOCKOCTH

|Ac, + Bay + Cayl

TPAMBIM I HAIIPABISIOI] e

¥Yeaosue nep- BEKTOPLI IIpA-
MBIX,

MeHIHKYJIAD- ;

HOCTH JBYX by + ayby +azbs=0; ¢ — BeIWUHUHA

MPAMBIX yIila Meay HH-

. MH

VYceaopHue na- . . .

panlIeIsHOCTH 21—=22 =73

ABYX TIPAMBIX by by by

Cunyc yria sin g = Ax + By + Cz +

+ D = 0 — mnaoc-

A

a,

B

tdy

C.

g

JA? + B2+ C2 Ja? + af + a}

KOCTL;
- " L

play; ay; az) — Ha-
MPaBJIAIOIMH
BeKTOp IPAMOIT}
( — BEJUYUHA
yIJia MEeXAy IIps-

Er:ﬂﬁ;{gﬂ MOH H ILJIOCKO-
P B Aa,+ Bay+ Caz=0 CTBIO
HOCTH IIPAMOI
¥ ILTOCKOCTH
MHororpanHmMkm
Cogepxanune CumMeonsl
GHOopMy bl ®opmyna (0603Ha4eHns)
Il10omanes NoRepxHO- S = §a2 a — IJINHa pedpa
cTH Ky6a (S) KyOa
IInomans 60xoBOIT f: "'“ IItEpHMETp OCHO-
MOBEPXHOCTH IPH- Seox = Pl AHMH,

MOH npusmel (Sg )

h — BmIcoTa (OAHHA
6o0K0BOTO pPebpa)
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Mponomkere 16

Copepxaxne CUMBONLI
dopmyna
hopMy-hl pMy (cBosHa4eHns)
P — nepumerp nep-
lnomans SoxkoBoit
nonelgxﬁocq‘n .y S bl OEHANKYISPHOTO Ce-
. 6ox — " YeHUS,
KJIOHHON IPH3MBbI ~
(S. ) p [ — panHa DOKOBOTO
(71014 peﬁpa
ITnomany 6o0KOBOH P — nepumerp ocHO-
NOBEPXHOCTH I PAMO- S. =P-l BAaHHSA;
ro napajiaenenuena Gox [ — psrEA 60KOBOTO
P — nepumerp ocHO-
BAHIA;
ITromans GoxoBoit Ss. =1lp., a — amotdema;
DoBePXHOCTH Opa- Gox g » @ — mIomagb OCHO-
BUJILHOH IV paMUibL S = Q BaHUA;
(Sgor) Bor  cos p (@ — BeguuYuHa ABY-
TPAHHOT'O YIJa IIpU
CTOpPOHE OCHOBAHMSH
ITnomanh 6oxoBoit P, P, — nepumMeTpsl
INOBEePXHOCTH IIPa- S P+ P, OCHOBAHMIIA;
BUJILHOH yCeUeHHOH Gox 3 h — anodema
oupaMuib! (Sg,. )
~ a — anuHa pedpa
O6beM kyda V=ad
y6a (V) Kyha
O0BeM MIPAMOYTOJh- a, b, ¢ — HaMepeHHs
HOro napaJiesnenmn- V = abe rnapajJejgenueia
nena (V)
S, — Iaomans oc-
HOBAHUA;
h —BnI1COTA;
QfBbeM mpusMsl (Da- V=S8,.."mn @ — mJIomaisL Oep-
pasnenenunesa ) (V) V="l NeHIUKYJIAPHOTO Ce-
UeHMS;
{ — nnuuHa HOKOBOTO
pe6pa
. S, — IIomans oc-
O0wem nupamMu sl (V) V= Esm vk HOBaHIA;

h — BwICOTA
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OkoHyqanue Tabnniist

ConepxaHne
hapmynsl

®opmyna

Cumeons
(0oBo3Ha4eHns)

O6bem ycedeHHOH
nupaMmu sl (V)

V= %h(@1 + @@, +

Q,, @, — mIOmALH
OCHOBAHMI;

auaapa (Sg,.)

Box

+ @) h — BBICOTA
OreouIeHUEe O'BEeMOB MA, MB, MC, M,A,,
ABYX TeTPasipoB Viaas e, _ M,B,, M,C, — amn-
MABC u M A,B,C,, Visrane HEI pedep TeTpasipos
WUMEKIIHX paBHbIE MA,-MB,-MC,
TPeXTPaHHEIe VI T MAMEB - MC
¢ pepiraHamu M u M, i i
MOurypbl BpaleHns
Conepxanne CvimBosnbl
dopmynl Popmyna (06o3HaYEHKS)
TTnomraas 60KOBOK R — paauyc ocHoBa-
IIOBePXHOCTH IIH- Sgox = 2TR - R HHA;

h — BBICOTA

TInomrans monHoMN mo-
BE PXHOCTH IUIHH Apa
(S

]IDJJH)

S_...=2nR(h + R)

R — paamyc ocHOBa-
HUS,
h — BrIicoTAa

IInomaaes 60KOBOH

R — papuyc ocHoBa-

[I0BEPXHOCTH KOHYCA Sgox = TRI FIA;
(S ) o ! — gniHa o6pasyio-
Gox meﬁ
Tlnomaas nOJTHONR To- R - paayc ocHOBA-
BEPXHOCTH KOHYCA S =nuR(l+ R) Hid,
g o ! — pnuHa 06pasyio-
( HGJ‘IH) H.[eﬁ
Tlnomazns 60KOBOH ﬁ’) }: a;{f{;annycm ocC-
NMOBEPXHOCTH YCedeH- Seox = H(E + 1) ’
HOTO KoHYyca (S, ) [ — Anuna o6pasyro-
ok mefi
IInomane chepur (S) S =A4nR? R — papuyce cdepul
R — panuye chepor;
IL1omans ce = '
taa MO S=2nrkH H — BrnicoTa cermMeHT-

HOH TTOBepXHOCTH (S)

HOW HOBEPXHOCTHA
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OkoHvarine Tabrubt

CopnepxaHue CrvmMBOSIb
dbopmynb Popmyna (0b0o3HaveHnA}
R — paguyc mapa;
TInomans mapoesoro S=2nRH H — BEICOTA HIapPOBO-
moaca (S5) TO IMofAca
TTnomans MoBEPXHO- S=nR-(2h + R — papuyc mapa;

CTIL I_T.'[apClBOI‘O CexrTO-
pa (S)

+ J2Rh — h?)

h — BBICOTA LIADOBO-
FTO CeTMeHTa

R — paauye ocHOBA-

O6beM unuHapa (V) V=nR:-H HUSA,

H — BBICOTa

R — paguyc oCHOBAa-
Obbem koryca (V) V= %TCRz -H HUSA;

H — sricora

O6beM yCeMeHHOTO
roryea (V)

V= é?‘EH(Fz + Rr +
+ R?)

R, r — paguychel OCHO-
BaHUN,
H — BBICcOTA

O6nwem mapa (V)

V= %nR“; V= %nd‘*

R — pazguyc mapa;
d — mAwmaMeTp uIapa

O6seM HIApOBOTO

cnos (V)

V= %(3:’% + 3r§ +
+ H?)

rys Iy — PajuycChl OC-
HOBAHUI MIapOBOTO
CJIOSN;

H — BBICOTA

O6BeM HIAPOBOTO CET-
MenTa (V)

V= gH?2 (R - %),

V= 1Hgr2 4 f12)
6

R — pazuyc mapa;

H — pricoTa;

r — paguyc OCHOBA-
HUS [IAPOBOTO Cer-

MEeRTa

O0beM IITapOBOTO
cexTopa (V)

V=§nR2-H

R — papuyce miapa;
H — smricoTa
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